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Monte Carlo methods for fermionic systems
have not advanced much over the past 25 yrs!

This talk is about a new Monte Carlo method!
The “fermion-bag” approach

While the new ideas are general,
the new method is currently
only applicable to Yukawa models
(and Four-Fermion models)
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Traditional Monte Carlo methods

Partition function

_ / dg] e=50(19) / 4 dip] e /4 4y BE)M (@ i)Y W)

Traditional Approach (for about 25 yrs) :
"integrate out” fermions

/ di dyp) e J 47w A%y Y@M @ulD)Y W) = Det(M([4)]))

/ d¢] 1) Det(M((¢]))

Monte Carlo method used to sample [¢]
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Problems

Sign Problems :
If Det(M([d])) < O, the method usually fails!

Scaling :

M([P]) is a V x V matrix
calculating determinants is computationally intensive

exception (?) : Hybrid Monte Carlo (HMC)
Singularities :

If M([®]) contains small or zero eigenvalues,
algorithms like HMC develop singularities
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Free massless

staggered fermions Yukawa coupling XY model
Symmetries : SU(2) x U(1)
X € even sife X € odd site

Yy

(U (0 _ _ .
( )%ews( ) (Y Yu )= (Y, ¢ ) STe™™®
U,

Thursday, November 29, 2012



Thursday, November 29, 2012



Phase Diagram

Thursday, November 29, 2012



Phase Diagram

Thursday, November 29, 2012



Phase Diagram

Thursday, November 29, 2012



Phase Diagram

XY model
transition

Thursday, November 29, 2012



Phase Diagram

XY model
transition

For small P
one gets Four-Fermion models

Thursday, November 29, 2012



Phase Diagram

XY model
transition

(2+41)d clearly interesting

For small P
one gets Four-Fermion models

Thursday, November 29, 2012



Phase Diagram

XY model
transition

(2+41)d clearly interesting

(3+1)d may also
be interesting?

For small P
one gets Four-Fermion models
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The conventional approach suffers from a
complex determinant problem!

:waDgywx _ gz ie 0 xw Uy — ﬁZCOS Oxia)
Xy

— Z @X My @] —p Z cos( Oxia)

15xx5

A
(3 5 )

Det(M(®)) is complex! --> Severe sign problem
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Rewrite the partition function as
B cos(Hx —By ) — T 1O ciex Ox —x .
Z/[d@](<£[>65 0x—0 ) /[dwdw]e¢D ﬂ;[ (eg "M)

Due to the Grassmann nature

iexOx 7, . — . — 19 5%
eg e ¢x¢x — 1 _I_ g elgxexwxwx — Z (g elgxexwxwx)
n,=0,1

We can then rewrite

Z=). / 9] ( <1}:y[> e’ COS(@"G-‘/)) / dpdy] e P° T (g lextn T wx) i
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=0

zk be the K sites

For a given configuration [n]
where nyx =1
at all other sites ny

let z; z> ...
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Thursday, November 29, 2012



Thursday, November 29, 2012



Concept of Fermion Bags

Thursday, November 29, 2012



Concept of Fermion Bags

S.C. Lattice 2008,2010
S.C, A.Li 2011,2012

Thursday, November 29, 2012



Concept of Fermion Bags

S.C. Lattice 2008,2010

. . . . S.C, A.Li 2011,2012
Fermion k-point correlation function

{ [1dvav) e 72" v G, vy, )

Thursday, November 29, 2012



Concept of Fermion Bags

S.C. Lattice 2008,2010

. . . . S.C, A.Li 2011,2012
Fermion k-point correlation function

Fermion bags

{ [1dvav) e 72" v G, vy, )

fermion bag configuration

Thursday, November 29, 2012



Concept of Fermion Bags

S.C. Lattice 2008,2010

. . . . S.C, A.Li 2011,2012
Fermion k-point correlation function
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Concept of Fermion Bags

S.C. Lattice 2008,2010

. . . . S.C, A.Li 2011,2012
Fermion k-point correlation function

Fermion bags

{ [1dvao] e 2% G, 0y B}

= Det(WO[n]) >0

WP is a (V-k) x (V-k) matrix
obtained by dropping sites z; ... z¢ in D°

fermion bag configuration

Fermion Bags --> A collection of fermion d-o-f
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At large coupling --> many small fermion bags

T T 10000000

small fermion bags --> massive fermions
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Connection to Determinantal
Diagrammatic Monte Carlo

Rubtsov, Savkin, Lichtenstein,

Prokofev, Svistunov, Troyer, ...

k-point correlation function
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What about the Bosonic k-point
correlation function
Using the identity

can show D.Banerjee: S.C PRD(2010)
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What about the Bosonic k-point
correlation function
Using the identity

) S
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Thus, the partition function
IS given by
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Thus, the partition function
IS given by

7 — g;] nget(WO )(Hlk)

(T oSt )

T [n,k] configurations

No sign problem!
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Lattice Thirring Model

Barbour, Debbio, Focht, Hands, Lucini, Strouthos,...

1
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auxiliary auxiliary
gauge field gauge field
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1 _ . _ |
Sr = 53 Mea{Vall+9 €)oo = Byl +g e, |
x auxiliary auxiliary
gauge field gauge field

Symmetry : SU(2) x U(1)
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x auxiliary auxiliary
gauge field gauge field

Symmetry : SU(2) x U(1)

No sign problem in traditional MC method
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Lattice Thirring Model

Barbour, Debbio, Focht, Hands, Lucini, Strouthos,...

1 _ . _ |
Sr = 53 Mea{Vall+9 €)oo = Byl +g e, |
+m Y P, T T
x auxiliary auxiliary
gauge field gauge field

Symmetry : SU(2) x U(1)

No sign problem in traditional MC method

But can be solved also in the fermion bag approach!
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Lattice Gross-Neveu Model

Christofi, Hands, Karkkainen, Kocic, Kogut, Strouthos,...
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Lattice Gross-Neveu Model
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Lattice Gross-Neveu Model

Christofi, Hands, Karkkainen, Kocic, Kogut, Strouthos,...
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Lattice Gross-Neveu Model

Christofi, Hands, Karkkainen, Kocic, Kogut, Strouthos,...
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Lattice Gross-Neveu Model

Christofi, Hands, Karkkainen, Kocic, Kogut, Strouthos,...
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Lattice Gross-Neveu Model

Christofi, Hands, Karkkainen, Kocic, Kogut, Strouthos,...

xo/X? ox/ox
Symmetry: SU(2) x U(1) K
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Lattice Gross-Neveu Model

Christofi, Hands, Karkkainen, Kocic, Kogut, Strouthos,...

SGN — Z @;{j {Dgy + 5azy$;c}wy + Sb[giaﬂ-i]
L,y

—
Sploz, Tz = 4—92 %: [(0 5:)2 + (m :%)2} 0/
ax = % (0z + iegmz) L7 -
xX X/ oX/,)x
Symmetry: SU(2) x U(1) 3
T

Suffers from sign problem
in the traditional method
but not in the fermion bag approach!
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S.C. A.Li PRL (2012)
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Fermion Bag Approach

S.C. A.Li PRL (2012)

SO,0,¢) = 1, DAthx — Y Upeyy o tix Yy tdy
Xy

(xy)

Thursday, November 29, 2012



Fermion Bag Approach

S.C. A.Li PRL (2012)

SO,0,¢) = 1, DAthx — Y Upeyy o tix Yy tdy

Xy (xy)

Thirring
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Fermion Bag Approach

S.C. A.Li PRL (2012)

Thirring Gross-Neveu
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Fermion Bag Approach

S(0,¢,9) = > 1, Dty

Thirring

massless fermions/
U(1) symmetric

S.C. A.Li PRL (2012)

— Z U(xy)@xwx @ywy

(xy)

Gross-Neveu

massive fermions/
U(1) broken

O
Uc

_)U
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partition function
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partition function

strong coupling

Z =" U* Det (WO [b])

[b] T

(V-k) x (V-k) matrix
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partition function

strong coupling

Z =" U* Det (WO [b])

[b] T

(V-k) x (V-k) matrix
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partition function

strong coupling

Z =" U* Det (WO [b])

[b] T

(V-k) x (V-k) matrix

weak coupling
7 = Det (DO) Y Uk Det(G[b])

[b] T

K x K matrix
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Observables
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Observables
chiral susceptibility

1 _ _
X = <2:L3 wawx ¢y¢y>
X,y
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Observables
chiral susceptibility

1 o
X = <2:Lg Xz;flbxlbx ¢y¢y>
chiral winding suscepftibility

q; = < % Z(qi)a>
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Observables
chiral susceptibility

X = <2::II:;3 Zax@bx wy¢y>
XY
chiral winding suscepftibility
q>2< — < % Z(Qi)a>
fermion correlation ratio

Cr(t) = < % Z@o,o,o ¢0,0,t@>

Rr = Cp(L/2—1)/C(1)
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Critical Finite Size Scaling
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Critical Finite Size Scaling

X TL27T = fy + £ (U — U)LYV 4 £,(U — U )2L2/" + ...
(@) = ko + £1(U — Uc)LY" + k2 (U — Ug)?L2/" + ...

Re L2t = pg + p1(U — U)LY + po(U — U )2L2/" 4 .
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Critical Finite Size Scaling

X TL27T = fy + £ (U — U)LYV 4 £,(U — U )2L2/" + ...

(@) = ko + £1(U — Uc)LY" + k2 (U — Ug)?L2/" + ...

R¢ L2 = pg + p1(U — Ug)LY? 4 po(U — U, )2L2/Y + ...

If we plot LHS w.r.t U

all quantities must be independent of L at U = U
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Thirring model results
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Thirring model results

Thirring
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Thirring model results
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Thirring model results

| . | ’ | : |
i T L=12| _

8 . L=16

. L=20

. L=24

< L=28
Jadl LZ36|

i + L=40

X -

5 L _—

1 | | | |
0.24 0.25 0.26 0.27
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Thirring model results

g | + L=12] _

- L=16

I - L=20

: + L=24

I « L=28
": 4_ \ - %:g% _

- . L=40
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2 | —-

1 | 1 | 1 | |
0.24 0.25 0.26 0.27

@,)

0.25

0.5

- ! | ' | ' |
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Thirring model results

| : | . | : | L ! | T | X T 4
8 I il T L=12
+ L=16 2F |l rZiE
- L | L=20
-t : L=24
e 1F L =28
T 4T CLE3 - CL=32
— « L=40 o
o2 | ~ 05+ L=40
2+ N - '
5\\v 0.25}
1 | 1 1 1 - | | |
0.24 0.25 0.26 0.27 0.25 0.26 0.27 0.28
U U
- ' ' ' ! ; T T T3
38 0.016 ™ 1
: 1\1 o 0.008 ;—_ 16/L2 ~ - ; :
36 < 0.004 [ _ 5, 237 =
- | | | | 1 -
> i = 24 28 32 3640
5 o34 =g L .
— - - L=16 \ -
r |- L=20 -
32+ « L=24 =
B ’
301 L=36 :
- |+ L=40 ;
28 | | : | : |

0.25 0.255 0.26 0.265 0.27
U
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Thirring model results

g L e L=12
 L=16
+ L=20
«+ L=24
I « L=28
0 s
i . L=40
x e
2 b \
l | | | |
0.24 0.25 0.26 0.27
U
[ | ' | | | 'I I l_
38 0.016 -
i 1\1 Q;"o.ooss—_ o2 e - ]
36 - = 0.004 —_ 35/L2.37 p
- | | | | 1
| 24 28 32 3640
f 34 % L
-l s - L=16 ~—
o t |- L=20 N
32 — . L — 24
g
30 L=36
- |- L=40
28 | : | | N | N
0.25 0.255 0.26 0.265 0.27
U

@,)

0.25

0.5

Combined fit results

U. = 0.2608(2)
v = 0.85(1)
n = 0.65(1)
Ny = 0.37(1)

i + L=12 .
= L=16
- L=20 .
« L=24

~ « L=28 ol
- L=32 |

L =36 7~
_ « L=40 - .
_ /L |
- . | 1 1
0.25 0.26 0.27 0.28
U
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Previous work on Lattice Thirring Model
SU(2) x U(1) symmetric model
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Previous work on Lattice Thirring Model
SU(2) x U(1) symmetric model

PRL, (2012)

Range | Range
Work Uc V n Ny
of L of m
Mean Field Theory
Lee & Shrock N/A o) 0.25 1.0 1.0 0.0
PRL (1987)
Hybrid Monte Carlo
Debbio & Hands, 8-12 | 0.4-0.02 | 0.250(10) [ 0.80(15) | 0.7(15) ??
PLB (1997)
Hybrid Monte Carlo
Barbour et. al., 16-24 | 0.06-0.010.250(06) |0.80(20)| 0.4(2) ??
PRD (1998)
Fermion Bag
S.C & A. Li (our work)| 12-40 o) 0.2608(2)| 0.85(1) | 0.65(1) | 0.37(1)
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Gross-Neveu model results
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Gross-Neveu model results

Gross-Neveu
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Gross-Neveu model results
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Gross-Neveu model results

4 ' I I
L=16
= L=20
3 . L=24 :
I3 k=28
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4 I I
BN e L=16
' = L=20
3 < . L=24
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Gross-Neveu model

results
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Gross-Neveu model results

4 ' ! ! l ' I ' I
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Gross-Neveu model results

4 | |
A e L=16
X L=20
3 T L=24 il
&, L=32
= S
2 - -
>
| | | .
0.088 0.09 0.092
U
35 _
34 -
-
— 22 e L=16 _
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X
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Combined fit results

Uc = 0.0909(1)
v = 0.88(1)
n = 0.63(1)
Ny = 0.37(1)
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Previous work on Lattice GN Model
SU(Nf) x G symmetric model
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Previous work on Lattice GN Model

SU(Nf) x G symmetric model

Work Nf G \; n

Z2 . .
Christoffi & Strouthos 0.99(2) 0.83(4)
JHEPOS (2007)088 4 u(1) 1.03(4) 0.90(5)
SU(2) 1.16(5) 1.10(6)
Karkkainen et. al., 5 - 1.00(4) 0.754(8)

NPB415 (1994) 781 ' )

Rossa, Vitale and Wetterich
2 Z2 1.0(5) 0.76(2)
PRL86 (2001) 958

Our Work 2 u(1) 0.88(1) 0.63(1)
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with same symmetries




Lattice Thirring versus GN models
with same symmetries

Do the phase fransitions
belong to the same
universality class?
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Lattice Thirring versus GN models
with same symmetries

Do the phase fransitions
belong to the same
universality class?

Traditional Belief : No!

GN models :
Consistent with Large N

Thirring model :
Not consistent with Large N
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Lattice Thirring versus GN models
with same symmetries

Do the phase fransitions
belong to the same
universality class?

Traditional Belief : No! Our finding : Yes!
GN models : Clear deviations
Consistent with Large N from Large N
Not consistent with Large N critical exponents
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Conclusions

e Fermion bag approach is a new approach to
strongly correlated fermion systems.
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First calculations near quantum critical points
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Thirring and GN model with same
symmetries belong to the same universality
class.
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Conclusions

Fermion bag approach is a new approach to
strongly correlated fermion systems.

Solves “some” unsoved sign problems!

Calculations with exactly massless fermions
feasible in "some” models.

First calculations near quantum critical points
with massless fermions completed.

Thirring and GN model with same
symmetries belong to the same universality
class.

Future : Many new applications!
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