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Duality in the (141) NJL model

Discrete symmetry in (141)-dim NJL model

A district duality property between condensates is not very new concept. But, before
recently, such a duality correspondence was a well-known feature of only some
(141)-dimensional 4F theories:

@ In 1977 Ojima and Fukuda mentioned that as a result of Pauli-Giirsey symmetry the
chiral phase in (1+1)-dimensional 4F model could be interpreted as a difermion
superconducting phase. [Prog. Theor. Phys. 57, 1720 (1977)]

@ In 2003 Thies has shown that in addition to the duality between condensates there is

also duality between fermion number-y and chiral charge-us chemical potentials.
[Phys. Rev. D 68, 047703 (2003)]

Pauli-Giirsey transformation in (1+1)-dim

PG:  tp(x) — 3(1—7)¥r(a) + (1 ++°)C%F (x)
£=-L @) = +LPuCeCy
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Duality in the (141) NJL model

Lagrangian of the model

In 2014 [1] we investigated the model that includes both condensates and chemical

potentials with the following Lagrangian:

Gs

N (4F)sc, where

- _ G
L=y [7 0 + 7’ + u57°75]¢k + Wl(ﬁlF)ch +

(4F)., = (Be)” + @Bin*wn)®, (4F)ec = ($ECwn) (45097 ).

Definitions
e Y (k=1,...,N) — fundamental multiplet of the O(N)
@ 1, — four-component (reducible) Dirac spinor
e v/ (v=0,1,2) and v° — gamma-matrices

e C =2 — charge conjugation matrix

@ D. Ebert, T. G. Khunjua, K. G. Klimenko, V. Ch. Zhukovsky
Phys. Rev., D90:045021, 2014.
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Duality in the (141) NJL model
Lagrangian of the model

In 2014 [1] we investigated the model that includes both condensates and chemical
potentials with the following Lagrangian:

L= [v”it‘?u +uy’ + u57075]¢k + %(4F)Ch + %(4F)307 where J
(4F)o, = (o) + Buin™0)*, @Pe = (wEC0) (BC3T). |

Notations
@ 4 — fermion number chemical potential
@ us5 — chiral (axial) chemical potential

e (G1,G2 — coupling constants

[3 D. Ebert, T. G. Khunjua, K. G. Klimenko, V. Ch. Zhukovsky
Phys. Rev., D90:045021, 2014.
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Duality in the (141) NJL model
Semi-bosonized version of the Lagrangian

Let us introduce the semi-bosonized version of the Lagrangian that contains only quadratic
powers of fermionic fields as well as auxiliary bosonic fields o(z), 7(z), A(z) and A*(z):

L= P, [’y”ic‘?u + u'yo + u570'y5 —0— i757r] r—

N(®+7%) NA*A A* o
a 4G 4G [wk Cii] — [1/%01/%], where

Bosonic fields

o= —2%(1%1%), ™= —2%(@”751%)5

a=2%2@lon), a* =252 @ow);

@ o and 7 — are real fields

o A and A™ — are Hermitian conjugated complex fields
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Duality in the (141) NJL model
Duality correspondence and Pauli-Giirsey transformation

Before studying the thermodynamics of the model, we want first of all to consider its
duality property.

Pauli-Giirsey transformation of the fields

PG: r(z) — 1(1—")u(z) + 3 (1 +°)C%i (z)

Jr
o(z) = A(w)-;A*(w); m(z) 2 A(:C)—%A*(GC)

Taking into account that all spinor fields anticommute with each other, it is easy to
see that under the action of the transformations each element (auxiliary Lagrangian)
L(G1,G2; s, ps) is transformed into another element according to the following rule:

L(G1, Ga; py pis) — L(G2, G1; —pis, — 1) }

Owing to the relation there is a connection between properties of the model when
free model parameters G1, G2, it and ps vary in different regions. Due to this reason,
we call the relation the duality property of the model.
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Duality in the (141) NJL model

Effective action

The effective action Seg (o, 7, A, A™) of the considered model is expressed by means
of the path integral over fermion fields:

exp(iSesi (0, m, A, A™)) = /ﬁ[dzﬁl][dwl]exp(i/Zd?’w),
=1

where

s | N N o
Set (0, m, A, AT) /d [401(0 +7r)—|—4G AA]+Seff, and

{ [w(v 10y +py0+usv0y° —o—ivy ww—A—*(chw)—A(wch)] 2z}

(i) _ / [ddn][dn]e

Henceforth we omit the index k from quark fields.
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Duality in the (141) NJL model
Effective action

The effective action Seg (o, 7, A, A™) of the considered model is expressed by means
of the path integral over fermion fields:

exp(iSesi (0, m, A, A™)) = /ﬂ[d@][dwl]exp(i/Zd?’m),
=1

The ground state expectation values (o), (A), etc. of the composite bosonic fields are
determined by the saddle point equations:

0Set 0 0Set 0 0Sest 0Ser
b0 7 om T SA T
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Duality in the (141) NJL model

Inhomogeneous anzatz (CDW)

In vacuum, i.e. in the state corresponding to an empty space with zero particle
density and zero values of the chemical potentials ¢ and us, the above mentioned
quantities (o(x)), etc. do not depend on space coordinates. However, in a dense
medium, when p # 0 and/or ps # 0, the ground state expectation values of bosonic
fields might have a nontrivial dependence on the spatial coordinate x. In particular
we will use the following ansatz:

(o(xz)) = M cos(2bzx), (w(z)) = M sin(2bz),
(A(x)) = Aexp(2ib'x), (A*(x)) = Aexp(—2ib'z),

where M, b,b" and A are real constant quantities. In fact, they are coordinates of the
global minimum point of the thermodynamic potential (TDP) Q(M,b,b", A).
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Duality in the (141) NJL model
Thermodynamical potential (TDP)

In the leading order of the large N-expansion it is defined by the following expression:

/ PaQ(M, b0, A) = —% {o(2), 7(x), Az), A* (z)}

o(z)=(o(@)),m(z)=(ma (2)), . }

which gives

fd2xQ(M7 b, b,7A) = dem <4G1 + 4AG22)

i n (J TI b)) exp (i 2[4 Do, (— S W) — A2 ’wkewk)]))

where D = v*i0, + puy° + pusy' — Me2"be,
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Duality in the (141) NJL model
Thermodynamical potential (TDP)

In order to simplify the problem of spatial dependance we perform Weinberg (or
chiral) transformation of spinor fields, gr = exp[i(v°b — b')z]¢x and

Jr = i expli(v°b + b')x]. Since Weinberg transformation of fermion fields does not
change the path integral measure in, we see that the system is reduced to a uniform
form, i.e. we obtain the following expression for the thermodynamic potential:

M? A2
/d%Q(M, b b, A) = /d% (— 4 —)
4G4 4Go

+% In </f[1[dQZ][dQI] exp (i/de[(iquk = %(qgﬂlk) - ?(%6‘1;3)])) ]

where

D =7"i0, + (1 — b)y° — M + 7" (us — V). J
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Duality in the (141) NJL model

Thermodynamical potential (TDP)

After path integration over the fermionic fields, the TDP has the following expression:

M2 A% d*p
/ _ un / _ — A
QM,bY,A) = Q" (MbY,A) = gz + 12+ 2/(%)2 n [Al(p))\2(p)]7
where A12(p):
Ma(p) = po— Qi —pi+iis+ M —A®

= 24/ M2p3 — M2p3 + i2p3 — 2pofisfips + PR,

where ji = u — b and jis = us — b'.
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Duality in the (141) NJL model
Vacuum case (u = pus = 0)

We have in vacuum case the following expression for the renormalized effective potential:

Vg o(M, A)

M2 A2 /OA@(\/IJ%HMJFA)M\/p%+(M—A)2)'

16, T 1Gs  Jy on

J

Since this expression diverges at A — oo, it is necessary to renormalize it, assuming that
G1 = G1(A) and G2 = G2(A) have an appropriate A-dependencies:

1 1 112A 1 1 112A

4G, 4G1(A) 27 "My’ 4G 4Ga(A)  2n M’

J

where M; and Ms are some finite and cutoff independent parameters with dimensionality of

mass. In the limit A — oo a finite and renormalization invariant expression:

2 _ A2 M2 _ A2
M2 =A%) o, 12— A7)
Ml M2

4rVo(M,A) = M?In

—|—2MAln‘]W+A
M- A

'—A2—M2
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Duality in the (141) NJL model

General case (p # 0; us # 0)

A1 (P)A2(p)] = pd + ap? + Bpo + v = (2 + rpo + q) (P2 — TPo + 5)

where 7, ¢ and s are some real valued quantities:

q:%(&—FR—%), s=%(a+R+%), r=VR,

and R is an arbitrary positive real solution of the equation

X%+ AX =BX?+C

with respect to a variable X, and

A = o-4y= 16[M§A2 + M?p? + AP M + p3p® + pi(p® + u%)],
B = —20=4M>+A%+ 4%+ +p3), C=p%= (8usupr)’.
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Duality in the (141) NJL model

Phase diagram in the general homogeneous case

My > M, (G1 > Gz) My < M, (G1 < Gg)
Us Hs
CSB Symmetrical phase CSB Symmetrical phase
Mse
T
Hes sc
! sC
0 Me uf o e M
v v
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CSB Symmetrical phase

0 e 1t

M.Thies, Phys. Rev., D90:105017 (2014)".

1 Michael Thies called this case self-dual GN model (sdGN)
~ S8IFT 2019, Jena ... 9 November  15/40



Duality in the (141) NJL model

Phase diagram (i, T') in inhomogeneous case M; > My

Homogeneous case (b = 0)

Symmetrical phase

Superconductivity

Chiral symmetry breaking

1

WM

TIM:

Inhomogeneous case (b # 0)

0.7

0.6
Te/M:

Symmetrical phase

Chiral inhomogeneous phase (b=j1)

WM,
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Duality in the (241) NJL model

Discrete symmetry (duality) in (241)-dim NJL model ]

[3 D. Ebert, T. G. Khunjua, K. G. Klimenko, V. Ch. Zhukovsky
Phys. Rev., D93:105022 , 2016.
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The notations I, II and III mean the symmetric, the chiral symmetry breaking
(CSB) and the superconducting (SC) phases, respectively. T' denotes a triple point.
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The notations I, IT and III mean the symmetric, the chiral symmetry breaking
(CSB) and the superconducting (SC) phases, respectively. T' denotes a triple point.



Pion condensation in the framework of (3+1)-dim GN model J




PC in the framework of (3+1)-dim GN model

QCD phase diagram
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PC in the framework of (3+1)-dim GN model

Introduction

Models with four-fermion interactions

Isospin asymmetry is the well-known property of dense quark matter, which exists
in the compact stars and is produced in heavy ion collisions. On the other hand, the
chiral imbalance between left- and right- handed quarks is another highly anticipated
phenomenon that could occur in the dense quark matter.

To investigate dense quark under these conditions we use Nambu—-Jona-Lasinio
(NJL) model and take into account:

e Baryon — pp chemical potential to investigate non-zero density
o Isospin — ur chemical potential to investigate non-zero isotopic imbalance
e Chiral isospin — pr5 chemical potential to investigate chiral isotopic imbalance

e Non-zero bare quark mass (mg # 0) to promote real threshold to pion
condensation phase

e Non-zero temperature (7" # 0) in order to make our investigation applicable to
hot dense quark matter and compare our NJL-model analysis with the known
lattice results
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PC in the framework of (3+1)-dim GN model

Lagrangian of the model

HUB o 0

Ez(j['yl’iay—mo—i— 3'y+ L5

5

rar'a+ 1 [(@0)® + @ 7)’]

Definitions

q is the flavor doublet ¢ = (qu, qa)”

qu and gq are four-component Dirac spinors as well as color N.-plets®

& (k=1,2,3) are Pauli matrices

my is the diagonal matrix in flavor space with bare quark masses
(from the following m., = mq = mg)

“The summation over flavor, color, and spinor indices is implied
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PC in the framework of (3+1)-dim GN model

Lagrangian of the model

HB 0o 0

Czq['y”i@u—mo+ 3'y+ A5

0_5 G — \2 — 5 \2
== T3’Y’Y}Q+E[(QQ) + (giy Tq)]

Notations
@ 1B is a baryon number chemical potential

e ur is taken into account to promote non-zero imbalance between u and d quarks

15 is stands to promote chiral isospin imbalance between urry and dr(r)

G is coupling constant
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PC in the framework of (3+1)-dim GN model
Semi-bosonized version of the Lagrangian

Let us introduce the semi-bosonized version of the Lagrangian that contains only quadratic
powers of fermionic fields as well as auxiliary bosonic fields o(z), mq(z), :

@

el ro]

L= é[’ypiap —mo + M’YO A VTg’YO + Vsrgfyofys —0 — i’)/sﬂ'aTa] q

Bosonic fields

o(e) = 2@ ma0) = ~2 (@1 7o0)

The new notations of chemical potentials

v

BB B prs
H=g 275 =g

Note that the composite bosonic field 73(z) can be identified with the physical 70 (2)-meson
field, whereas the physical =+ (z)-meson fields are the following combinations of the
composite fields, 7+ (z) = (71 (z) £ im2(x))/V2.
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PC in the framework of (3+1)-dim GN model

Calculation of the TDP

After all possible analytical calculations, we have the following form for the TDP:

*d — L (s~ .
TZ/ p p{ln 4o FIm=my (1 4 e %(ImH—u))},

where 7; are the roots of the following polynomial:

(774 — 2an® — by + c) (774 — 2an” + by + c) =0,
a=M+ A+ |5)°+02 + 03

b = 8|plvvs;

c=a® —4pP(V® +vd) —AM*V® — AN E — 403, )
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PC in the framework of (3+1)-dim GN model
Fiiting parameters
Since the NJL model is a non-renormalizable theory we have to use fitting

parameters for the quantitative investigation of the system. We use the following,
widely used parameters:

mo = 5,5 MeV; G =15.03GeV ™ ?; A =0.65GeV. J

In this case at 4 = v = v5 = 0 one gets for constituent quark mass the value
M =311 MeV.
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PC in the framework of (3+1)-dim GN model

Phases

To define the ground state of the system one should find the coordinates (Mg, Ag) of the global

minimum point (GMP) of the TDP. We also interested in the quark number density:

ng = —%‘;’A“)A We have found the following phases in the system:

@ M = 0;A =0;ng =0 — symmetrical phase (it could be realized only in chiral limit mo = 0)
@ M # 0; A = 0;ng = 0 — chiral symmetry breaking phase (CSB)

@ M # 0; A # 0;ng = 0 — pion condensation phase with zero quark density (PC)
(M = 0 in chiral lim.)

M # 0; A = 0;ng # 0 — chiral symmetry breaking phase with non-zero quark density (CSBg)

M # 0; A # 0;ng # 0 — pion condensation phase with non-zero quark density (PCgq)

® M =~ mo; A = 0;nq # 0 — partially restored (CSB) phase with non-zero quark density
(CSBdr)
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PC in the framework of (3+1)-dim GN model

(v, v5)-phase portraits in the chiral limit

n =0 MeV p =150 MeV
1 1
0.9 0.9
0.8 0.8
0.7 0.7
> 06 = o6 Symmetrical phase
)
QD o5t CSB Symmetrical phase Qo5
= =
0.4 0.4
0.3 0.3
0.2 02
) 1
0.1 PC 0 PC
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
v/GeV v/GeV
4 y
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Useful applications of the model and duality-symmetry J




Useful applications of the model and duality-symmetry

PC4 phase existence

vs = 0 MeV }
(w, v)-phase portrait Slice at p = 270 MeV
R o451 csp PC CSBar
0.35 CSBar 0.4
0.35 vs=0 MeV
0.3 ‘E M n=270 MeV
< 03
025 | CSB t
0.25
% 02 g
g < 02
&5 PC %
015 8 ois
=
0.1 0.1
0.05
0.05 PCa i e
0 011 04‘2 0‘3 0‘,4 0.5 o 0.1 0.2 0.3 0.4 0.5
v/GeV v/GeV

v
It 1s evident from the figures that PCy phase exist in the very small region of the phase

portrait.
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Useful applications of the model and duality-symmetry

PC4 phase existence

vs = 200 MeV )
(w, v)-phase portrait Slice at p = 270 MeV
R - o4 csB CSBa PCa
M
0.35 [ 1) SE—
05 Vvs=200 MeV
0.3 T 1 =270 MeV/
i
0.25 = 0.25
=~ 2
) 9 o2
%0 2 E
=
© 0.15
0.15 Q
01 ® o -
00sf |/
0.05
0 011 04‘2 0‘3 0‘,4 0.5 0 0.1 0.2 0.3 0.4 0.5
v/GeV vs/GeV
.

v
Non-zero isospin chiral potential v5 does promote the PCy phase in a wide range of the
parameters.
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Useful applications of the model and duality-symmetry

Comparison with lattice (PC condensate)

(, T)-phase portrait Lattice [1611.06758] Brandt et al.
T —
=0 MeV r
" NemoMev 160 |- preliminary
ol CSB: e L % nes
: . fine
= ' (7 N=10
® S 140 t
30.15 = L i Nl=12
01} - pion
: B densat
cs PC 120 i Conpﬁzss?e |on\k
0.05 H Lo
05 15
0 0.1 0.2 0.3 0.4 0.5 0.6 “l / m"
v/GeV .

v
Qualitatively comparable with the first principle lattice simulation.
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Useful applications of the model and duality-symmetry

Comparison with lattice (chiral cataysis)

Critical temperature 7. within NJL

1.03

1.02 -

Te(vs)/Te(0)
g

0 0.1 02\ sgey 03

T(Mg)/T(0)

Critical temperature T, within Lattice

1.14

1.08

1.06

1.04

1.02

0.98
0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Hsa

y

We have recently shown that introduction of the chiral chemical potential s into

consideration (with the following term in the Lagrangian: %(j’yo'ﬁq ) leads to an additional

dual-symmetry between prs <— ps in the region where A = 0. In other words, in the NJL

model (1) we can certainly consider py5 as a ps (only in the pure CSB phase). So we can

compare our results with the known lattice calculations with ps

[1512.05873] (Braguta et al.).
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Useful applications of the model and duality-symmetry

Inhomogeneous condensates

Critical temperature T, within NJL Critical temperature T, within Lattice

B, Gev b, Gev

70 420 v, Mev 70 420 V5, MeV
Y v

We have shown that there is duality even in inhomogeneous case in CDW anzatz:

Dr: M<+— A, ve—vus, kK. J

@ T. G. Khunjua, K. G. Klimenko, and R. N. Zhokhov.
JHEP, 06:006, 2019.
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Present day interests (more dualities?)




Present day interests (more dualities?)

2-color NJL model

= q[zé —mo + M’yo] q+ G[(ciq)2 + ((ji’ysf'q)Q] + H [(ji'y5agTQCQT] [qTC’i'ysangq] J

M= NTB 4 %Ts + %7573 + sy’ J

800

600

200

0 200 400 600 800
s [MeV]

@ J. Andersen, T. Brauner
PRD 81:096004, 2010.
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Present day interests (more dualities?)

Dual-symmetry in TDP

Massless QCD with N. = 2 and Ny = 2 obeys the Pauli-Giirsey U(2Ny) = U(4) symmetry.
Its action is:

Ny=2

SQC2D :/d4x Z ’i'l/;fﬁ’(bf E/d4x i(jﬁq,
=1

where D = YDy =y (Ou — i0a Af,) and 04 (a = 1,2,3) are the generators of the color
SU.(2) group in its fundamental representation. Note also that for each f = 1,2 quark field
9y is the doublet with respect to color SU.(2) group, i.e., the spinor field ¢ = qqy is the
doublet both over the color index o« = 1,2 and flavor index f = 1,2. Taking into account
that spinor fields anticommute we have:

L Np=2 . Ny=2
3 [ate X oy =3 [ate Y iy
=1 =1

Nyp=2

Nf=2
1 , —p 1 — c
= 5/d4m > it (v TougT = 5/d4w > Wy A
f=1 f=1
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Present day interests (more dualities?)
Dual-symmetry in TDP

In a similar way we have:

Ny=2

1 4 n a 1 4
5/(11} ng¢f7”0aA“¢f:§/dw

Ny=2
Z EO'QW“U&AZagip;.
=1

So, it is possible to reduce Sgc,p to the form:

Sqcap = . /d4z [iuﬁwu +1/_1d5¢d] s % /d

2

A [1/)750'2130'21&3 L @Uzﬁagwé] .
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Present day interests (more dualities?)
Dual-symmetry in TDP

Supposing that quark fields v, and ¥4 are transformed under fundamental
representation of some flavor SU(Ny = 2) group, whereas the fields 15, and ¢ form
the fundamental multiplet of another SU(Ny = 2) group, we see that the action is
formally invariant with respect to SU(2) x SU(2) flavour group. However,
introducing the Nambu-Gorkov spinor ¥, where

Yy
g L ha :L( q )
V2| o2 | T 2\ o2qf )]
29

we see that Sgc,p = fd4:v i@ﬁ‘ll, i.e. this action is indeed invariant with respect to
an enlarged SU(4) flavor group, when Nambu-Gorkov spinor W¥.

@ M. Hanada and N. Yamamoto, PoS LATTICE 2011, 221 (2011)

[3 M. Hanada and N. Yamamoto, JHEP 1202, 138 (2012).
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Outlook

Outlook

e Duality correspondence that was established in 1977 by Ojima and Fukuda exist
not only low-dimensional models, but also in (3+1)-dimensional models

e It is not only interesting mathematical property of the model, but useful tool of
investigation of the phase diagram.

o Duality correspondence is inherit property not only models, but also
fundamental theories and it maybe could helps to obtain model-independent
results.

“R.N.Z. is grateful for support of the Foundation for the Advancement of Theoretical
Physics and Mathematics BASIS grant and Russian Science Foundation under the grant
No 19-72-00077
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v5 generation

V5 generation

Let us suppose, for simplicity, that dense quark matter consists of two massless u and
d quarks, whose chemical potentials, u, = p 4+ v and pug = u — v. Moreover, we
suppose that quarks do not interact, and there is an external magnetic field

B = (0,0, B) directed along z axis. In this case in the equilibrium state of quark
matter there is a nonzero and nondissipative axial current

2 - o5 QME
Jsr = ATV qf>:%

for each quark flavor f = u,d. In this formula @ is an electric charge of quark-flavor
fyie. Qu=2/3, Qq = —1/3. It means that axial currents of v and d quarks are
opposite in their directions. Since js; = (GrrYqrr) — (GrLVqsL), where

5

1+44° 1—
2 ’qu7

2 qf, qfL = 2

dfrR =

As a result, a spatial separation of quark chiralities for each flavor f occurs. In other
words, one can say that in the upper half of the three-dimensional space, i.e. at z > 0,
the density, e.g., nur = ((juR’yOun> of the right-handed u quarks is greater than the
density nur = (GurY°qur) of the left-handed u quarks. Hence, in this case we have at
z > 0 the positive values of the chiral charge density n,s5 = nur — nur for u quarks.
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