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Introduction: Dualities in field theories
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Dualities in cond-mat theories
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Dualities in condensed-matter field theories: Three examples

!3

Ex #1: 

BKT transition in classical planar magnets:  

2D XY−Sine-Gordon duality 

Ex #2: 

Superconducting transition in type-II materials:  

3D XY−Abelian-Higgs duality 

Ex #3: 

Deconfined QCP in quantum planar magnets:  

2+1D NCCP1−QED3-GN duality
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Ex #1: Planar magnets
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Classical 2D XY model:

HXY = −

X

hi ji

Si · Sj

'
1

2

Z

d2r (r„(r))
2
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with Si ⌘ S(ri ) ⌘

„

cos „(ri )
sin „(ri )

«

: R2
7! S1
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… in continuum limit

[Herbut, CUP ’07]
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Closed contour C ∈ R
2
:
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… winding number
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… qi: vortex charges
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Vortex excitations
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Isolated vortex:

„(r) = q¸ where r = r

„

cos¸
sin¸

«
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Entropy:
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… (same) logarithmic divergence  

… vortices proliferate at high T



Vortex proliferation
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Free energy (isolated vortex): Phase diagram:

+
−

+ +
+

+

− −

−

−

vortex plasma  

disordered

vortices suppressed  

algebraically ordered

TTBKT

Transition temperature:

TBKT =
ı

2
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… above which q = ±1 vortices proliferate

∆F = EV − TSV

= ıq2 ln
R

r0
− 2T ln

R

r0
(

> 0 for T < ı

2
q2

< 0 for T > ı

2
q2
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Duality transformation: Sine-Gordon model
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XY model:

| {z }

∼ni ;—
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Y
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0
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2ı
e
−HXY=T =

Y

i

Z 2ı

0

d„i
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1
T

P

i ;—̂
cos(„i−„i+—̂)
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Dual model:

with LsG = T

2
(r’(r))

2
− 2y cos (2ı’(r))
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 … “sine-Gordon model” 

… assuming low “fugacity” y = eβμ ≪ 1 

role of T inversed!

... using Villain approximation „ ≈ 2ıZ+ ‹„

... and Hubbard-Stratonovich ni ;— ∼ „i − „i+—̂

... and n(r) = (@ym(r);−@xm(r))
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Renormalization group
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Flow equations:
dy

d ln b
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“

2−
ı

T

”

y +O(y3)

dT

d ln b
=

y2

2T
+O(y4)
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... irrelevant for T <
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... relevant for T >
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... marginal for y = 0

... relevant for y > 0
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Flow diagram:

T

XY model
y

dielectric metallic

TBKT =
ı

2
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noninteracting!
... justifies a posteriori simple energy-entropy argument



Critical behavior and algebraic order
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For T < Tc:
y → 0

T → T∞ < ı

2
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“algebraic order” 

… on line of fixed points
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For T > Tc:

D

ei„(r)e−i„(0)
E

∝ e−|r|=‰ with correlation length ‰ ∝ eC
√

Tc=(T−Tc)
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… essential singularity 
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2D XY−Sine-Gordon duality
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XY model Sine-Gordon model

LXY =
1

2T
(r„)2
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spin picture

+
−

+ +
+

+

− −

−

−

vortex picture … “Coulomb plasma”

spin angles
vortex density vortex fugacity 

::: e
—=T
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… vortices gapped 

Phase diagram:

TTBKT„ ordered

’ disordered

“dielectric phase”
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„ disordered

’ ordered

“metallic phase”
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… “disorder variables” 
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Ex #2: Superconducting transition in type-II materials
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Phase diagram (type-II superconductor):

T

H

Tc

Meissner effect:
magnet

sup
erco

ndu
cto

r

hffii 6= 0
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3D Abelian Higgs model:

LAH = |(r− 2iea)ffi|2 + r |ffi|2 + –|ffi|4 +
1

2
(r⇥ a)2
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Coo
per

 pa
irs vector potential

penetrati
on depth

corre
lation length

– > ‰=
√

2
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Duality transformation: 3D XY−Abelian Higgs
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3D XY model:
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Dualities in condensed-matter field theories: Three examples
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Ex #1: 

BKT transition in classical planar magnets:  

2D XY−Sine-Gordon duality 

Ex #2: 

Superconducting transition in type-II materials:  

3D XY−Abelian-Higgs duality 

Ex #3: 

Deconfined QCP in quantum planar magnets:  

2+1D NCCP1−QED3-GN duality
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−
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Ex #3: Deconfined QCP in quantum planar magnets

[Sandvik, PRL ’07; PRL ’10]
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Toy model (spin-1/2 on square lattice):
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“Deconfined” quasiparticles

[Senthil et al., Science ’04; PRB ’04]
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Field theory for deconfined criticality

Continuum field theory:

[Senthil et al., Science ’04; PRB ’04]

Fractionalization:

~n = z
†
~ffz

… CP1 parametrization

z = (z1, z2) … complex “spinon” 

Monopoles irrelevant at critical point!

→ “noncompact CP1 model”

bμ … “photon”
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2
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Deconfined QCP =  critical point with fractionalized excitations

… with fractionalized excitations being “confined” in either phase
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… with conserved flux (but monopole operators exist)
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Deconfined QCP =  critical point with fractionalized excitations

… with fractionalized excitations being “confined” in either phase
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… with conserved flux (but monopole operators exist)

[Senthil et al., JPSJ ’05]
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MC [SU(N) J1-J2 Heisenberg model]:

[Kaul & Sandvik, PRL ’12] [Block et al., PRL ’13]

[Kaul & Sandvik, PRL ’12]
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Field theory (noncompact CPN-1 model):

Evidence for deconfined criticality: Large N

[Dyer et al., JHEP ’16]



N = 2: Emergent symmetry?

[Nahum et al., PRL ’15]
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Noncompact CP1 model:

J-Q model:

monopole operators
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Duality conjecture

Noncompact CP1 model  ⟺  QED3-Gross-Neveu model

[Wang, Nahum, Metlitski, Xu, Senthil, PRX ’17]

… with V(Φ) tuned to criticality
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… part of “duality web” in 2+1D:

[Seiberg, Senthil, Wang, Witten, Ann. Phys. ’16]  

[Karch & Tong, PRX ’16] 

[Thomson & Sachdev, PRX ’17]  

…
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… naturally explains emergent SO(5)! 

Explicitly:
monopole in

 b Néel order parameter

zero mode

Ising order parameter

monopole in
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… part of “duality web” in 2+1D:

[Seiberg, Senthil, Wang, Witten, Ann. Phys. ’16]  

[Karch & Tong, PRX ’16] 

[Thomson & Sachdev, PRX ’17]  

…
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Idea of a “derivation” of the duality
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Phase diagram of a “mother theory”:
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Free Dirac vs. XY-Chern-Simons: Two limits of the same transition?

[Seiberg, Senthil, Wang, Witten, Ann. Phys. ’16]



Consequences of CP1 ⟺ QED3-Gross-Neveu
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νCP1 = νQED
3
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1/νCP1 = 3− [Ψ̄σzΨ]

[Ψ̄σzΨ] = 3− 1/νQED
3
GN

CP1 QED3−GN

[Wang, Nahum, Metlitski, Xu, Senthil, PRX ’17]  

[LJ & He, PRB ’17]  

[Ihrig, LJ, Mihaila, Scherer, PRB ’18]
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QED3-GN model: 4-ε expansion

Lagrangian:

L ffi =
X

i=1;2

ˆ

 ̄i (@— − iea—)‚— i + gffi ̄i i
˜

+
1

2
ffi(r − @2—)ffi+ –ffi4

Engineering dimensions:

[e2] = 4−D; [g ] =
4−D

2
; [–] = 4−D

… become simultaneously marginal near D = 3+1 !

ε expansion in D = 4-ε possible!
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[LJ & He, PRB ’17]



QED3-GN model: Flow diagram in D = 4-ε
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… fully IR stable fixed point [LJ & He, PRB ’17]
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Critical exponents (N = 2):

QED3-GN model at three loops
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Mean values:
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QED3-GN vs. CP1 duality: SO(5) scaling relation

Scaling relation from SO(5) symmetry:
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… not inconsistent with duality prediction!
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Comparison: Large-N (QED3-GN) — numerics (J-Q model)
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remarkably small! (fermionic QCP)

remarkably large! (bosonic QCP)

[Boyack et al., PRB ’19] [Nahum et al., PRX ’15]

[Ihrig, LJ, Mihaila, Scherer, PRB ’18]
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Conclusions: Three examples for dualities in cond-mat field theories
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