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1. Motivation



¢ decompose CFT correlation functions into conformal blocks

(01(21)02(Z2)03(Z3)04(Z4)) 2012 Csy G ( Iy ey Zy)
Z'_’ Z:),
= Z Cla34 > -- -<
Z Zy
model-dependent conformal data { ,Cjjx} <> universal building blocks a

— “universal” within a fixed setting: blocks depend on e. g.

> dimension d of base space
> topology of base space (sphere, torus, ...)
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e CFT answer: conformal bootstrap program
use symmetry to constrain conformal data

Zo Z3
% 7 N
DRIV --- =Y Carngana, I
Z Z, ' :

/
Z Zy
b HOh&NQﬂHCaMMHTZAdS/CFT{DH€ﬂxmdaME Maldacena, 1998

Conformal blocks are dual to bulk geodesic Witten diagrams Witten, 1998; Hijano et al.,
2016
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¢ Direct approach: solve Ward identities and Casimir equations (Dolan and Osborn, 2004)
> difficulty quickly increases with degree of blocks
® Recursive approach: recurrence relation method (Zamolodchikov, 1984)
> challenging to find closed form expressions
> only for d = 2
¢ shadow operator method (Ferrara and Parisi, 1972, Ferrara et al., 1972)
> insert (shadow)projector into correlator

U (21,...,24) = <(91(Z1)02(22)]5 O3(23)O4(z4))

> gives linear combination of conformal block and shadow block
> conformal block extracted in an extra step

® oscillator representation method (in d = 2: Begken, Datta, and Kraus, 2020)
> express projector in terms of generalized coherent states

P = [

> no shadow part!
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Computation of the Four-Point Block

G<4) (Zlv ZQ; ZB) Z4)

=(01(21)02(Z2) P’ O3(Z3)04(Z4)) = /W")W (0] O1(21)02(Z2) |U) (

Zy Z3 Zy

Zy Zy Zy

by inserting the projector: P = /[dQUHﬁ)(U\

Ul O3(Z3)04(Z4) 0)

Z3

Zy
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Oscillator Diagrams

Wavefunctions are determined by differential equations (“oscillator equations”).

* First-level wavefunctions:
Xa, (Z2,U0) = (0|0A(2)|U) ~ zo——of)

¥a, (2,U) = (UlOa(2)[0) ~ jo———eZz

Z,@_® Second-level wavefunctions:

------ OU ~ Xaya., (Z1,22:U) = (0(0(21)0(2:)|U) Z

7 wAhAL (ZlszQU) = <U‘O(Z1)O(ZQ)|O> ~ UO------

A
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Five- and n-Point Blocks

Computate higher-point blocks using Qa, . ,(Z; U17U2 <U1’(9A )}U2>

Z3
ZQ Z4
(5)
G .= IR 2__

Zl Z5

Zo Z3 Zy
— 2
= /[dZUﬂ/[dQUz] —-m--00, - UgO---=--
/1,’ \\\2

Z1 U,0” o0, Zs

— matches (Rosenhaus, 2019) 6/19



2. The Oscillator Construction in
d=141



Oscillator Construction in d = 4

(based on Calixto and Perez-Romero, 2010, 2011, 2014)

¢ Lorentzian conformal group: SO(4,2)
— its Lie group isomorphic to su(2, 2)
¢ Lie algebra generators: ©, J#, R+ MKV
* Cartan domain Dy = {U € Matay2(C) : 1 — UUT > 0}
— matrix valued oscillator variable: U € Dy
® unitary representation space: weighted Bergman space HL?(D,)

® Wick rotate to Euclidean setting for adjoint properties
(;:B/L)T — _R/L, (gﬁpu)T _ —Sﬁu’/, @T -9

e Hilbert space with inner product:

/detl UtU)—- mﬂ(U)E/[d2U]f(U)g(U)
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Oscillator Construction: Eigenbasis

¢ orthonormal eigenbasis:

(U]glm = l™ (U) ~ det(U)"D} . (U)

Gasqy 9a,qp

with generalized Wigner D-matrices

Dgaﬂb o) ~ Z

min(j+qa,j+qs) (
k=max(0,g+qs)

O
¢ orthogonality relation:

wimlei = [ U G ) U) = b Db B
¢ highest-weight state 908:8 = 1 with B,1 = 0 leads to Verma module

V = span{ szlﬁzﬂlsn“ =0,1,...} (1)
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Oscillator Construction: Wavefunctions

® wavefunctions as diagrammatic objects:

¥a(Z,U) = (UR) = U0A(2)0)  po—2—ez
Xa(2.0) = (x|0) = (0[0s(2)[0)  ze—2—op
¢ derive oscillator equations:
0= (U] Oa(2)L[0) = (U[0a(Z), L] + LOA(Z) 0) = (L5724 £*C-D)pa (2: )
with * indicating how the abstract generator changes

(UILly) = £ (Ulp) = £9(U) :

(UIPH|) = =R Uy) , (UK ) = =$* Uly) ,  (UIM"[¢) = = (U[y)
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Oscillator Construction: Ward Identities and Reproducing Kernel

(D(A’Z) + D ./17,)) Xa. (z;) =0 (_D(A,z) + D 7“)> YA, (z;u) =0,

(P& + L) xa, (P& + &) pa, (z0) = 0,

(1) + i )XA, (K& 43, ) . (z0) =0,
(M(A =) 4 m!, “)) xa, ( (Mfﬁ’z) + Emfw’“)> YA, (z3u) =0.
= Xa, (z;0) = ((z# — '&#)2)_ oa, = Ya, (mu)=(1—-u- Z)*Q O,

Zo +ZI3 iﬂ?l + 2o
’i:L'l — T2 X 7213

(xo,21,%9,x3) <> X = xoog + i(x101 + 2209 + x303) = (

with important identification:
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Oscillator Construction: Higher-level wavefunctions

® 7outer” wavefunctions:
Yaras, (20, 20;0) = det* (20 = 23 ) det’ (1-U - 20 ) det’ (11 - 2"
Xar.ag, (20, 2.0 = det® (Z(l) - Z<2>) det” (Z“) - U) det” (Z<2> - U)

with exponents given by linear combinations of weights:

1 1
Oézf( *AliAQ)a Bzi(AQ*Ali )a Y=

5 (A1 —Ax— )

1
2
* "inner” wavefunction Qa , ,(Z; UM, U®?) = <U(1)‘0A(Z)|U(2)>:

. ) _ ; N oyt
Qa, 1, (20D, 0@) = det® (Z - U(2>) det” (1 —um. ZT) det? (1 —yw.g? )

with modified exponents &, (3, 5 depending on A, 1,
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The extended Schwinger-Master-Theorem

Theorem (A-Extended Schwinger-Master-Theorem)

For every A € N, A > 2 and every 2 x 2 matrix X, the following identity holds

det ™ (1 - tX)
27 +1 = ooy (P+A—-2\(n+2j+A-1 o J -
:jeZN/2 A—1 ;ﬁw& < Ao >< N )det (X) q;‘Déq (X) .

= use this to expand wavefunctions in basis functions:
t -z - Y3 S @)
jEN/2n=0gq,q'=—j
Cautionary Note: A € N - but we want A € R. Careful "analytic continuation” necessary!

12/19



The Two-Point Function

Use wavefunctions to calculate two-point function:

00— @y = /[dQU} 706——@ * UO——eY

(OA(Z)P Oa(Y)) = / (U] xa, (Z:0)a, (ViU)

JDy

=YY SR 2 | WUl O )
J1,M1,41,44 J2,m2,q2,q% o

—2A — —44q 7149 * ~ 3.///3.:3.1; j2, J1,7
D R VA TR D DR O R Rt
J1,m1,q1,4] J2,m2,q2,q5
=det™(Z) det™® (1-YZ ') =det 2 (Z-Y)
-A
= ((20 —90)* + (21 — 1) + (22 — y2)* + (23 — ¥3)°)
= same result as by directly solving the Ward identities
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The Four-Point Block: Preparation

® n = 4-point block depends on two independent cross-ratios with z;; = ’z(i) — 20 |:

2 2 2 2
_ 12734 _ R14723
=2 .2 =2 .2

2137224 213724

® choose point configuration using conformal transformations:
2N 5 00,
22 - (1,0,0,0),
=) 5 (0,0,0,0),
2 = (2,0,0,y)
® cross-ratios simplify to
u — ‘2(4)‘2 =z +y2 =2z

v — ‘2(2) — z(4)‘2 =(1-2)2+y*=01-2)(1-2)
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The Four-Point Block: Expansion

Zy Zg Zo Z3
D> g
Z Zy A 7,

Expand second-level wavefunctions using the extended SMT:

j,m
XAra,, (00,1;0) = A2 3" () orm (U) .y eh™, (1)
Qa,qb
with cutoff A for the limit Z() — 0o
j,m
Vag,as, (ZW,0;U) = det™*(ZW) Y (@b, (U") 00, (Z9) (2)
qa,qb

with y = 2( +A2—Ay)and e = 3( + Az — Ay) 15/19



The Four-Point Block: Integration

G :/[dQU]XAL,Az, (00715 U)¢A3,A4, (Z(4)70§ U)

jm j'm’

=™ (Z9) 32 3 ool ey 2 [ 180l Oy )

qa9b q, ,qb

Jm g’ m’ A7, A[J,m
—d th(Z(‘l)) Jm (1) j/,m’(Z(4)) ) NN 53"’ d,45
= de (7)‘}9qa7qb (E)‘fgqéng im 2 (‘/_m_(/‘,.t/s,
9a:4b q,,q; <.\ . )

Use that 1 and Z®) are diagonal matrices:

B J,m (Nj,m)2 (/\/‘Ej,’m,>2

=det™*(2W) ) ? Sgu,qpdet™(Z2DI (ZV)
S ()

_ ( 3( +As-A4) i Z NJ’ (N;m) zm’ém(22j+l _2247-"—1)

m=0jEN/2 ( J'")
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The Four-Point Block: Recovering the Hypergeometric Functions

¢ bare block (strip away leg factor):
00 (N":i,TYL)Z (./\/'Ej,m)2
= 2
m=0jeN/2 (./\/j’m)

TII,Z'HL (Z

25+1 §2j+1)

with

(A@m)z:2j+1(m—|—a—2><m+2j+a—1>

a—1 a—2 a—2

¢ careful analysis of sums allows to recover:

Cy,— 1, e -1 = e
22F1< 7 €;Z> 2F1( 7 26 ;5>52F1( v €;Z> 2F1< i ; Z)

Wlth")/:%( —|—A2—A1) ands:%( —|—A3—A4)

= matches result of (Dolan and Osborn, 2004, 2001)
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3. Conclusion and Outlook




Oscillator Formalism: Fromd =2 tod = 4

CFT ind=2

CFTind=4

conf. algebra

Generators

Cartan domain

ONB

Wavefunctions

Conformal blocks

su(1,1) 2 sl(2,R)
L_y, Lo, L1 (3)

D = SU(1,1)/U(1)
2{ueC:1—u"u>0}
Monomials
pn(u) ~u”
Un(zu) = (1 - zu)~*"
Xn(z,@) = (z —a)~*"

1/’(21»Z23U)7 X(ZLZQ;’&)

up to n-point blocks
(Comb channel)

su(2,2)

D, P, K" M" (15)

D4 = SU(2,2)/(SU(2)% x U(1))
~{UecC*?:1-U'U >0}

Generalized Wigner-D-matrices
@4, (U) ~ det(U)"Dg 4, (U)

9a»9b

Ya(z;u) = (1 — 2z, ~u“)72A
xa(z;u) = (z,, - ﬂu)_QA

111(2(1)7 z<2>; u), X(z(l)7 2(2); @)

4-point block: v/

. . . 9
higher point blocks: 7 18/10




Take-Home Message and Outlook

The oscillator construction provides an adaptable formalism for the computation of

conformal blocks:

¢ intuitive diagrammatic formulation
¢ applicable for various topologies (sphere, torus, ...)

e applicable in d =2 and d =4
Future directions:

¢ derive closed form solutions for higher-point blocks in d = 4
¢ implement spin in d =4

e further explore different settings (channels, dimensions, ... )

Thank you for your attention!
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