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The (lattice) calculable region of the phase diagram
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Sign problem prohibits direct simulation, circumvented by approximate methods:
reweigthing, Taylor expansion, imaginary chem. pot., need

No critical point in the controllable region

Flux representations + worm algorithm, complex Langevin:  only particular models   

µ/T <∼ 1 (µ = µB/3)
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Large densities on the lattice?     Effective theories!

E.w. phase transition: success with dimensional reduction!

Scale “separation”:

Integrate hard scale perturbatively, treat eff. 3d theory on lattice, 
valid for sufficiently weak coupling

Does not work for QCD, perturbative dim. red. breaks Z(3) of  YM theory 

Bottom-up construction of Z(N)-invariant theory by matching: 

works for SU(2), unfinished for SU(3) 
Vuorinen, Yaffe; de Forcrand, Kurkela; Kurkela, Vuorinen;  ....  

Here: solution for YM by strong coupling expansion!

QCD, heavy fermions:  sign problem of eff. theory milder for reweighting

Sign problem of eff. theories curable by worm or complex Langevin!
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Starting point:  Wilson’s lattice Yang-Mills action

Plaquette:
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The effective theory, Yang-Mills

Expansion parameter:
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Effective one-coupling theory for SU(3) YM
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Subleading couplings
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Numerical results for SU(3), one coupling
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First order phase transition for SU(3) in the thermodynamic limit!
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Numerical results for SU(2), one coupling
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Second order (3d Ising) phase transition for SU(2) in the thermodynamic limit!
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The influence of a second coupling

...gets very small for large       !Nτ
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Mapping back to 4d finite T Yang-Mills

Inverting

λ1(Nτ , β)→ βc(λ1,c, Nτ ) ...points at reasonable convergence 

SU(3)

 5
 5.2
 5.4
 5.6
 5.8

 6
 6.2
 6.4
 6.6
 6.8

 7
 7.2

 2  4  6  8  10  12  14  16

β c

Nτ

Order 10
Order  9
Order  8

13



Comparison with 4d Monte Carlo
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Another check: correlation functions, SU(3)

Nt=4:

     =5.69βc
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Continuum limit feasible!

-error bars: difference between last two orders in strong coupling exp.

-using non-perturbative beta-function (4d T=0 lattice)

-all data points from one single 3d MC simulation!
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How is this possible?

β = 0 β =∞

strong coupling limit continuum limit
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How is this possible?

β = 0 β =∞

strong coupling limit continuum limit

radius of convergence
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How is this possible?

β = 0 β =∞

strong coupling limit continuum limit

radius of convergence scaling region
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How is this possible?

β = 0 β =∞

strong coupling limit continuum limit

continuum extrapolation

radius of convergence scaling region
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Including heavy, dynamical Wilson fermions

Similar to de Pietri, Feo, Seiler, Stamatescu 07,  Aarts, Stamatescu 08 ...
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QCD: first order deconfinement transition region
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 Phase boundary, numerically
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Observable to identify order of p.t.:

δBQ = B4(δQ) =
〈(δQ)4〉
〈(δQ)2〉2

B4(x) = 1.604 + bL1/ν(x− xc) + . . .
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The critical point

Mapping back to QCD:
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 eff. theory        4d MC, WHOT     4d MC,de Forcrand et al

Accuracy ~5%, predictions for Nt=6,8,... available!
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Finite density: sign problem!

cf. Gattringer et al.
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The fully calculated deconfinement transition
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Critical quark mass as function of chemical potential

de Forcrand, O.P. 10 
D’Elia, Sanfilippo 10
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Cold and dense QCD I: static, strong coupling limit

For T=0 (at finite density) anti-fermions decouple

Free gas of baryons!

Sivler blaze property + saturation!

Nf = 1, h1 = C, h2 = 0

Quarkyonic?
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Cold and dense QCD II: interacting, dynamical 

Z(3) breaking part (fermion determinant), including second coupling

includes qq interaction! 
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Cold and dense QCD II:  interacting, “dynamical’’!
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Complex Langevin:  
convergence criteria satisfied, 
cf.  Seiler, Stamatescu, arts, James 
12

0.997 0.998 0.999 1 1.001 1.002 1.003
0

0.2

0.4

0.6

0.8

1

1.2

µB / mB

 

 

nB / nB,sat, MC

Langevin
det.
< L >, Langevin
det.
< L! >, det.

Analytic strong coupling soln. valid!

mπ = 20 GeV, T = 10 MeV, a = 0.17 fm
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Continuum extrapolation 

Scaling with lattice spacing:

Solid/dashed lines: analytic strong coupling limit with/without          :

Breakdown of hopping series!
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The silver blaze property of QCD in the continuum

... with very heavy quarks

consistent with physical  
nuclear density
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Different units: free gas behaviour at large density!
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Conclusions

Two-step treatment of QCD phase transitions:

I. Derivation of effective action by strong coupling expansion
II. Simulation of effective theory

Z(N)-invariant effective theory for Yang-Mills, correct order of p.t.,
Tc with better than 10% accuracy in the continuum limit!

Finite T deconf. transition for heavy fermions and all chemical potentials

Silver blaze property + 1st. order phase transition to nuclear matter at T=0
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