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Overview SUSY breaking and sign problem N = 2 supersymmetric QM N = 1 Wess-Zumino model

Outline

@ Spontaneous supersymmetry breaking:
@ Witten index and sign problem

@ New approach for simulating fermions on the lattice:

@ Loop formulation for Majorana Wilson fermions
@ Solution of the sign problem

@ Two examples:

e N = 2 supersymmetric QM
e N =1 Wess-Zumino model in d = 2
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Supersymmetry and its breaking

@ Unbroken supersymmetry: fs Er
@ Vanishing ground state energy
@ Degenerate mass spectrum
@ Broken supersymmetry:
. Q
@ No supersymmetric ground state e
o Particle masses not degenerate —
@ Emergence of Goldstino mode Qf
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Spontaneous SUSY breaking (SSB) and the Witten index

@ Witten index provides a necessary but not sufficient
condition for SSB:

=0 SSB may occur

W= BILmOO Tr(—1)" exp(—pH) = { £0 no SSB

@ Index counts the difference between the number of
bosonic and fermionic zero energy states:

W= 5Iim [Trg exp(—BH) — Trrexp(—BH)| = ng — ng

@ Index is equivalent to partition function with periodic b.c.:

w— [~ Do detp(e) & - 2,

= Determinant (or Pfaffian) must be indefinite for SSB. %




Overview SUSY breaking and sign problem N = 2 supersymmetric QM N = 1 Wess-Zumino model

Example: N =2 SUSY QM

@ Consider the Lagrangian for ' = 2 supersymmetric
quantum mechanics

71 d¢ 2 1 / 2 A d /!
'C_E(E) +§P(¢) +¢(E+P(¢)>7/)7

@ real commuting bosonic ‘coordinate’ ¢,
@ complex anticommuting fermionic 'coordinate’ v,
@ superpotential P(¢)

@ Two supersymmetries in terms of Majorana fields 1 »:

0ap = trea, dgp = 1poeg,
Say = Lleq, ogyr = —iP'eg,
daa = iP'ep, Sghe = g
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Example: N =2 SUSY QM

@ Integrating out the fermion fields yields (indefinite)
determinant

/ DY Dy exp (—TD($)v) = det D(¢)

@ The (regulated) fermion determinant can be calculated
exactly:

I/
det [aai} = smh/ = LH—2Z4
t

@ If under some symmetry ¢ < ¢ of Sg(¢) we have

7 T pr
/ P ((b) dat = / P—@S)dt — Zy=Z;and SSB .
o 2 o 2
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Spontaneous SUSY breaking (SSB) and the sign problem

@ On the lattice we find with Wilson type fermions
det[V* + P"(¢)] = [[[1+ P"(¢0)] - 1.
t
@ For odd potentials, e.g. P(¢) = Z ¢ + 11¢® we have
det[V* + P"] =[] [1 +2X¢1] — 1
no longer positive... = signtproblem!

@ Every supersymmetric model which allows SSB must have
a sign problem:
o SUSY QM with odd potential,
o N = 16 Yang-Mills quantum mechanics (cateral, wiseman 07,
o N =1 Wess-Zumino model in 2D (cateral '03; Wipf, Wozar "11],
... b
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Solution of the sign problem

@ We propose a (novel) approach circumventing these
problems:

= fermion loop formulation.

@ Alternative way of simulating fermions on the lattice:
@ based on the exact hopping expansion of the fermion
action,
@ eliminates critical slowing down,
@ allows simulations directly in the massless limit,

= solves the fermion sign problem.

@ Applicable to Wilson fermions in the

O(N) Gross-Neveu model in d = 2 dimensions,

Schwinger model in the strong coupling limit in d = 2 and 3,
SUSY QMm,

N =1 and 2 supersymmetric Wess-Zumino model,
supersymmetric matrix QM. u

M)
M)
M)
)
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Exact hopping expansion for Wilson fermions

@ Fermionic part of ' = 2 SUSY QM,
L =490+ P"(¢))0

@ Using Wilson lattice discretisation yields backward
derivative

Vi(t) = (1) —9(t — a)
and eliminates fermion doubling in 1D.

@ Using the nilpotency of Grassmann elements we expand
the Boltzmann factor

[ Doy IT (1= moysue) T 1+ ottt - @)

t

where M(t) =1+ P"(¢(t)).
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Exact hopping expansion for Wilson fermions

@ At each site t, the fields v» and 1) must be exactly paired to
give a contribution to the path integral:

[ popy [1¢- w() " T Byt — a)"®

with occupation numbers

@ m(t) =0, 1 for monomers,
@ ns(t) = 0,1 for fermion bonds (or dimers),

satisfying the constraint

m(t) + % (ne(t) + ne(t — @)) = 1.

@ Only closed paths survive the integration.
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Exact hopping expansion for scalar fields

@ Analogous treatment for the bosonic field proxorey, svistunov 011
° (3t¢)2 —  Gtyadt,

@ expand hopping term exp{—a:,a¢:} to all orders:

/ ¢HZ ¢t¢t+a o) exp (= V(¢r)) M(p:)™®

t np( t)
with bosonic bond occupation numbers n,(t) =0,1,2, ...
@ Integrating out ¢(t) yields bosonic site weights
Q) = | do o exp (- V(2)

where N includes powers from M(¢).
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Loop formulation of SUSY QM

@ Loop representation in terms of fermionic monomers and
dimers and bosonic bonds.

@ Especially simple for supersymmetric QM:

{nF=0,m=1} = no fermion, bosonic vacuum
{nf=1,m=0} = fermion present, fermionic vacuum
0 1 2 Li—1

@ Partition functions sum over all bond configurations:

Zy = LH—24 = Witten index
Za = L+ 24 = finite temperature
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Exact calculation using a transfer matrix
@ Loop representation allows the construction of a transfer
matrix.

@ Each state on the link is characterised by the bond
occupation numbers, i.e. |ny, np),

~
11

® T,., takes the system from state |n, np) to state |n, n,).

@ T,., block diagonalises into T,',’,ff,o and T=1.
' b+ 1b Mp:Np
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Exact calculation using a transfer matrix
@ Loop representation allows the construction of a transfer
matrix.

@ Each state on the link is characterised by the bond
occupation numbers, i.e. |ny, np),

~
11

1
TO;4

® T,., takes the system from state |n, np) to state |n, n,).

@ T,., block diagonalises into T,',’,ff,o and T=1.
' b+ 1b Mp:Np
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Exact calculation using a transfer matrix

@ Specifically,

Q(n' + n)
vn'ln

and T° analogously.

Th o= with Q(N) = [ do o exp (- V()

@ Exact lattice partition functions given by Z, = Tr {(T”f)L‘},
Witten index by W = Z, = 25 - Z;.

@ Mass gaps from ratios of eigenvalues of 7% and T'.

@ Exact results for other observables (n-point functions, etc.)




Overview SUSY breaking and sign problem

N = 2 supersymmetric QM

N = 1 Wess-Zumino model

Witten index for unbroken supersymmetry, P = Im¢? + 1g¢*

0.9995

0.999

Z/Z
p

0.9985

0.998

0.9975

g/m2 =1.0

— mL=30 I
— mL=10
— mL= 5 b

a/L
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Witten index for broken supersymmetry, P = — L m?¢ + IA¢®

Mm*?=1.0
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Mass gaps for broken SUSY
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Ward identity (60) = ((’)(SS)'
O=19ydx — <¢x1/1y> (A7 + P)xdy)

—1 uL =

0.1 , : , : ,
J— L(: 50
— L,=100

L - k=200 |
0.05 (a0
— L,=600

W pgc

-0.05

0.2 0.4 0.6 0.8 1
t/L b




Ward identity (60) =
0= Ex‘ﬁx

+{(A7 + P)xdy)

W(tpge

— L= 50
— L,=100
— L,=200
~ L,=800
— L,=600
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Ward identity for unbroken SUSY, continuum limit
Ward identity (60) = (04S):
O=tydx — W :f<_w1x¢y> + (A7 + P)xdy)

9

0.08 ‘ ‘
[ ---- uL= 3foraPBC| |
0.06 — ---- uL= 4foraPBC| —
L T uL= 5foraPBC| |
e uL = 7 foraPBC
0.04— ---—- uL=10foraPBC| ]
SN — uL= 3forPBC B
e — uL = 4for PBC
. 0.021- |
Q e uL = 5 for PBC
g r uL = 7 for PBC 7
0 — uL=10for PBC |.__|
-0.02— |
-0.04 |
-0.06 ‘ ‘ ‘
0 0.1 0.2 0.3 0.4
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Ward identity for unbroken SUSY, Q-exact action
Ward identity (60) = (04S):
O=19ydx — V‘{ = (Uxty) + (A7 + P')xdy)

= 1 uL=10
0.05 T T T
--—- L = 30for PBC b
--—- L = 60for PBC _
L = 90 for PBC

t

t

t

---- L,=120for PBC

— L,= 80foraPBC| —

— L= 60foraPBC
L,= 90 foraPBC

— L,=120foraPBC|

W(t)
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SUSY breaking and sign problem

N = 2 supersymmetric QM

N = 1 Wess-Zumino model

Ward identity for unbroken SUSY, Q-exact action, continuum limit
Ward identity (60) = (04S):
O=tydx — W :f<_w1x¢y> + (A7 + P)xdy)
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MC simulation of fermion loops: proof of concept

continuum limit, g/m2=1 .0, Q-exact action
2
I I I I

mL=17.0
mL=17.0
mL=31.0
mL=31.0| -
mL=10.0
mL=10.0




04

Mm*? =10

——_

Tl
T
PRl Y P
0.3

T
e |

T




Overview SUSY breaking and sign problem N = 2 supersymmetric QM N = 1 Wess-Zumino model

N = 1 Wess-Zumino model

® The N/ =1 Wess-Zumino model in 2D:

L= 0+ 3PP + 30 + P (0)

@ with ¢) a two component Majorana field,
@ and ¢ real bosonic field,

@ superpotential, e.g. P(¢) = —T—; ®+ %99153-

® Symmetries:

@ Supersymmetry @ Z(2) chiral symmetry
o = € ¢ — —¢
iy = (Pp—P)e vo— Y
5 = 0 Y = —Us




Overview SUSY breaking and sign problem N = 2 supersymmetric QM

Classical potential

The scalar potential is a standard ¢* theory:

1 1 m?
2

® Z(2) symmetry may be
broken.

, 1
P'(¢)? = —57& + §g2¢4 + const

P(9)%/2

m'/g

N = 1 Wess-Zumino model

-g/2m

|
0 +g/2m

@ Witten index is vanishing (W = 0) with one bosonic and

one fermionic ground state.

@ Integrating out Majorana fermions yields indefinite Pfaffian.
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Z(2) and supersymmetry breaking

@ For large g the Z(2) symmetry is spontaneously broken,

¢ = +m/2g selects a definite ground state:
¢ =-+m/2g = bosonic
¢=-m/2g = fermionic

= SUSY unbroken

@ For small % the Z(2) symmetry is unbroken,

¢ = 0 allows both bosonic and fermionic ground state:
= SUSY broken

Tunneling between the two ground states:

= Goldstino mode, Pf M, =0 u
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N =1 Wess-Zumino model on the lattice

@ Using Wilson lattice discretisation for the fermionic part

1 1
L= 587C00, = 50"0+ P"(9))¢,

and expanding the Boltzmann factor,

P TLC-MeeTce0)™ T (€T eergtr + )™

X,
where M(x) =2+ P"(¢).
® m(x)=0,1and b,(x) = 0,1 satisfy the constraint

X +%Zbu(x):

@ Only closed, non-intersecting paths survive the integration.
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Fermion loop formulation

@ Loop representation in terms of fermionic monomers and
dimers and bosonic fields ¢.

@ Partition function becomes a sum over all non-oriented,
self-avoiding fermion loops /¢

V4 :/D¢ Z wlt, ), L€ LooULioU Lot ULy
{¢}eL

= Zﬁoo + Zﬁw + Zﬂm + Z/Jn

Represents system with unspecified fermionic b.c. woi o7].

@ Simulate fermions by enlarging the configuration space by
one open fermionic string wenger o).
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Reconstructing the fermionic boundary conditions

@ The open fermionic string corresponds to the insertion of a
Majorana fermion pair {¢7(x)C, £(y)} at position x and y:

3 ey % lar] Lt
o " oy U WL
° 50 o ! =1-‘=“|||5|| v:;: K 5 o]
a s E‘-J s ‘F‘ngn . 4 -II;G

s o & W9 Y = Fat [

2 Bl kL 2t e Wt

';d?"hn B:%'-'J‘E;E -=_..n ==u:ﬁ. b

La s  scat e = R

@ |t samples the relative weights between 2. Z;.,. Zz,,, Z¢,, -
@ Reconstruct the Witten index a posteriori

W = pr - Z£00 - Z£10 - Z£01 - Z£117
or a system at finite temperature

VASES Zﬂoo - Zﬁw + Z/Jm + Zﬂn' u
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Z(2) broken phase

Z(2) broken phase with (|¢|) ~2at m/g =4

0 5x10° 1x10°
MC time

= tunneling suppressed for L — oo or m/g — oo
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Z(2) broken phase

Z(2) broken phase with (|¢|) ~2 at m/g =4

7000

6000

5000 —

4000 — —

3000 —

2000 — —

1000 — —

7 7 0
@> ~ =2 Zyo = Zio = Lot =~ Ly = Zp~ —Zpa
<¢>:+2 20021,2102201 221120 = prgzpa w
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Z(2) broken phase

Z(2) broken phase with (|¢|) ~2 at m/g =4
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0
o

supersymmetry restored (at least in the limit L — o0)
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Z(2) symmetric phase

Z(2) symmetric phase with (¢) ~ 0 at m/g = 0.16

2x10° 3x10°
MC time

= Z(2) exact only in the limita — 0
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Scanning for the transition

ag=0.03125
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Scanning for the transition

ag=0.03125
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Scanning for the transition

L=8

L=16
L=32
L=64
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0Oo0o00O0
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Supersymmetry breaking phase transition

ag=0.03125

| |
0 0.05 0
a

@ bosonic vacuum preferred (Z(2)x broken at a # 0)
® am,~0.05for L — u
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Supersymmetry breaking phase transition

1 e £ * g # g #
gL=2 1
gL=4
gL=6 n

o gL=8
g
N 4
g
N
| | |
0.4 0.6 0.8 1

@ Witten index W o Zy,/Zpa as an order parameter u
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Supersymmetry breaking phase transition

0.2 T T T

o ag=0.25
o ag=0.125
o ag=0.0625

0.15

o 01 % -
“:,,

+ ® % B

h 9,

]

%
0.05 - % .

e
L ¢ 4% ]
L &
! ! ! : -
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am
@ Ward identity (P’) as an order parameter, u

volumes gL =2,4,6,8 p—
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Z(2) breaking phase transition

ag=0.03125
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0.2 {5

O0O0O00O0
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Z(2) breaking phase transition

0.4 ‘

L=16 ‘
L=32 r 1

oco0ooo0o0

b

@ ’Ising susceptibility’ x,m with m=1/V %", sign[¢x] v
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Z(2) breaking phase transition

07 T T T
66669 899'9<
[ o L=16 29 g0e®® o0e®
| o L=32 oT_o% o®
0.6 o L=64 o cc oeee
o
o

Binder cumulant

0.1 | | | | |

0.06 0.08 0.1 0.12 0.14

@ Binder cumulant
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Z(2) breaking phase transition

0.14 ‘

r o XIsing 7
O Binder cumulant
012 |
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| |
.04
0.0 0 0.5 1 1.5

1/gL

@ Thermodynamic limit
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Z(2)/SUSY breaking phase transition

@ Thermodynamic limit v
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Z(2)/SUSY breaking phase transition

bare

c

0 0.05 0.1 0.15 0.2 0.25

@ Continuum limit: 1-loop renormalised critical coupling
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Boson mass spectrum

Boson field correlator in the SUSY symmetric/Z(2) broken

phase:

ag=0.25, am=0.71, 64x128
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Boson mass spectrum

Boson field correlator in the SUSY broken/Z(2) symmetric
phase, Z(2) odd state ¢:

ag=0.25, am=0.20, 64x128
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Boson mass spectrum

Boson field correlator in the SUSY broken/Z(2) symmetric
phase, Z(2) even state ¢:

ag=0.25, am=0.20, 64x128
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Fermion mass spectrum

Fermion field correlator in the SUSY symmetric/Z(2) broken
phase (spans O(107) due to fermion loop algorithm):

ag=0.25, am=0.71, 64x128
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Fermion mass spectrum

Fermion field correlator in the SUSY broken/Z(2) symmetric
phase, Z(2) even/odd state i) and ¢ ¢:

ag=0.25, am=0.20, 64x128
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ag=0.25, gL.=16

o Mg bosonic sector

o MB(Z) bosonic sector
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ag=0.25, gL.=16
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Fermion mass spectrum
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Fermion mass spectrum
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Fermion mass spectrum
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Combined mass spectrum
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Conclusions

@ Reformulation of Majorana fermions in terms of fermion
loops:
@ separation into bosonic and fermionic sector,
@ avoids the fermion sign problem,
@ allows simulations without critical slowing down.

@ Transfer matrix yields exact results for SUSY QM.

@ Determination of the critical coupling for the Z(2)/SUSY
breaking phase transition for the A" = 1 WZ model.

@ Determination of the particle mass spectrum above and
below the transition.

@ Complete non-perturbative description of a
spontaneous supersymmetry breaking phase transition.




