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loday's menu

 \Why crystalline chiral condensates?
e How to study them: model approaches

e Some results



Motivation: dense QCD
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e Heavy ion collisions
(RHIC BES, FAIR, NICA..)
and the search for a Critical Point




The QCD phase diagram
people have In mino
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Nuclei Net Baryon Density



But If you actually think about It,
t's more like

Temperature T [MeV]

Nuclei Net Baryon Density



(some) Inhomogeneous phases in
strong interaction matter

Pion condensation Toy models (Gross-Neveu)...
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Inhomogeneous chiral
condensates

Instead of the standard particle-antiparticle condensate...




Inhomogeneous chiral
condensates

..particle-hole pairing at the Fermi surface

EA EI\

e Can occur at finite density: could be relevant at
iIntermediate densities, close to the chiral phase transition



A concrete setup: NJL model

e Simple model with the relevant features
for a (more or less realistic) description of dense QCD
(symmetries, dynamical mass generation/XSB...)

e Non-renormalizable,
simplifying assumptions to make things tractable (MFA..)

e A good starting point to investigate qualitative features
and as input for more refined calculations



Nambu—dJona-Lasinio (NJL)
modael

Complicated quark-gluon interaction replaced by effective
four-fermion vertex with fixed coupling constant G

&t -

Simplest version: 2 flavor, scalar-pseudoscalar interaction

Ly = Yiy* 0 — myp + Gl(Y)” + (i’ 7%)7]



Mean-field approximation

 Typical assumption: mean-field approximation (i) &~ ()

e A constant mean-field chiral condensate acts
as constituent quark mass:

My = m — 2G ()

* Neglecting fluctuations, it is possible to obtain the free energy
of the system as a trace over the inverse quark propagator:
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NJL phase diagram™
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*Assuming spatially homogeneous condensates!!!



Inhomogeneous chiral
condensates in NJL

e Allow for a spatially modulated chiral condensate
(Ph) = S(x) (Wi’ 1)) = Pu(x)

(we can also build M (x) = —2G(S(x) + iP5(x)) \O‘*\(

 Diagonalize the mean-field quark Hamiltonian
IN momentum space

eV _< —0 - pm(sﬁmp Z quépmp‘f‘Qk)
pmvpn o

P qképmp — Gk Pm Op



Inhomogeneous chiral
condensates in NJL

* Then, minimize the thermodynamic potential

N = Troe [0 o
Q(T,u; M(X)) = VLOg/DWDw =P (/xe[O ;]xv(LMF e w)

TN 1 M(X 2
(T("wnJrHMF— > / ‘ m‘

with respect to the mass function M(x)

* Not so easy for an arbitrary M(x) !

 To make the problem tractable, assume specific ansatz for
the functional form of M



Chiral density wave

R

Simplest ansatz: 1D plane wave (FF-type): dM( )

Analytical expression known for the eigenvalue spectrum

Order parameters: amplitude A , wave number (@
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| OFF-type modulations

e Second-simplest one: 1D cosine (“LOFF”) HM(X) = A cos(qz i

__

 Numerical diagonalization in momentum space required:
Computationally intensive, but still doable on my laptop

e Qualitatively similar behavior to the CDW for the order parameters
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Real-kKink crystal

* A more generic one-dimensional structure

expressed in terms of Jacobi elliptic functions:
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Two-dimensional
modadulations

e Different lattice structures

e Still numerically doable (on a cluster)

e Qualitatively similar results to 1D mods for order parameters



-ree energy comparison

 What is the favored phase in the inhomogeneous window?
compare free energies for different modulations at T=0



-ree energy comparison

 \What is the favored phase in the inhomogeneous window?
compare free energies for different modulations at T=0.
For 1D modulations...
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-ree energy comparison

 What is the favored phase in the inhomogeneous window?
compare free energies for different modulations at T=0.
Including also 2D modulations..
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Condensate and density

* |f the chiral condensate is spatially modulated, the density
of the system becomes inhomogeneous as well

* For the real kink crystal

M(z) ~ (Y1) n(z) ~ (Y1)
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Condensate and density

* |f the chiral condensate is spatially modulated, the density
of the system becomes inhomogeneous as well

* For the real kink crystal
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Condensate and density

* |f the chiral condensate is spatially modulated, the density
of the system becomes inhomogeneous as well

* For the real kink crystal
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Condensate and density

* |f the chiral condensate is spatially modulated, the density
of the system becomes inhomogeneous as well

* For the real kink crystal
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Condensate and density

* |f the chiral condensate is spatially modulated, the density
of the system becomes inhomogeneous as well

* For the real kink crystal
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NJL phase diagram

e Allowing for inhomogeneous phases, we go

from this...
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NJL phase diagram

e Allowing for inhomogeneous phases, we go

...to this
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e So far: results tied to specific Ansatze for M(x)

e Many of them requiring brute-force numerical
diagonalizations in momentum space

e |s this the only way?



Ginzburg-Landau analysis

e Systematic expansion of the free energy
In terms of the order parameter and its gradients

e Reliable if amplitudes and gradients are small

-> close to the Critical/Lifshitz point

1 . 2 2 ' ) 1 24 ¢ 1 2 2
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D.Nickel, Phys.Rev.Lett.103:072301,2009
H.Abuki, D.Ishibashi, K.Suzuki, Phys.Rev.D85:074002,2012



Ginzburg-Landau analysis

1 1 1
QgL =Q[0] + v / dx la21\12 +ay (M* + (VM)?) + ag <J\[6 +3(VM)*M? + 5(vz\12)2 + 5(VQM)?)

18 14
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D.Nickel, Phys.Rev.Lett.103:072301,2009
H.Abuki, D.Ishibashi, K.Suzuki, Phys.Rev.D85:074002,2012



Ginzburg-Landau analysis

| 1 1
Qgt =Q[0] + % / dx [agz\ﬂ +ay (M* + (VM)?) + ag <J\[6 + 3(VM)*M? + 5(vz\ﬂ)? + §(VQM)?)
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Ginzburg-Landau analysis

Restored + “homogeneous” +



Ginzburg-Landau analysis

XIDLA (VA = Z(VM) + S M(VAM)(VMY + M3V M) + (VO M)7

Restored + “homogeneous” + gradient terms

* |n principle straightforward: for each order add all possible
independent terms (considering gradients are of the same
order as M)



Ginzburg-Landau analysis
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* GL coefficients o, (T, i)
are independent from the shape of the modulation

-> can be computed relatively easily
in a chirally restored background!



Ginzburg-Landau analysis

* GL coefficients o, (T, i)
are independent from the shape of the modulation

-> can be computed relatively easily
in a chirally restored background!

e But: calculating the relative prefactors between terms of
the same order is an extremely tedious task..



Ginzburg-Landau analysis

Already non-trivial result at lowest order:

1 [ . .
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Improved Ginzburg-Landau
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Improved Ginzburg-Landau
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Improved Ginzburg-Landau
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Improved Ginzburg-Landau

400 .

e Can we do better ?
Recall the typical behavior
of the order parameters
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[mproved Ginzburg—Landau




Improved Ginzburg-Landau

straightforward to compute

18 14
+ as (14M4(VM) - 5(VM) + - M(VEM)(VM)? + — M (V2 M )]

_ A+ Z a2n42(V" ;M

S n>1

SC, F. Anzuini, M. Mannarelli and O. Benhar,

Phys. Rev. D 97, 036009 (2018) easy to compute from the CDW free energy,

which is known analytically
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SC, F. Anzuini, M. Mannarelli and O. Benhar, Phys. Rev. D 97, 036009 (2018)



Stability analysis

Similar spirit to the (I)GL analysis: expand the free energy
and look at the second-order piece

0 =262 3" {166s,0, I T5'(a}) + [06p,a,* T (a) )

’ S

Look for where the correlation functions in
either condensation channel changes sign

Can be used to determine
the phase boundary
Inhomogeneous-restored




Model extensions and
INNOMOogeneous phases

So far: simplest NJL model

e Two flavor quark matter
e Scalar-pseudoscalar interaction channel only

e Chiral limit

Can we do better?



Model extensions and
INNOMOogeneous phases

Some extensions | won’t discuss much:

e Coupling with Polyakov loop (PNJL)
e Magnetic fields
e |nterplay with color-superconductivity

e |sospin-asymmetric matter



Vector Interactions

Repulsive vector interaction channel:

L= Lnjr — Gy Wy )



Vector Interactions

Repulsive vector interaction channel:

L= Lnjr — Gy Wy )

Mean-field: density-dependent shift of the chemical potential



Vector Interactions

Repulsive vector interaction channel:

L= Lnjr — Gy Wy )

Mean-field: density-dependent shift of the chemical potential
For inhomogeneous phases: spatially dependent!

~

fi(x) = p — 2Gyn(x)

Technically challenging!
As first approximation assume

n(x) = n = (n(x))x
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Vector Interactions

Constant density approximation:
the inhomogeneous phase enlarges dramatically!

CP falls below the LP and disappears
iInside the inhomogeneous phase
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Vector Interactions

Going beyond constant density approximation:
vector interactions could alter hierarchy of favored spatial modulations
according to their density profile

-> |s the RKC still favored over a CDW?



Vector Interactions

Going beyond constant density approximation:
vector interactions could alter hierarchy of favored spatial modulations
according to their density profile

-> |is the RKC still favored over a CDW?
Close to LP: GL analysis...
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SC, M.Schramm and M.Buballa, Phys. Rev. D 98, 014033 (2018)



Q-0 (MeV/im®)

Vector Interactions

Going beyond constant density approximation:
vector interactions could alter hierarchy of favored spatial modulations
according to their density profile

-> |s the RKC still favored over a CDW?
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Going away from the chiral limit

Less straightforward: in the restored phase M = M # 0

Issues of self-consistency with some solutions (eg. CDW)

-> Work again within a modulation-agnostic GL approach:
expand around M(x) = My + §M(x)

Q[M] = Q[My] + % /d?’a; (016 M (x) + a20M?(x) + a3 M®(x) + a4,o 6M*(x) + as p(VIM (x))* +...)

M.Buballa and SC, Phys. Lett. B791, 361 (2019)



Going away from the chiral limit

Less straightforward: in the restored phase M = M # 0

Issues of self-consistency with some solutions (eg. CDW)

-> Work again within a modulation-agnostic GL approach:
expand around M(x) = My + §M(x)

Q[M] = Q[My] + % /d3:1: (016 M (x) + a20M?(x) + a3 M®(x) + a4,o 6M*(x) + as p(VIM (x))* +...)

N,
; ~$ CP and LP split?

M.Buballa and SC, Phys. Lett. B791, 361 (2019)



Going away from the chiral limit

Less straightforward: in the restored phase M = M # 0

Issues of self-consistency with some solutions (eg. CDW)

-> Work again within a modulation-agnostic GL approach:
expand around M(x) = My + §M(x)

Q[M] = Q[My] + % /d3:1: (016 M (x) + a20M?(x) + a3 M®(x) + a4,o 6M*(x) + as p(VIM (x))* +...)

CEP : ()41:(12:&3:0 i
CP and LP split? No!

PLP: ai=as=a4, =0

M Buballa and SC, Phys. Lett. B791, 361 (2019) . >y



Three-flavor quark matter

Add strange quarks with KMT interaction
L:zﬁ(z’fy“(")‘u—frh)zp+£4+£6

8
Li=G) [($7a))® + (PivsTath)?]
a=0
Lo = —K [detih(1 +v5)1 + det pp(1 — v5))]

Again modulation-agnostic GL expansion:

war(Be, As) = aa|Ag)® + oa] Agl* + asp| VAL* + ...
+p1As + 52A§ + B3A§ + B4,ay,A;l + ,34,5(VA3)2 + ...
3| Qg2 A + 4| AgPAZ 4.

SC and M.Buballa, arXiv:1910.03604



Three-flavor quark matter
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Varying the current strange

guark mass
150 I
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Some other things | didn’t talk
about

Details on the model regularization
Inhomogeneous continents”
Consequences for compact stars phenomenology

Fluctuations



INnoMogeneous phases In the
Quark-meson model

Lom = (70, — g(o + ivs7 - 7)) ¢ + Lyf* — U(o, )

L1
LY = 5 (0,00"0 + 0,70" )

(02 + 72 — v?)?

U(a,ﬁ’):%



INnoMogeneous phases In the
Quark-meson model

Lom = (70, — g(o + ivs7 - 7)) ¢ + Lyf* — U(o, )

Formally quite similar to the NJL model in MFA

However, renormalizable!
A better starting point to study the role of fluctuations



T (MeV)

1he role of quark vacuum
fluctuations

Until few years ago typically discarded

As a conseqguence, unrealistic phase structure
already for homogeneous phases (no CP)

For inhomogeneous phases:
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Inhomogeneous at 1 = 0 ?!
Not very likely...

What happens if we include
vacuum quark fluctuations?



1he role of quark vacuum
fluctuations

Including quark fluctuations requires special care in defining
vacuum parameters to fit to physical quantities

Inconsistent definitions lead to inconsistent phenomenology,
especially (but not only) when dealing with inhomogeneous phases!



1he role of quark vacuum
fluctuations

Including quark fluctuations requires special care in defining
vacuum parameters to fit to physical quantities

Inconsistent definitions lead to inconsistent phenomenology,
especially (but not only) when dealing with inhomogeneous phases!

Fit to pole masses and renormalized decay constants

(instead of the commonly used
curvature masses - bare decay constant)

SC, M. Buballa and B-J. Schaefer, Phys.Rev. D90 (2014) 014033
SC, M. Buballa and W. Elkamhawy, Phys.Rev. D94 (2016) 034023
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1he role of quark vacuum

fluctuations

Including fluctuations....
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Sigma mass influence
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One might wonder...

Could inhomogeneous phases be a model “artifact”
appearing in simplified quark models?

200 , , ,
Chiral density wave
hom. spinodals — — — -
150 F"—-—_  hom. 1st order -------- -
I . ™ hom. 2nd order —-—-
Unlikely, they appear also .| N
in Dyson-Schwinger studies &
50 |
0

0 100 200 300 400 500
p [MeV]

D.Miller, M.Buballa and J.Wambach,
Phys.Lett. B727 (2013) 240

FRG approaches also seem to hint at their existence!
W.Fu, J.Pawlowski, F.Rennecke, arXiv:1909.02991



The QCD phase diagram
people have In mino

Temperature T [MeV]

Nuclei Net Baryon Density



The QCD phase diagram
oeople should have In mind
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Reviews: M.Buballa and SC,
Prog.Part.Nucl.Phys. 81 (2015) 39 - arXiv:1406.1367
Eur.Phys.J. A52 (2016) 57 - arXiv:1508.04361



