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A_pplications
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Four-Fermion Theories
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Symmetries
1. flavor symmetry U(Ns):

s () g s ()

2. chiral symmetry U(N):

o () g o ()

3. (discrete) translational symmetry ¢ RP

4. (discrete) rotational symmetry C O(D)
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Fermion Representations

1+1D

1+2D

unique irr. rep.
2-comp. spinors
chirality: v/
Ue (V) x Ug(NN)

Sign problem: ©

2 inequiv. irr. rep.
2-c. irred. Spinors 4-c. red. Spinors
X v
Ug(M™ = 2Nf) (only f) | U(2N) (c &)
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1+1 Dimensional Models
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Elowledge on Large-N

_ Ni— _ i . .
quantum /@ae NeSetr  TH28° g~ Nemin(Serr)  semi-classical
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Elowledge on Large-N

_ Ni— _ i . .
quantum /.@ae NeSetr  TH28° g~ Nemin(Serr)  semi-classical

0.7

Completely solved: A
+ homogeneous [wolff 1985]
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Elowledge on Large-N

_ Ni— _ i . .
quantum /.@ae NeSetr  TH28° g~ Nemin(Serr)  semi-classical

061 A
Completely solved: Terit _
chirally
- homegeneous ot 1955 symmetric
0.4 ) (m =0)
+ numerical [Thies, Urlichs, 2003] r | translationally
invariant
- analytical [schnetz, Thies, Urlichs 2004] | ™ 7*”
+ on the lattice [de Forcrand, Wenger 2006]
u n . rystal ph
« “full” solution [punne, Thies 2014] 0 | T
0 0.4 2 10.8 1.2
= s M
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Elowledge on Large-N

_ Ni— _ i . .
quantum /.@ae NeSetr  TH28° g~ Nemin(Serr)  semi-classical

Completely solved:
= numerical [Thies, Urlichs, 2003]
+ analytical [schnetz, Thies, Urlichs 2004]
. —kp=025 /
+ on the lattice [de Forcrand, Wenger 2006] A i 101 \~~ ------
 “full” solution [punne, Thies 2014] 0 P ) 3 g 10 12
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ﬁowledge on Large-N

_ Ni— _ i . .
quantum /.@ae NeSetr  TH28° g~ Nemin(Serr)  semi-classical

Completely solved:
= numerical [Thies, Urlichs, 2003]
+ analytical [schnetz, Thies, Urlichs 2004]
+ on the lattice [de Forcrand, Wenger 2006]

« “full” solution [Dunne, Thies 2014]

Do we find a similar phase at finite flavor number?
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aamples: Fourier[C](k
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%ryon Crystal

a 1.0

[Mayaffre et al., 2014]

ﬁﬁ??}%ﬁéﬁ% Inhomogeneous Phases in Gross-Neveu Models November, 08, 2019

JENA Julian Lenz 9/20



Baryon Density (T = 0, N; = 8)

L=63, go=0.4100, N;=64
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ﬁryon Density (T = 0, Nf = 00)
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[Schnetz, Thies, Urlichs, 2004] Chemical Potential
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The Phase Diagram (N; = 8)
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The Phase Diagram (N; = 8)
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N_fDependency (preliminary)
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1+2 Dimensional Models
(preliminary)
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Mean-Field Results I (Solid State)
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[Matsuda, Shimahara, 2007] [Koutroulakis et al., 2016]
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Mean-Field Results IT (NJL)
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Mean-Field Results III (GN)
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Prel. Results: Homogen. Condensate
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Prel. Results: p Dependence
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Eel. Results: Momentum Resolution
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Conclusions
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Conclusions and Outlook
Conclusion: There are ...

Inhomogeneous Phases in GN Models.
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a)nclusions and Outlook

Conclusion: There are ...

Inhomogeneous Phases in GN Models.

Outlook: Nature of the new phases

1+1D: SSB vs. Coleman/Mermin-Wagner

Dispersion Relations
Diffusion

1+2D:
1D vs. 2D Modulations
Phase Diagram

External Fields (magnetic, gravitational,...)
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aﬂdstone Theorem

Goldstone, Salam, Weinberg 1962

|

Spontaneous breaking of a continuous, uniform, global symmetry implies
the existence of a massless mode in the spectrum, i.e.

lim Ek =0.
k—0
Idea: This mode will be
(0¢) ~ ([Qa(t), ¢])
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aﬂdstone Theorem

Goldstone, Salam, Weinberg 1962:

Spontaneous breaking of a continuous, uniform, global symmetry implies
the existence of a massless mode in the spectrum, i.e.

lim Ek =0.
k—0
Idea: This mode will be
d 0
(50) ~ ([Qa(®) /d [ (x 8).4])
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a)ldstone Theorem

Goldstone, Salam, Weinberg 1962:

Spontaneous breaking of a continuous, uniform, global symmetry implies
the existence of a massless mode in the spectrum, i.e.

/Lino Ek=0.
Idea: This mode will be
(59) ~ {[Qa(? / dx ([£(x9). 1)

=Y /(;Wl;de_‘f"’“m(k)<0JO(O)|”k> (il #10) —
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a)ldstone Theorem

Goldstone, Salam, Weinberg 1962:

Spontaneous breaking of a continuous, uniform, global symmetry implies
the existence of a massless mode in the spectrum, i.e.

/Lino Ek=0.
Idea: This mode will be
(59) ~ {[Qa(? / dx ([£(x9). 1)

=Y /(;Wl;de_‘f"’“m(k)<0JO(O)|”k> (il #10) —

Finally, Q — oo implies time-independence of LHS and ¢q (k) — 5(K?).
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a)ldstone Bosons

Goldstone, Salam, Weinberg 1962:

Spontaneous breaking of a continuous, uniform, global symmetry implies
the existence of a massless mode in the spectrum, i.e. ;|<imo E,=0.
—
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a)ldstone Bosons

Goldstone, Salam, Weinberg 1962:

Spontaneous breaking of a continuous, uniform, global symmetry implies
the existence of a massless mode in the spectrum, i.e. ;|<imo E,=0.
—

Coleman/Mermin-Wagner:

There are no Goldstone phenomena in two dimensions.

Proof: §(k?) is no well-defined distribution in 2D. (~ Cauchy-Schwarz)
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Goldstone Counting

Lorentz Invariance:

In a Lorentz invariant system, there is a Goldstone mode for every broken

symmetry generator with dispersion relation E, ~ k.

Without Lorentz invariance:
always at least 1.

various theorems [Nielsen, Chadha, 1976], [Schéfer et al., 2001], [Watanabe, Brauner,

2011]
dispersion relations can be

Ey ~ K", neN
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ZTD-NO-GO Theorems

Coleman 1973: (QFT)

There are no Goldstone phenomena in two dimensions.

Proof: (k%) is no well-defined distribution in 2D. (~ Cauchy-Schwarz)
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ZTD—NO—GO Theorems

Coleman 1973: (QFT)

There are no Goldstone phenomena in two dimensions.

Proof: (k%) is no well-defined distribution in 2D. (~ Cauchy-Schwarz)

Mermin, Wagner 1966: (Stat. Phys.)

At any nonzero temperature, a one- or two-dimensional isotropic spin-S
Heisenberg model with finite-range exchange interaction can be neither
ferro- nor antiferromagnetic.

Proof (2D): |s,| < —$22L_ via Bogoliubov's ineq. (~ Cauchy-Schwarz)

v/ T|Inh|
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Goldstone Counting

Lorentz Invariance:

In a Lorentz invariant system, there is one relativistic Goldstone mode for
every broken symmetry generator with dispersion relation E ~ k.
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Goldstone Counting

Lorentz Invariance:

In a Lorentz invariant system, there is one relativistic Goldstone mode for
every broken symmetry generator with dispersion relation E ~ k.

General:

In general, there is at least one Goldstone mode with some dispersion
relation of
Typel: Ex ~ kK*"™* or Typell: Ex ~ K", neN,
N, + 2N, > # broken generators
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Dispersion Rel. as a Cure

. . 1
A= (k) — (E;—ie)’
k
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Dispersion Rel. as a Cure

. . 1
A= (k) — (E;—ie)’
k

[Watanabe, Brauner, 2012] in a supersolid model
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Erge—N as a Cure

In an exactly soluble 2D model [witten, 1978] showed that

- a continuous (chiral) symmetry remains unbroken
+ physical fermions are chirally neutral and can acquire a mass
- correlations fall off as ~ |x] /M

+ there is no IR-divergence because

G(x,y) ~ 0 - (div. Term)
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L_ong Range Behavior I (Nf = 2)

p=0.50, N;=80

1 =0.50, N =80

Spectrum of Correlator F{C](k)
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L_ong Range Behavior I (Nf = 2)

p=0.50, N;=80 L =525,u=0.50
A 1 03 — it
o 4 1.4 -~ fall-off
= A — interference
g2 }i 1.2 ¥ rA J‘ 02
. A a o
gLo 1.0 e A 5
L 08 g Fronod ey poragar et e 2 o1
£ 0. r r r r r r el
8 0.0 02 04 06 08 1| 5
% 0.6 S oo
)

504 g
g & -01
go02

00 ¢ L=125 4 L=255 4 L=525 -0.2

0 1 2 3 4 5 6 7 0 50 100 150 200 250

Wave number k Lattice Distance

fit(x) ~ ‘ |11/2 (cos(kix) 4 a - cos(kax))
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L_ong Range Behavior I (Nf = 2)

14
1.2
1.0
08
06
04

0.2

Spectrum of Correlator F{C](k)

0.0

p=0.50, N;=80 L =525,u=0.50
A t 03 — fit
3 1.44 i - falloff
i —— interference
1.2 # L it % 02
9 Pov. N o
pro 107 v g
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0.0 0.2 04 06 038 10| 5
O o0
]
g
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0 1 2 3 4 5 6 7 4 50 100 150 200 250

Wave number k Lattice Distance

fit(x) ~

‘X|1/2

ki = 0.6763(4)

(cos(kix) 4 a - cos(kax))

ko = 0.7311(1)
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L_ong Range Behavior II (Nf = 2)

L=375

Spectrum of Correlator FIC](k)
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Spectrum of Correlator FIC)(k)
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Spectrum of Correlator FIC](K)
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%rmions on the Lattice

Naive SLAC
(), = % (Vxte, — Ux—e,) f[auw]p =ip,F [d}]p
local non-local
exactly chiral exactly chiral
22 doublers no doublers
3 (Ut — € i ey) (ipo + 1) F [¢],
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ﬁe Observables |

Homogeneous:
1
= =52 (lowd)
t,x

Inhomogeneous:

1

Z UtxUtO

N t

VE:K@Q"““ﬂ

C(k) = FIC(K)
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Emperature Dependency (N = 8)

Correlator C(x) Fourier Transformed F[C](k)
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