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I. Introduction 
- Our scope -



Holographic principle 

Maldacena 1997

Gravity is constructed from Gauge theory (?) (Gauge/Gravity duality) .

weak coupling N=4 SYM 
(+ SUGRA on flat d=10)

Quantum Gravity
One of the most challenging/unsolved problems in theoretical physics.

’t Hooft, Susskind 

Gravity is encoded on a lower dimensional boundary.

ex. black hole thermodynamics

AdS/CFT correspondences

D3 branes in superstring theories in d=10

open string 
interpretation 

SUGRA on AdS_5 x S^5 
(+ SUGRA in flat d=10)

closed string 
interpretation 

duality

equivalent ?

Theme of this workshop



understand AdS/CFT form field theories without using string theory.

free massive scalar field operator on AdS   with  Φ̂(X) m2 = (Δ − d)Δ

express  in terms of Φ(X) O(x)

ex. HKLL bulk reconstruction Hamilton-Kabat-Lifschytz-Lowe 2006

CFT field operator at the boundary Ô(x)

BDHM relation

Banks-Douglas-Horowitz-Martinec 1998

�̂(X) =

Z

⌃X

d
d
y K(X, y)Ô(y)

<latexit sha1_base64="FXRJ42O3HvigdVxi8gAy8gM7HaI="></latexit>

X

<latexit sha1_base64="gc/U78icaAS0wVjgv96BBVQ5Lc4="></latexit>

⌃X

boundary

bulk

Ô(x)

�̂(X)

c.f. S. Terashima, 2021: CFT<->AdS without BDHM relation in the large N.

<latexit sha1_base64="Hf+MWBj20bZJ5WygZhwjVUCxMAI="></latexit>

lim
z!0

z
���̂(z, x) = Ô(x)



 An different point of view

How can we map properties of QFT to a “geometry” ?  

We will provide a prototype of AdS/CFT correspondence without using 
string duality (gauge/gravity correspondence). Therefore results may differ 
from usual understanding. We however hope that our attempt may provide 
deeper understanding of the standard AdS/CFT correspondence. 

In this talk, to answer this question, we exclusively consider a scalar CFT with  
Euclidean signature, which is quantized by the path-integral.

We can easily extend our method to a general scalar (non-conformal) QFT, 
which may provide an answer to the above question. 

Unfortunately, it is not so easy to handle gauge theories in this approach 
analytically. A numerical methods may be needed for gauge/gravity duality in 
this approach.  



I. Introduction  - Our scope - 

II. Holography, conformal flow and BDHM relation 

III. Bulk (quantum) space and GKP-Witten relation 

IV. Bulk geometry 

V. Summary and Discussion

Content of this talk



II. Holography, conformal flow 
and  

BDHM relation



Starting point We consider an O(N) scalar CFT  in   dimensions.  d

A non-singlet primary field satisfies  

Holography

<latexit sha1_base64="DbfpDoyaxPZJclKQWiMSBuhMHm0="></latexit>

X := (x, z)

We smear the field asSmeared field

<latexit sha1_base64="8OHetNtWgWctKoj+50jTTkx0LP0="></latexit>

h0|'̂a(x)'̂b(y)|0i = �ab
C0

|x� y|2�

<latexit sha1_base64="3ylXZK9TutVmY5IA/m3Ba4MKOfo="></latexit>

z is an extra direction, which corresponds to an energy scale of CFT.

QFT(CFT) in d-dimension + energy scale

<latexit sha1_base64="wA9vEuolXWJF7B72tE/37Up7Wnc="></latexit>

z = 0 (UV) and z = 1 (IR)

d+1 dimensional bulk space

“Holography”

field in  dimensionsd + 1
<latexit sha1_base64="XxTcirYMI5SM5s6aYmu5T6drWoc="></latexit>

h(z, x� y) : smearing function

<latexit sha1_base64="AwEMawmTqnUiOH9LhRuRc+KpFpM="></latexit>

�̂a(X) =

Z
ddy h(z, x� y)'̂a(y)



Smearing by flow equation

(1) We smear the field in CFT using the “flow” equation as
<latexit sha1_base64="H7zPOQDsb+wgcEk64W/wdLvgdYs="></latexit>

(�↵⌘@2
⌘ + �@⌘)�̂

a(x; ⌘) = ⇤x�̂
a(x; ⌘), �̂a(x; 0) = '̂a(x)

This is a generalization of the “gradient flow”.

Ex.  (Gaussian flow)α = 0, β = 1

Heat kernel
<latexit sha1_base64="toyIGYoWlcsPEe19RShKgtlqzcM="></latexit>⌘

Rd

<latexit sha1_base64="QsyFdnUvf7L0rzQ2RgWLEOnY+1E="></latexit>

'̂a(y)

<latexit sha1_base64="KLx+wTrk+JD8pUD07ARZjVS8Jsw="></latexit>p
4⌘

<latexit sha1_base64="BaGFsV7xQ6MEnOHLIv55zTT9h3c="></latexit>

�̂a(x; ⌘)

Narayanan-Neuberger 2006, Luescher 2010

“Gradient flow” was introduced to smooth 
UV fluctuations in lattice QCD.

<latexit sha1_base64="AwEMawmTqnUiOH9LhRuRc+KpFpM="></latexit>

�̂a(X) =

Z
ddy h(z, x� y)'̂a(y)

<latexit sha1_base64="1Hxe3O3yGjy+AyaQzmIXCYeIq/I=">AAACx3ichVFNaxNBGH66rVrjR2J7EbwMhkoCNUyK1NJSCHrRWz9MW+g2YXYzTYZsdpfdyZJtyMGrf8BDTy0Ukf4ML/0DHvoTRPBSoR48+O5mUbSo77Iz7/vM87zzzIzlOyrUnJ9PGJNT167fmL6Zu3X7zt184d7MVuj1A1vWbc/xgh1LhNJRrqxrpR254wdS9CxHblvd58n6diSDUHnuKx37cq8n2q7aV7bQBDULltkRmpl+Rz VEabBiSi3KbJXJxtB85g1YUo9YwjEjEWSs8qqpXM1ajRaLzXnG2qWUN88Gj+MyGzf8yY7LzUKRV3ga7GpSzZIisljzCu9gogUPNvroQcKFptyBQEjfLqrg8Anbw5CwgDKVrkuMkCNtn1iSGILQLo1tqnYz1KU66Rmmapt2cegPSMkwxz/y9/yCn/FT/ol//2uvYdoj8RLTbI210m/m39zfvPyvqkezRueX6p+eNfaxlHpV5N1PkeQU9lgfHby92FzemBs+4sf8M/k/4uf8A53Ajb7aJ+ty4xA5eoDqn9d9NdlaqFQXK4vrT4q1pewppvEAD1Gi+36KGl5gDXXa9wxfcIlvxkvDMyJjMKYaE5lmFr+F8foHA4etcQ==</latexit>

�̂a(x; ⌘) = e⇤⌘'̂a(x) =

Z
ddy g(⌘, x� y)'̂a(y)

<latexit sha1_base64="yz/5WTjqSrfwSxfhoU148glwVco="></latexit>

g(⌘, x� y) :=
e�(x�y)2/4⌘

(4⇡⌘)d/2



(2) We then normalized smeared field as
<latexit sha1_base64="DOSbpLPXZsebWK5T17g9o9GX+Hw="></latexit>

�̂a(X) :=
�̂a(x; ⌘)q

h0|�̂2(x; ⌘)|0i <latexit sha1_base64="DbfpDoyaxPZJclKQWiMSBuhMHm0="></latexit>

X := (x, z)

 : CFT vacuum|0⟩ <latexit sha1_base64="QReL9k7I8rzTBGtbjMeeGj8uMGI="></latexit>

h0|�̂2(X)|0i = 1

 is well-defined without UV divergence.⟨0 | ̂ϕ2(x; η) |0⟩

Smeared field smearing UV fluctuations

Normalization  field renormalization
define a kind of  

``RG” transformation

Sonoda-Suzuki (PTEP2019(2019)033B05) Gaussian flow = Exact RG

<latexit sha1_base64="7AHNqCgWRyEAxj2nSiMJQXAZcFk="></latexit>

⌘ =
↵

4
z2



Conformal flow

An “optimal” choice is given by 

<latexit sha1_base64="H7zPOQDsb+wgcEk64W/wdLvgdYs="></latexit>

(�↵⌘@2
⌘ + �@⌘)�̂

a(x; ⌘) = ⇤x�̂
a(x; ⌘), �̂a(x; 0) = '̂a(x)

<latexit sha1_base64="9mygCFh2A5OFLauzzkCx0OSDngY="></latexit>

⌫ := 1 +
�

↵
=

d

2
��

With this choice, a conformal transformation on  generates a coordinate 
transformation on  as

φ̂a(x)

̂σa(X)
<latexit sha1_base64="2gV0FoPazZGA+kkIhjKLS7p0HB8="></latexit>

�conf '̂a(x) = ��xµ@µ'̂
a(x)� �

d
(@µ�x

µ)'̂a(x)

<latexit sha1_base64="xw5/lhigrFIEMa4gfKuZdKMAqOc="></latexit>

�xµ := aµ + wµ
⌫x

⌫ + �xµ + bµx2 � 2xµ(b · x)

<latexit sha1_base64="aHXhmEc+Lt0+2IaCthRK2meDyr8="></latexit>

�conf �̂a(X) = ��XA@A�̂
a(x)

<latexit sha1_base64="g2N4QdZ/mRPhB4iG56wQdCqqkj4="></latexit>

�Xµ := �xµ + z2bµ
<latexit sha1_base64="ahzZj26uujNJABrkFQZPLMb8tZk="></latexit>

�Xd+1 := (�� 2b · x)z

Poincare scale special conformal

This coordinate transformation is nothing but the AdS isometry, and we 
call it conformal(-AdS) flow.

(a seed of) “AdS/CFT correspondence”

Aoki-Balog-Onogi-Yokoyama, PTEP 2023(2023) 013B03.



<latexit sha1_base64="TSHVmm3KocUKJbZX4wBARXDgvjw="></latexit>

h(z, x) = ⌃0

✓
z

x2 + z2

◆d��

, � <
d

2

HKLL, PRD74(2006)066009

The kernel of the conformal flow is given by

BDHM relation

The condition  is needed to satisfy  .Δ <
d
2

̂ϕa(x,0) = φ̂a(x)

<latexit sha1_base64="xt3soDvMDq67XUuJfjQ7YFxoGgY="></latexit>

lim
z!0

h(z, x) =

⇢
0, x 6= 0
1, x = 0

<latexit sha1_base64="EgHhQSsQrf2YQM1p+iGeQgT92rk="></latexit>

lim
z!0

h(z, x) =
⌃0

⇤
z��(d)(x).

<latexit sha1_base64="NUWfM7ZYyTUd4W4C+fkjN8NEiG0="></latexit>) <latexit sha1_base64="EYQ8Hj+YBg9z9bQq1tCoIci70v8="></latexit>

lim
z!0

z���̂(X) = lim
z!0

Z
ddy z��h(z, x� y)'̂a(y) =

⌃0

⇤
'̂a(x) BDHM relation
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�̂a(X) =

Z
ddy h(z, x� y)'̂a(y)

<latexit sha1_base64="UySuRAUi/ZfpziB11IPFgzuqRs0="></latexit>

(⇤AdS �m2)�̂a(X) = 0

satisfies EOM of a free scalar field on AdS as

where m2 = (Δ − d)Δ < 0.

Furthermore 

BDHM relation is correctly reproduced.

<latexit sha1_base64="pLC5n75fPRyLk26pxgCnArNmzfU="></latexit>

The kernel h(z, x� y) agree with K(X, y) of HKLL but for � > d� 1.



III. Bulk (quantum) space  
and  

GKP-Witten relation



1. translation

conformal transformation

2. rotation

<latexit sha1_base64="hXGDSvdUcWeU54BmXTVKc+3yiIo="></latexit>

ỹµ = yµ + aµ, J(y) = 1

<latexit sha1_base64="v8HJWSbEUb+oaqnBlTErmyH73ZU="></latexit>

ỹ = ⌦µ
⌫y

⌫ , J(y) = 1

coordinate transformation

3. dilatation

4. inversion
<latexit sha1_base64="qppevhFMTnOTNoICResDagOuVro="></latexit>

ỹµ =
yµ

y2
, J(y) =

1

y2

<latexit sha1_base64="cu6XbaNGij8hRDWxiKLlQh96C0Y="></latexit>

x̃µ = xµ + aµ, z̃ = z

<latexit sha1_base64="ltFA+TdId9yue8wL6n3hUmCSXHA="></latexit>

x̃µ = ⌦µ
⌫x

µ, z̃ = z

<latexit sha1_base64="SNsP52EpIN/BiB8P79al7SQsxIU="></latexit>

X̃A = �XA

<latexit sha1_base64="GGH+ta5ymFPQs6RalA9PxaVQQ7c="></latexit>

X̃A =
XA

X2

<latexit sha1_base64="rm92Jg80eyKtKwYErhJSYEvAKn4="></latexit>

U�a(X)U † := �̃a(X) = �a(X̃)
<latexit sha1_base64="4A7TxdjnwMGKRIUZ5iZriJPa3FY="></latexit>

U'a(y)U † := '̃a(y) = J(y)�'a(ỹ)

<latexit sha1_base64="KzCn/HZtZkp8Z6qUrWtuH4YBEdg="></latexit>

ỹµ = �yµ, J(y) = �

Symmetry

<latexit sha1_base64="YPxxRK4U3fChDQVxnWA2rM8c98A="></latexit>

SO(d+ 1, 1)
<latexit sha1_base64="YPxxRK4U3fChDQVxnWA2rM8c98A="></latexit>

SO(d+ 1, 1)

boundary bulk

AdS isometry



(Quantum) bulk space 
Operators in the boundary and the bulk enjoy these symmetries as

<latexit sha1_base64="eVGREVmNGARoD1Vxtxm1Lwt1lKU="></latexit>

h0|
mY

i=1

G
i
Ai

1···Ai
ni

(X̃i)
sY

j=1

O
j

µj
1···µ

j
lj

(ỹj)|0i

<latexit sha1_base64="tmiSCaMJ9F1jd12ggrJbEZtR/hk="></latexit>

⇥h0|
mY

i=1

G
i
Bi

1···Bi
ni

(Xi)
sY

j=1

O
j

⌫j
1 ···⌫

j
lj

(yj)|0i

<latexit sha1_base64="fHXdnVpse4D/ChRG1NhSk8qBH24="></latexit>

=
mY

i=1

@X
Bi

1
i

@X̃
Ai

1
i

· · · @X
Bi

ni
i

@X̃
Ai

ni
i

sY

j=1

J(yj)
��j

@y
⌫j
1

j

@ỹ
⌫j
1

j

· · ·
@y

⌫j
lj

j

@ỹ
⌫j
lj

j

<latexit sha1_base64="S1L40h1wgNjwL+kdnJh7SLVokGI="></latexit>

Gi
Ai

1···Ai
ni

(Xi)

<latexit sha1_base64="GP9cxRkZFV2Qe3B4oa/qvety3No="></latexit>

O
j

µj
1···µ

j
lj

(yj)

bulk operator (with an arbitrary spin)

boundary operator (with an arbitrary spin)
<latexit sha1_base64="hfNYYie+BiggDZgwiHsm4QjwB6I="></latexit>

y ! ỹ

<latexit sha1_base64="SUKirDzbypr4sJXvY+U2MZDScWk="></latexit>

X ! X̃

coordinate transformation

conformal transformation

Correlation functions including all quantum corrections are defined in the bulk.

(Quantum) bulk space

This is different from the standard AdS/CFT correspondence, where the bulk 
is classical in the large N limit.



Bulk to boundary propagator 

<latexit sha1_base64="YoCXgbIXUTCC0fB7AErP4ORl7Ew="></latexit>

a singlet bulk scalar field: S(X) := �̂a(X)�̂a(X) composite

Symmetries(bulk & boundary)

<latexit sha1_base64="O3Q0TNS86nI22iqYp8oZ0UIvNgA="></latexit>

Ŝ(y)

<latexit sha1_base64="KwvK86yAwzl64NByr2lkMGYnHTc="></latexit>

�̂(X)

<latexit sha1_base64="CSdZeALjrUHghGRbLdeaEJwP9Ek="></latexit>

a singlet scalar primary field of weight �S : Ŝ(y)

<latexit sha1_base64="5hcNEK9j/usjDJdvx9zRZEohNkU="></latexit>

F (X, y) = CS

✓
z

(x� y)2 + z2

◆�S

exact result

dilatation
<latexit sha1_base64="iUCuPfBxfK4qRXby0PkDvmhbzAw="></latexit>

F (�X,�y) = ���SF (X, y)

inversion

unknown (non-perturbative) constant
<latexit sha1_base64="q2A/0BsUaHw2VjzAmHZXjeUeYPc="></latexit>

(x� y)2 + z2 ! (x� y)2 + z2

X2y2

<latexit sha1_base64="N6xYOyAJ1qMRA1woLc7lHRyYyyE="></latexit>

F (X, y) !
✓

1

y2

◆��S

F (X, y)

In addition,  satisfies a “free” KG equation on AdS asF(X, y)

<latexit sha1_base64="pNxFR9Fl+eX92Y4uBPaSrxBLxF8="></latexit>�
⇤X

AdS �m2
S

�
F (X, y) = 0, m2

S := (�S � d)�S

<latexit sha1_base64="ZU0bVI4h/GQcJXSBL2BfEJ0uuQY="></latexit>

F (X, y) := h0|�̂(X)Ŝ(y)|0ic

<latexit sha1_base64="++LxjS8qzr3LNZWqH9rVkJu1hxc="></latexit>

J(y) =
1

y2



GKP-Witten relation

Gubser-Klebanov-Polyakov 1998, Witten 1998

A free scalar on AdS with  in the presence of a source m2 = (ΔS − d)ΔS

GKP-Witten relation

<latexit sha1_base64="gdX0TWw5vlxNuNpXayZ7loPHH68="></latexit>

J(x) : source of the boundary scalar S(x) with a conformal weight �S

<latexit sha1_base64="l8qMwKWlQz4e8sBVSa7rlB5YJXg="></latexit>

�J(X)
z!0�! zd��SJ(x) + z�S h0|S(x)|0iJ + · · ·



In our setup, let us consider
<latexit sha1_base64="g6XOpO7NviVrdZJO+TIMrS+szDE="></latexit>

�J(X) := h0| : �̂(X) : exp

Z
ddy J(y)Ŝ(y)

�
|0i

At the leading order of small , we obtainJ
<latexit sha1_base64="Qc3OF5s/5Xz++oaqhpchCJHe1Fo="></latexit>

�J(X) =

Z
d
d
y F (X, y)J(y) +O(J2)

Since 
<latexit sha1_base64="tlBhXrv9oeiE0IvryISSKCURr1I="></latexit>

CS

✓
z

(x� y)2 + z2

◆�S
z!0' ĈSz

d��S�(d)(x� y) + CS
z�S

|x� y|2�S

we obtain
<latexit sha1_base64="g9Zw+FKP995iYQLLQ66qOB0APKs="></latexit>

�J(X)
z!0' ĈSz

d��SJ(X) + CSz
�S

Z
ddy

J(y)

|x� y|2�S

GKP-Witten relation is reproduced at small  .J

<latexit sha1_base64="mkf15etfJXVc4vwyLT33aq4XbCQ="></latexit>

h0|Ŝ(x)|0i = 0 for CFT

<latexit sha1_base64="2LHZcNgUkWumzMvJvaMu6Y9GD3k="></latexit>

�J(X)
z!0' ĈSz

d��SJ(X) + CSz
�S h0|Ŝ(x)|0iJ +O(J2)

<latexit sha1_base64="ZU0bVI4h/GQcJXSBL2BfEJ0uuQY="></latexit>

F (X, y) := h0|�̂(X)Ŝ(y)|0ic

<latexit sha1_base64="8+1/CeF4M8+E/j1f2QS1C13tGNs="></latexit>

=

Z
ddy J(y)h0|Ŝ(x)Ŝ(y)|0i ' h0|S(̂x) exp

Z
ddy J(y)Ŝ(y)

�
|0i



IV. Bulk geometry 



• a geometry which makes the (scalar) propagator solution to a free 
Klein-Gordon equation. 

• a geometry which makes the (boundary) entanglement entropy 
equal to the minimal surface in the bulk. (Ryu-Takayanmagi) 

• others 

Geometry ?

How can we determine a geometric structure of the bulk space ?

Possibilities

They are rather complicated. We instead consider a more direct method. 

We determine a bulk geometry using Bures information metric.

What we obtain so far is 

CFT + energy scale via conformal flow bulk (quantum) space

but we do not define “geometry” up to now.



Bures Information metric
define a distance between a density matrix  and  (  can be mixed state) asρ ρ + dρ ρ

<latexit sha1_base64="VKqCXklmgofJ0E5w+p2AyFSxxe8="></latexit>

d2(⇢, ⇢+ d⇢) :=
1

2
Tr

⇣
d⇢Ĝ

⌘
where  satisfies Ĝ

<latexit sha1_base64="t9UqLcKZqk3icrBb3cV5v2uzqwc="></latexit>

⇢Ĝ+ Ĝ⇢ = d⇢Bures metric

State dependent density matrix
<latexit sha1_base64="oTlYWsltjKOWF3lgIB7is3x/qyk="></latexit>

|Si : some state in CFT
<latexit sha1_base64="zXL8nJi2DzLARXlON0EmMAzcDJU="></latexit>

⇢S(X) :=
NX

a=1

�̂a
S(X)|SihS|�̂a

S(X)  entangled pairs (mixed state)N

<latexit sha1_base64="ZxFxl7xgiIfMsjOYM+Cln54P5Lw="></latexit>

tr ⇢S(X) = 1

<latexit sha1_base64="5CQ+1iBgRr+zxLlvQJjuQcr9EuY="></latexit>

�̂a
S(X) :=

�̂a(X)p
hS|�̂2(X)|Si

=
�̂a(x; ⌘)q

hS|�̂2(x; ⌘)|Si

<latexit sha1_base64="eyU3GbhAWqnP+cCKCCwCavObo/k="></latexit>

hS|�̂2
S(X)|Si = 1

normalized for the state |S⟩

Our case

<latexit sha1_base64="y2HiaOZ41iT0yeCB3RzlG4NwKZM="></latexit>

hS|�̂a
S(X)�̂b

S(X)|Si = 1

N
�ab symmetryO(N )



<latexit sha1_base64="t9UqLcKZqk3icrBb3cV5v2uzqwc="></latexit>

⇢Ĝ+ Ĝ⇢ = d⇢
<latexit sha1_base64="dSsDY+xwgMRlWwLgWATvUr36tDw="></latexit>

1

2
Tr

h
d⇢S(X)Ĝ

i
=

N

2
Tr [@A⇢S(X)@B⇢S(X)] dXAdXB

The metric (geometry) is (CFT) state dependent.

Bures information metric for ρS(X)
<latexit sha1_base64="1CkjHKQ+tzGHWoU8ncrooImRQME="></latexit>

⇢2S(X) = �̂a
S(X)|SihS|�̂a

S(X)�̂b
S(X)|SihS|�̂b

S(X) =
1

N
⇢S(X)

<latexit sha1_base64="8mVSEV7qM5hmJYI5gUf74qGI1qE="></latexit>

⇢SNd⇢S +Nd⇢S⇢S = d⇢S
<latexit sha1_base64="ytQm2EBBFgtU9ylEegTFVwXLFx4="></latexit>

Ĝ = Nd⇢S(X) = NdXA@A⇢S(X)

We then define the line element as
<latexit sha1_base64="Nklsyh9qImWilsv5kMOLDZcGnc4="></latexit>

ds2 :=
2`2

N
d2(⇢S , ⇢S + d⇢S)  : some length scaleℓ

Our metric

If we introduce the metric operator as
<latexit sha1_base64="NcpwmRICP22pJCg/GmBjOqnELuo="></latexit>

ĝSAB(X) := `2@A�̂
a
S(X)@B�̂

a
S(X)

<latexit sha1_base64="KHB6Gq/XIRhNXXivjmdqbY7iAgY="></latexit>

gSAB(X) := `2
NX

a=1

hS|@A�̂a
S(X)@B�̂

a
S(X)|Si

<latexit sha1_base64="juwFEctlSaXBzYUfyFhvax6mwiM="></latexit>

gSAB(X) = hS|ĝSAB(X)|Si



Some remarks

1. The metric  is finite at  , thanks to the smearing. gS
AB z > 0

On the other hand, we can not define the metric directly in CFT 
as  due to UV divergence.⟨S |∂μφ̂a∂νφ̂b |S⟩

2. The metric operator  becomes classical in the large  limit aŝgS
AB N

<latexit sha1_base64="t6V/6BTzjGjWDyaktyStzfAhfjA="></latexit>

hS|ĝSAB(X)ĝSCD(Y )|Si = g
S
AB(X)gSCD(Y ) +O(1/N) large  factorizationN

The classical geometry emerges after quantum averaging.

<latexit sha1_base64="10oIMSfTkXHypvy7FZoePfX4nTY="></latexit>

hS|RAB(ĝ
S
CD)|Si = RAB(g

S
CD) +O(1/N) Ricci tensor



Vacuum metric 

Bulk geometry is state dependent. There is no unique geometry for bulk 
(quantum) space.

Vacuum case |0⟩
<latexit sha1_base64="koRdzNilkEqFyAByT8SYz0Lus7g="></latexit>

�̂a
0 (X) = �̂a(X) =

�̂a(x; ⌘)q
h0|�̂2(x; ⌘)|0i

<latexit sha1_base64="C1/abZvV8D6uQkMmKU4ig6VqcL0="></latexit>

gvacAB(X) = `2
�(d��)

d+ 1

�AB

z2
AdS metric in the Poincare coordinate

A vacuum state in an arbitrary CFT for a primary with Δ <
d
2 AdS metric

AdS/CFT correspondence

What is a metric for excited states ?

Aoki-Yokoyama, PTEP 2018(2018) 031B01

Even if we use Gaussian flow, this correspondence emerges for an arbitrary  . Δ



Metric for excited states 

Finite temperature (Thermo field double state)
<latexit sha1_base64="MSBl2Fc88pnAOBoFuOskReNAvyk="></latexit>

ZT :=
X

n

e�En/T
<latexit sha1_base64="0i5Z3VltyGPoLJlJ116wnWhnNrA="></latexit>

|TFDi := 1p
ZT

X

n

e�En/2T |Eni ⌦ |fEni

If the  model is free, the metric becomes the asymptotic AdS.  

In the UV region ( ), the metric is a classical solution to  gravity.

O(N )

z → 0 f(R)

Aoki-Shimada-Balog-Kawana, PRD109(2024) 4, 04606. e-Print:2308.01076

Scalar state <latexit sha1_base64="t69D1oYTNoPMHxSIRXdYJ8a1H88="></latexit>

|Si = |�i : scalar state with a conformal dimension ��

In general, the metric becomes the asymptotic AdS.  

In the case of free  model with , we haveO(N ) Δϕ = 2Δ

<latexit sha1_base64="WmBoHiEPLRhcGtc52zFjUsrLwvY="></latexit>

g
�
AB(X) = g

vac
AB(X) +

1

N
�gAB(X) +O(1/N2) Asymptotic AdS by  correction1/N

Aoki-Balog-Shimada, work in progress



IV. Summary and discussion 



Summary

CFT
Bulk (quantum) space

<latexit sha1_base64="BiiWkzZYya65go2gSxk3Sgy3uoM="></latexit>

'̂a(y), � <
d

2
non-singlet, elementary operator conformal symmetry

bulk non-singlet, elementary (“quarks”)

<latexit sha1_base64="Tr4ZQluZk52XPMfixvm4KIZBVl0="></latexit>

�̂a(X) =

Z
ddy h(z, x� y)'̂a(y)conformal flow

bulk singlet composite operators (“hadrons”)

BDHM relation

<latexit sha1_base64="3XmjmRjObCEHQWnp9wZBCB0njp0="></latexit>

�̂a(X) bulk “quantum” symmetry
<latexit sha1_base64="xADtYhhn1+eOqvjLmm/zxsaPT5U="></latexit>

�̂a(X)
z!0�! z�'̂a(x)

Ex. composite scalar
<latexit sha1_base64="kMiDWpNxD3TXqNTS/Uy4YNE+Zy4="></latexit>

�̂(X) := �̂a(X)�̂a(X)

correlation functions among composite operators are controlled by symmetries.
<latexit sha1_base64="Qf9Jm1WXi5S0qXWXdjz3LAJz8a4="></latexit>

h0|�̂(X1)�̂(X2) · · ·S(y1)S(y2) · · · |0i bulk (quantum) space

GKP-Witten relation



“AdS/CFT correspondence”

excited states

state dependent  normalization

(state-dependent) geometry

<latexit sha1_base64="KHB6Gq/XIRhNXXivjmdqbY7iAgY="></latexit>

gSAB(X) := `2
NX

a=1

hS|@A�̂a
S(X)@B�̂

a
S(X)|Si

state dependent Bures metric
<latexit sha1_base64="eyU3GbhAWqnP+cCKCCwCavObo/k="></latexit>

hS|�̂2
S(X)|Si = 1

metric becomes classical in the large N limit “geometry”

vacuum state AdS bulk symmetry = isometry

asymptotic AdS

bulk “quantum” symmetry controls properties in the bulk.



Is a concept of the state-dependent geometry compatible with the conventional  
AdS/CFT correspondence ?

Discussions

1. State dependent geometry

2. Conformal flow vs. Gaussian flow

 for the conformal flow, while  for the Gaussian flow.Δ <
d
2

∀Δ

A choice of the metric operator is limited for the conformal flow. Good (?)

3. unknown bulk ?

The flow method may be useful to guess the unknown bulk geometry 
from a given field theory.



4. Geometry -> Gravity

How can we derive gravitational interactions in this approach ?

Can we apply the conformal flow to gauge theories ?

Gauge/Gravity duality ?
<latexit sha1_base64="h5/jvpe6gMIYgtqGTRDU386XIUg="></latexit>

(�↵⌘@2
⌘ + �@⌘)�̂(x; ⌘) = DµDµ�̂(x; ⌘)

6. de Sitter ?

S. Yokoyama, PTEP2020(2020)10,103B05

Thank you for your attention.

de Sitter space is constructed from non-unitary CFT by Gaussian flow. 

5. Extension to gauge theory

Due to interactions in , we can not solve the flow equation analytically.Dμ

Numerical evaluation is required. Lattice gauge theories ?

Your ideas/attempts are very welcome. 



Back up



Possibilities

special  
CFT

 AdS “geometry”

holographic 
 gravity

Conformal Flow

1. Conformal flow method contains the standard AdS/CFT.

2. Conformal flow method has nothing to do with the standard AdS/CFT.

CFT

CFT  AdS 
“geometry”

special  
CFT

holographic 
 gravity

Conformal Flow


