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Probing the Standard Model of particle physics
Strong force: quantum chromodynamics (QCD) heavy-ion collisions

Quantum simulation!
• Real-time dynamics
• Finite baryon density

Computational 
challenges:

Durante et al., Physica Scripta, 94(3), 033001 (2019)
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Büchler et al, Physical review letters, 95(4), 040402 (2005)
Byrnes & Yamamoto, Physical Review A, 73(2), 022328 (2006)
… Martinez et al., Nature, 534(7608), 516-519 (2016) …
Klco et al., Reports on Progress in Physics, 85(6), 064301 (2022)
Di Meglio, arXiv:2307.03236 (2023)
…

Troyer & Wiese, Physical review letters, 94(17), 170201 (2005)



Digital and analog LGTs on quantum hardware
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Farrell et al., arXiv:2308.04481 (2023)

Atoms in optical lattices:

Superconducting qubits:

Schweizer et al., Nature Physics, 15, 1168 (2019)

Trapped ions:

Martinez et al., Nature, 534, 516 (2016)

Rydberg tweezer 
arrays:

Semeghini et al., 
Science, 374, 1242 (2021)

Zhou et al., Science, 377, 311 (2022)

Mildenberger et al., 
arXiv:2203.08905 (2022)and many more proposals …

Atas et al., arXiv:2207.03473 (2022)



How to digitize a general non-abelian LGT?
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H =
O

`

Hloc

<latexit sha1_base64="IKgtGRQnqYid2ZLOXW44DBTX3Gg=">AAACHHicbVBNS8NAEN3U7/pV9ehlsQieSqIVvQiilx4rWBWaEDbbabt0kw27E7GE/hAv/hUvHhTx4kHw37itOdSPBwOP92aYmRelUhh03U+nNDM7N7+wuFReXlldW69sbF4ZlWkOLa6k0jcRMyBFAi0UKOEm1cDiSMJ1NDgf+9e3oI1QySUOUwhi1ktEV3CGVgorB37MsM+ZzBsjekL9SPQUihhM6IOUU2boI9xhLhUfhZWqW3MnoH+JV5AqKdAMK+9+R/EshgS5ZMa0PTfFIGcaBZcwKvuZgZTxAetB29KE2f1BPnluRHet0qFdpW0lSCfq9ETOYmOGcWQ7x9ea395Y/M9rZ9g9DnKRpBlCwr8XdTNJUdFxUrQjNHCUQ0sY18LeSnmfacbR5lm2IXi/X/5LrvZrXr12eFGvnp4VcSySbbJD9ohHjsgpaZAmaRFO7skjeSYvzoPz5Lw6b9+tJaeY2SI/4Hx8AXqnouc=</latexit>

basis of    :

dim(Hloc) = 1

<latexit sha1_base64="9cizu0Q4gyqvmiFz/3chEGIyJaw=">AAACFHicbVBNS8NAEN34WetX1aOXxSJUhJJIRS9C0UuPFewHNKVstpt26WYTdidiCfkRXvwrXjwo4tWDN/+Nm7YHbX0w8Hhvhpl5XiS4Btv+tpaWV1bX1nMb+c2t7Z3dwt5+U4exoqxBQxGqtkc0E1yyBnAQrB0pRgJPsJY3usn81j1TmofyDsYR6wZkILnPKQEj9QqnLrAHSPo8SEtuQGBIiUhqaW8qi5CmJ/gKu1z6MO4VinbZngAvEmdGimiGeq/w5fZDGgdMAhVE645jR9BNiAJOBUvzbqxZROiIDFjHUEkCprvJ5KkUHxulj/1QmZKAJ+rviYQEWo8Dz3Rmd+t5LxP/8zox+JfdhMsoBibpdJEfCwwhzhLCfa4YBTE2hFDFza2YDokiFEyOeROCM//yImmelZ1K+fy2Uqxez+LIoUN0hErIQReoimqojhqIokf0jF7Rm/VkvVjv1se0dcmazRygP7A+fwCvJJ80</latexit>

Need a regularization!

|gi , e.g. g 2 SU(2)

<latexit sha1_base64="DEuR7pA1OOWw8J/HWz4y0sOs/R4=">AAACHXicbZBNS8NAEIY3ftb6VfXoZbEIChISqSh4Eb14rGhVaErZbKdxcbOJuxOxxP4RL/4VLx4U8eBF/Dduaw5+vbDw8swMs/OGqRQGPe/DGRkdG5+YLE2Vp2dm5+YrC4unJsk0hwZPZKLPQ2ZACgUNFCjhPNXA4lDCWXh5MKifXYM2IlEn2EuhFbNIia7gDC1qV2q3UaCZiiTQYJduBFcZ69AA4QZzcCO3byGNAqEKdtxY21zvtytVz/WGon+NX5gqKVRvV96CTsKzGBRyyYxp+l6KrZxpFFxCvxxkBlLGL1kETWsVi8G08uF1fbpqSYd2E22fQjqk3ydyFhvTi0PbGTO8ML9rA/hfrZlhd6eVC5VmCIp/LepmkmJCB1HRjtDAUfasYVwL+1fKL5hmHG2gZRuC//vkv+Z00/Vr7tZRrbq3X8RRIstkhawRn2yTPXJI6qRBOLkjD+SJPDv3zqPz4rx+tY44xcwS+SHn/RMlNKCz</latexit>

Hloc

<latexit sha1_base64="E9Dc944B1hoJzf0b9k2d4tjcTB8=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkoiFV0W3XRZwT6gDWEynbRDJ5MwcyOWmIW/4saFIm79DXf+jZM2C209MHA4517umePHnCmw7W+jtLK6tr5R3qxsbe/s7pn7Bx0VJZLQNol4JHs+VpQzQdvAgNNeLCkOfU67/uQm97v3VCoWiTuYxtQN8UiwgBEMWvLMo0GIYUwwT5uZNwD6ACmPSOaZVbtmz2AtE6cgVVSg5Zlfg2FEkpAKIBwr1XfsGNwUS2CE06wySBSNMZngEe1rKnBIlZvO8mfWqVaGVhBJ/QRYM/X3RopDpaahryfztGrRy8X/vH4CwZWbMhEnQAWZHwoSbkFk5WVYQyYpAT7VBBPJdFaLjLHEBHRlFV2Cs/jlZdI5rzn12sVtvdq4Luooo2N0gs6Qgy5RAzVRC7URQY/oGb2iN+PJeDHejY/5aMkodg7RHxifP/l4lrs=</latexit>

Existing strategies:
- Finite subgroups (discretization in group basis)
- Hard cut-off in dual basis (truncation in representation basis)
- Generalized gauge theories (quantum link models, ...)
- Gauge-invariant bases (loop formulations, ...)
- …

Wish-list:
Systematic, scalable, gauge-
invariant, efficient, ..

Ji, Lamm & Zhu, Physical Review D, 102(11), 114513 (2020)
..
Tong, Albert, McClean, Preskill & Su, Quantum, 6, 816 (2022)
..
Wiese, Philosophical Transactions of the Royal Society A, 380(2216), 20210068 (2022)
..
Raychowdhury & Stryker, Physical Review D, 101(11), 114502 (2020)
..
Jakobs et al, arXiv:2304.02322 (2023)
..
& many more…

This talk: q-deformed Kogut-Susskind LGT

HKS =
g
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X

`
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` �
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⇤

⇣
U (1/2)
⇤ + h.c.

⌘

<latexit sha1_base64="uhlNg6al/7OF2tLKOXSkPQJrmeY="></latexit>

Goal: Trotter evolution

e�
iHKSt ⇡ e�

iHEt e�
iHBt

<latexit sha1_base64="dv9gEZD6ls0m7l0C16mds4Jr+tc=">AAACG3icbZA9SwNBEIb3/Izx69TSZjEINoY7UbSUiBCwiWiMkIthbzOnS/Y+2J2ThCP/w8a/YmOhiJVg4b9xk1yhxoGFh/edYXZeP5FCo+N8WVPTM7Nz84WF4uLS8sqqvbZ+peNUcajzWMbq2mcapIigjgIlXCcKWOhLaPjdk6HfuAelRRxdYj+BVshuIxEIztBIbXsPbrJdUW17CD3Mzi4GOKAeSxIV92hunVKj5Vwx3LZLTtkZFZ0EN4cSyavWtj+8TszTECLkkmnddJ0EWxlTKLiEQdFLNSSMd9ktNA1GLATdyka3Dei2UTo0iJV5EdKR+nMiY6HW/dA3nSHDO/3XG4r/ec0Ug6NWJqIkRYj4eFGQSooxHQZFO0IBR9k3wLgS5q+U3zHFOJo4iyYE9+/Jk3C1V3b3ywfn+6XjSh5HgWySLbJDXHJIjkmV1EidcPJAnsgLebUerWfrzXoft05Z+cwG+VXW5zcAPaC/</latexit>



Motivation

Gauge-invariance on the lattice in the Hamiltonian formulation

Q-deformed Kogut-Susskind gauge theories

Quantum algorithm for real-time evolution

Conclusion & outlook
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Outline



A single link of SU(2) LGT
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Group element basis (``position space’’): <latexit sha1_base64="nLn0meT5b4nZUIq2v4OGcUGXGrE=">AAACC3icbVA9SwNBEN3zM8avqKXNYhAUQrgLfoFN0MYyolEhF8LeZnIu2ds7dufEcKa38a/YWChi6x+w89+4iSnU+GDg8d4MM/OCRAqDrvvpTExOTc/M5uby8wuLS8uFldULE6eaQ53HMtZXATMghYI6CpRwlWhgUSDhMugeD/zLG9BGxOocewk0IxYq0RGcoZVahY270NdMhRKoX6Il/5CGvlDUR7jF7Ky+VdnutwpFt+wOQceJNyJFMkKtVfjw2zFPI1DIJTOm4bkJNjOmUXAJ/byfGkgY77IQGpYqFoFpZsNf+nTTKm3aibUthXSo/pzIWGRMLwpsZ8Tw2vz1BuJ/XiPFzkEzEypJERT/XtRJJcWYDoKhbaGBo+xZwrgW9lbKr5lmHG18eRuC9/flcXJRKXt75d3TnWL1aBRHjqyTDbJFPLJPquSE1EidcHJPHskzeXEenCfn1Xn7bp1wRjNr5Bec9y90PJlq</latexit>

|gi , g 2 SU(2)

Hilbert space:
<latexit sha1_base64="zElwxi28hgJOhcdvrE64bhBw8g0="></latexit>

H = L2(S3) ' L2(SU(2)) '
M

j irrep

V ⇤
j ⌦ Vj

Irrep basis (``momentum space’’):

Link operators:
<latexit sha1_base64="nlY7wTlus0089nqS7+8BXXgR+Uc="></latexit>

Û (J)
MN |gi = D(J)

MN (g)|gi , J 2 {0, 1
2
, 1, . . . } , M,N 2 {�J, . . . , J}

<latexit sha1_base64="04exYYu83Y2MagL+kmU/XmC+dhg="></latexit>

|jmni = (�1)j�m
p
dj

Z

SU(2)
dg D(j)

�m,n(g)|gi , dj = 2j + 1

Electric field operators:

Canonical commutation relations:

<latexit sha1_base64="vtccbRF0NQHKntlVH7tCudtXaUE="></latexit>

hj0m0n0|L̂↵|jmni = �j0j�n0nt
(j)↵
m0m , hj0m0n0|R̂↵|jmni = �j0j�m0mt(j)↵n0n

<latexit sha1_base64="1w6cA7g0IjZzsEYCzh4+OHec/tA="></latexit>

ÊMN =
1

2

X

↵

Ê↵�↵
MN (E = L/R) , L̂ = �Û †R̂Û (Û = Û (1/2)) , Ê2 =

X

↵

L̂↵L̂↵ =
X

↵

R̂↵R̂↵

<latexit sha1_base64="WgeOYuJPS4B8dgKndu8byr0lArI="></latexit>h
Ê↵, Ê�

i
= i✏↵��Ê� ,

h
L̂↵, Û (J)

MN

i
= �

X

M 0

t(J)MM 0Û
(J)
M 0N ,

h
R̂↵, Û (J)

MN

i
= +

X

N 0

Û (J)
MN 0t

(J)
N 0N

Kogut & Susskind, Physical Review D, 11(2), 395 (1975)

<latexit sha1_base64="nLn0meT5b4nZUIq2v4OGcUGXGrE=">AAACC3icbVA9SwNBEN3zM8avqKXNYhAUQrgLfoFN0MYyolEhF8LeZnIu2ds7dufEcKa38a/YWChi6x+w89+4iSnU+GDg8d4MM/OCRAqDrvvpTExOTc/M5uby8wuLS8uFldULE6eaQ53HMtZXATMghYI6CpRwlWhgUSDhMugeD/zLG9BGxOocewk0IxYq0RGcoZVahY270NdMhRKoX6Il/5CGvlDUR7jF7Ky+VdnutwpFt+wOQceJNyJFMkKtVfjw2zFPI1DIJTOm4bkJNjOmUXAJ/byfGkgY77IQGpYqFoFpZsNf+nTTKm3aibUthXSo/pzIWGRMLwpsZ8Tw2vz1BuJ/XiPFzkEzEypJERT/XtRJJcWYDoKhbaGBo+xZwrgW9lbKr5lmHG18eRuC9/flcXJRKXt75d3TnWL1aBRHjqyTDbJFPLJPquSE1EidcHJPHskzeXEenCfn1Xn7bp1wRjNr5Bec9y90PJlq</latexit>

|gi , g 2 SU(2)



Graphical calculus for the group SU(2)
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Lines:
<latexit sha1_base64="tRR4b7GSbY2D3mQQWVN+jmfvzAk=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotYNyURXxuh6MZlBfuANobJZNqOnZmEmYlQQsBfceNCEbd+hzv/xmmbhbYeuHA4517uvSeIGVXacb6tufmFxaXlwkpxdW19Y9Pe2m6oKJGY1HHEItkKkCKMClLXVDPSiiVBPGCkGQyuR37zkUhFI3GnhzHxOOoJ2qUYaSP59m4nJEyj+7T8cJT5KeeHGbyEvl1yKs4YcJa4OSmBHDXf/uqEEU44ERozpFTbdWLtpUhqihnJip1EkRjhAeqRtqECcaK8dHx+Bg+MEsJuJE0JDcfq74kUcaWGPDCdHOm+mvZG4n9eO9HdCy+lIk40EXiyqJswqCM4ygKGVBKs2dAQhCU1t0LcRxJhbRIrmhDc6ZdnSeO44p5VTm9PStWrPI4C2AP7oAxccA6q4AbUQB1gkIJn8ArerCfrxXq3Piatc1Y+swP+wPr8Ae6LlNM=</latexit>

�(j)mm0 =
<latexit sha1_base64="OWjybnVnhcxtiJZbSMthM5SGYFQ=">AAACIXicbVDLSgMxFM34tr6qLt0Ei9iCLTPiayMU3bhUsFroi0x620aTzJBkhDLMr7jxV9y4UKQ78WdM6yDaeiBwOOdcbu7xQ860cd0PZ2p6ZnZufmExs7S8srqWXd+40UGkKFRowANV9YkGziRUDDMcqqECInwOt/79+dC/fQClWSCvTT+EhiBdyTqMEmOlVvakDqFmPJDNOH9XSFqxELsJPsX5oldoxndFkeB6G7ghP/5ecZRoZXNuyR0BTxIvJTmU4rKVHdTbAY0ESEM50brmuaFpxEQZRjkkmXqkIST0nnShZqkkAnQjHl2Y4B2rtHEnUPZJg0fq74mYCK37wrdJQUxPj3tD8T+vFpnOSSNmMowMSPq9qBNxbAI8rAu3mQJqeN8SQhWzf8W0RxShxpaasSV44ydPkpv9kndUOrw6yJXP0joW0BbaRnnkoWNURhfoElUQRY/oGb2iN+fJeXHencF3dMpJZzbRHzifX3E3oc8=</latexit>

✏(j)mm0 = (�1)j�m�(j)m,�m0 =

Vertices (3j):
<latexit sha1_base64="vZ01W2bu1kv3xCYIvbmJccnf7Lk="></latexit>✓
j1 j2 j3
m1 m2 m3

◆
=

1p
dj3

(�1)j1�j2+m3Cj3m3
j1m1j2m2

=
<latexit sha1_base64="6k/24C90DBU9sqqAWGVLBvwLBe4="></latexit>

Cj3m3
j1m1j2m2

= (�1)j1�j2�j3
p
dj3

Recoupling (6j):
<latexit sha1_base64="GVZYzSCxunfuZGoDXGx6h6hfCz0="></latexit>⇢
j1 j2 j12
j3 J j23

�
=

<latexit sha1_base64="ac9mgj1s/zvI54mzJ4vw4b+5AjY="></latexit>

F j1j2j12
j3Jj23

=
p

dj12dj23(�1)j1+j2+j3+J

⇢
j1 j2 j12
j3 J j23

�

<latexit sha1_base64="7gtEf/Mt+xwJKCe1lBLv474077w="></latexit>

hJM, j1j23(j2j3)|J 0M 0, j12(j1j2)j3i = �JJ 0�MM 0F j1j2j12
j3Jj23

Clebsch-Gordan coeffs.

F-symbols

Messiah,  QM II (1962)
Alesci, Mäkinen, & Yang, arXiv:2304.00268 (2023) 



<latexit sha1_base64="rskUwKgztR6rrwkBtA6UvpEKJOo="></latexit>

|j23j1j2j3j4i =
X

m1m2n3n4

(�1)j1�j2+j3+j4
p
dj23 |j1m1i|j2m2i|j3n3i|j4n4i

Gauge-invariant spin network states in 2D

9

Gauss’ law:

Local solution: 
<latexit sha1_base64="szxguLMPQhkdj4vwVemwyk5lvKU="></latexit>

|j12j1j2j3j4i =
X

m1m2n3n4

(�1)j1�j2�j3+j4
p

dj12 |j1m1i|j2m2i|j3n3i|j4n4i

Another option: 

Local basis change: 
<latexit sha1_base64="HlYoYW7XKOE8XZjNpc0fdYxVYDs="></latexit>

hj23j1j2j3j4|j12j1j2j3j4i =
p
dj12dj23(�1)2j1+2j2+2j4 = F j2j3j23

j4j1j12

Global solution:
<latexit sha1_base64="zT8nUIuL88LYkR/0fwEkaz2qXaI=">AAACJHicbVDLSgMxFM34rPVVdekmWERXZUZ8gQhFNy4r2Ad0Ssmkt23aTDIkGaFM+zFu/BU3Lnzgwo3fYvoQtPVAuIdz7+XmnCDiTBvX/XTm5hcWl5ZTK+nVtfWNzczWdknLWFEoUsmlqgREA2cCioYZDpVIAQkDDuWgez3sl+9BaSbFnelFUAtJS7Amo8RYqZ656PuB5A3dC21JOgNfEdHigC+xH7CWNCwEfVD3gXPc74zrzwiuZ7Juzh0BzxJvQrJogkI98+Y3JI1DEIZyonXVcyNTS4gyjHIYpP1YQ0Rol7Sgaqkg9ngtGZkc4H2rNHBTKvuEwSP190ZCQj20YSdDYtp6ujcU/+tVY9M8ryVMRLEBQceHmjHHRuJhYrjBFFDDe5YQqpj9K6Ztogg1Nte0DcGbtjxLSkc57zR3cnuczV9N4kihXbSHDpGHzlAe3aACKiKKHtATekGvzqPz7Lw7H+PROWeys4P+wPn6BmMypTc=</latexit>

|ji =
0O

`

|j`i

<latexit sha1_base64="z9Ooic4h/U65nWpKQQswRb20rS0="></latexit>

Ĝ↵
x | i = 0 , Ĝ↵

x = L̂↵
1 + L̂↵

2 + R̂↵
3 + R̂↵

4

<latexit sha1_base64="szxguLMPQhkdj4vwVemwyk5lvKU="></latexit>

|j12j1j2j3j4i =
X

m1m2n3n4

(�1)j1�j2�j3+j4
p

dj12 |j1m1i|j2m2i|j3n3i|j4n4i

<latexit sha1_base64="szxguLMPQhkdj4vwVemwyk5lvKU="></latexit>

|j12j1j2j3j4i =
X

m1m2n3n4

(�1)j1�j2�j3+j4
p

dj12 |j1m1i|j2m2i|j3n3i|j4n4i

<latexit sha1_base64="HlYoYW7XKOE8XZjNpc0fdYxVYDs="></latexit>

hj23j1j2j3j4|j12j1j2j3j4i =
p
dj12dj23(�1)2j1+2j2+2j4 = F j2j3j23

j4j1j12

<latexit sha1_base64="lXBE2XH9cEyYUfbR+MZnDt2yc7Y=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUATymQ6aYdOZsLMRCmhv+HGhSJu/Rl3/o2TNgttPXDhcM693HtPmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1jJVhLaI5FJ1Q6wpZ4K2DDOcdhNFcRxy2gnHt7nfeaRKMykezCShQYyHgkWMYGMl31dsODJYKflU6Vdrbt2dAS0TryA1KNDsV7/8gSRpTIUhHGvd89zEBBlWhhFOpxU/1TTBZIyHtGepwDHVQTa7eYpOrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRy8X/vF5qousgYyJJDRVkvihKOTIS5QGgAVOUGD6xBBPF7K2IjLDCxNiY8hC8xZeXSfus7l3WL+7Pa42bIo4yHMExnIIHV9CAO2hCCwgk8Ayv8Oakzovz7nzMW0tOMXMIf+B8/gD+wJGr</latexit>!
Spin-network basis (subject to triangle constraints)

Robson & Webber, Zeitschrift für Physik C Particles and Fields, 15, 199-226 (1982)



Gauge-invariant operators & Hamiltonian

10

Gauge transformations: 

Electric flux:

<latexit sha1_base64="2vc1eOXltps82kGIfbtpAP9uNLI="></latexit>

V̂ (✓)|ji = |ji 8✓

<latexit sha1_base64="3NMgOGSk0avMfhxzK7H+ywFMgr0="></latexit>

V̂ (✓)Ê2
` V̂

†(✓) = Ê2
`

<latexit sha1_base64="X1WaLOTp/5lWGigbLbYwuNq6b1w=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRdlaT42ghFKXRZwT6giWEynbRDJ5MwMxFK6Be48VfcuFDErWt3/o3TNAttPXDhzDn3MvceP2ZUKsv6NpaWV1bX1gsbxc2t7Z1dc2+/LaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/dDP1Ow9ESBrxOzWOiRuiAacBxUhpyTPLzhCptDHx6vAKOjIJjz2HMAYzuT65r2ZPzyxZFSsDXCR2TkogR9Mzv5x+hJOQcIUZkrJnW7FyUyQUxYxMik4iSYzwCA1IT1OOQiLdNDtnAsta6cMgErq4gpn6eyJFoZTj0NedIVJDOe9Nxf+8XqKCSzelPE4U4Xj2UZAwqCI4zQb2qSBYsbEmCAuqd4V4iATCSidY1CHY8ycvkna1Yp9Xzm5PS7XrPI4COARH4ATY4ALUQAM0QQtg8AiewSt4M56MF+Pd+Ji1Lhn5zAH4A+PzB/F+m28=</latexit>

ĤE =
0X

`

Ê
2
`

Plaquette interactions:
<latexit sha1_base64="Z1Z31ZzVSJvWAQmhfFIj/GlOUp4="></latexit>

V̂ (✓)Û (J)
` V̂ †(✓) = e�i

P
↵ ✓↵

x t(J)↵

Û (J)
` e+i

P
� ✓�

y t
(J)�

, ` = (x, y)

<latexit sha1_base64="jMVeZcLZRd1JzvunVxcZXBMkE3s="></latexit>

V̂ (✓) =
Y

x

ei
P

↵ ✓↵
x Ĝ↵

x

<latexit sha1_base64="4lgqX19LlaoxTI1W0ZMejq9b1FE="></latexit>

ĤB =
X

⇤

⇣
Û⇤ + Û†

⇤
⌘
= 2

X

⇤
Û⇤

<latexit sha1_base64="zKseuShgw1A1khXZkmNBi+16TAM="></latexit>

Û (J)
⇤ = tr

h
Û (J)
1 Û (J)

2 Û (J)†
3 Û (J)†

4

i
, V̂ (✓)Û (J)

⇤ V̂ †(✓) = Û (J)
⇤

<latexit sha1_base64="TIpGt/la2IGBXEpSBIx2m1BikXE="></latexit>⇣
Û⇤ = Û (1/2)

⇤
⌘

Kogut-Susskind Hamiltonian:
<latexit sha1_base64="nTEjvh2+erwGwAWw+4EoaFYDWOM="></latexit>

ĤKS =
g
2

2a
ĤE � 1

2ag2
ĤB

<latexit sha1_base64="VCmCKGc3keeILnGAbXsDuA1S/CM="></latexit>

Ê2
` |ji = j`(j` + 1)|ji

Kogut & Susskind, Physical Review D, 11(2), 395 (1975)
Zohar & Burrello, Physical Review D, 91(5), 054506 (2015)



Calculating matrix elements in the SN basis
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Link operators: 
<latexit sha1_base64="8wW8ZPIGg7YYBYfUdBEP60Go22o="></latexit>

hj0m0n0|U (J)
MN |jmni =

p
djdj0(�1)2j

Plaquette operators:

Robson & Webber, Zeitschrift für Physik C Particles and Fields, 15, 199-226 (1982)
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12

Outline



Graphical calculus for the tensor category of SU(2)

13

Irrep labels: Fusion rules:

(also braiding & more ..)

<latexit sha1_base64="ETUsdH0b/LLMG8vqcMHwPgXtFaw=">AAACBXicbVDLSgMxFM34rPU16lIXwSK4KGWm+NoIRTcuK9gHtEPJpJk2NpMZkjtCGWbjxl9x40IRt/6DO//G9LHQ1gOBk3PuIbnHjwXX4Djf1sLi0vLKam4tv76xubVt7+zWdZQoymo0EpFq+kQzwSWrAQfBmrFiJPQFa/iD65HfeGBK80jewTBmXkh6kgecEjBSxz64x5fYKeJ2oAhN3SwtZ0Xsmns3At2xC07JGQPPE3dKCmiKasf+MjmahEwCFUTrluvE4KVEAaeCZfl2ollM6ID0WMtQSUKmvXS8RYaPjNLFQaTMkYDH6u9ESkKth6FvJkMCfT3rjcT/vFYCwYWXchknwCSdPBQkAkOER5XgLleMghgaQqji5q+Y9onpA0xxeVOCO7vyPKmXS+5Z6fT2pFC5mtaRQ/voEB0jF52jCrpBVVRDFD2iZ/SK3qwn68V6tz4mowvWNLOH/sD6/AH2YZZa</latexit>

j = 0,
1

2
, 1, . . .

<latexit sha1_base64="yZADxpiXdqZ7wieBkqlAKbdjvhQ=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwVZL63AhFNy4r2Ac0IUym03bayYOZG6GE/oYbf8WNC0Vc6sq/cdJmoa0HZjiccy/33uPHgiuwrG+jsLS8srpWXC9tbG5t75i7e00VJZKyBo1EJNs+UUzwkDWAg2DtWDIS+IK1/NFN5rcemFQ8Cu9hHDM3IP2Q9zgloCXPtIaejR3gAVN46FXxFXZUEngj7HSZAOKlmZ8ZQ+9kkn2eWbYq1hR4kdg5KaMcdc/8dLoRTQIWAhVEqY5txeCmRAKngk1KTqJYTOiI9FlH05DoVdx0etkEH2mli3uR1C8EPFV/d6QkUGoc+LoyIDBQ814m/ud1EuhduikP4wRYSGeDeonAEOEsJtzlklEQY00IlVzviumASEJBh1nSIdjzJy+SZrVin1fO7k7Ltes8jiI6QIfoGNnoAtXQLaqjBqLoET2jV/RmPBkvxrvxMSstGHnPPvoD4+sH9s2eag==</latexit>

j1 ⇥ j2 =
X

k

�j1j2j3j3

Gauge-invariant states:

Recoupling:

Plaquette operator:

Levin & Wen, Physical Review B, 71(4), 045110 (2005)



Q-deformation as a truncation of Lie groups 
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bb† � q1/2b†b = q�N/2 ,
⇥
N, b†

⇤
= b† , [N, b] = �b , q = e2⇡i/(k+2)

<latexit sha1_base64="OEu/3iXcC/fzEITSXsG/pUCo6kA="></latexit>

q-numbers: [n] =
qn/2 � q�n/2

q1/2 � q�1/2
=

sin
⇣

⇡
k+2n

⌘

sin
⇣

⇡
k+2

⌘ , [n]! = [n][n� 1] · · · [1][0] , [0]! = [0] = 1

<latexit sha1_base64="AaMTMp3dyxxri5aX+o7/fZI4syo="></latexit>

⇥
J+, J�⇤ = [2Jz] =

qJ
z � q�Jz

q1/2 � q�1/2
,

⇥
Jz, J±⇤ = ±J± , q = e2⇡i/(k+2)

<latexit sha1_base64="ltOo+1SWc2DsL/6HOWeNt7QAqiM="></latexit>

Quantum group            :SU(2)k

<latexit sha1_base64="wId5unJU5rlgA/m2+1SfoXCiCJw=">AAAB9XicbVBNT8JAEN3iF+IX6tHLRmKCF9ISjB6JXjxitEAClWyXLWzYbpvdqUoa/ocXDxrj1f/izX/jAj0o+JJJXt6bycw8PxZcg21/W7mV1bX1jfxmYWt7Z3evuH/Q1FGiKHNpJCLV9olmgkvmAgfB2rFiJPQFa/mjq6nfemBK80jewThmXkgGkgecEjDSfRfYE6S37qRcPe2NesWSXbFnwMvEyUgJZWj0il/dfkSTkEmggmjdcewYvJQo4FSwSaGbaBYTOiID1jFUkpBpL51dPcEnRunjIFKmJOCZ+nsiJaHW49A3nSGBoV70puJ/XieB4MJLuYwTYJLOFwWJwBDhaQS4zxWjIMaGEKq4uRXTIVGEggmqYEJwFl9eJs1qxalVzm5qpfplFkceHaFjVEYOOkd1dI0ayEUUKfSMXtGb9Wi9WO/Wx7w1Z2Uzh+gPrM8f4IqSHA==</latexit>

<latexit sha1_base64="sTr7BYu6+bMksD9pjI4wgN2fo0w=">AAAB+3icbVDLSgMxFL1TX7W+xrp0EyxChVJm6nMjFN24rGAf0A4lk6ZtaCYzJBmxDP0VNy4UceuPuPNvTNtZaOuBwOGce7g3x484U9pxvq3Myura+kZ2M7e1vbO7Z+/nGyqMJaF1EvJQtnysKGeC1jXTnLYiSXHgc9r0R7dTv/lIpWKheNDjiHoBHgjWZwRrI3XtfHF07ZZQpYROS6jTC7U66doFp+zMgJaJm5ICpKh17S8TJHFAhSYcK9V2nUh7CZaaEU4nuU6saITJCA9o21CBA6q8ZHb7BB0bpYf6oTRPaDRTfycSHCg1DnwzGWA9VIveVPzPa8e6f+UlTESxpoLMF/VjjnSIpkWgHpOUaD42BBPJzK2IDLHERJu6cqYEd/HLy6RRKbsX5fP7s0L1Jq0jC4dwBEVw4RKqcAc1qAOBJ3iGV3izJtaL9W59zEczVpo5gD+wPn8AIfyR8g==</latexit>

(k = 1, 2, 3, . . . )

Tensor category:
<latexit sha1_base64="sr/zDyv+QZgPv53JyBJa0z/8KIo=">AAACEHicbVDLSgMxFL1TX7W+Rl26CRbRRSkzxddGKLpxWcE+oC0lk2ba2MyDJCOUYT7Bjb/ixoUibl2682/MtCNo64HAyTn33uQeJ+RMKsv6MnILi0vLK/nVwtr6xuaWub3TkEEkCK2TgAei5WBJOfNpXTHFaSsUFHsOp01ndJX6zXsqJAv8WzUOadfDA5+5jGClpZ55eHdhlVDHFZjEdhJXkhKy9b0fKPkjj1K5ZxatsjUBmid2RoqQodYzP/UQEnnUV4RjKdu2FapujIVihNOk0IkkDTEZ4QFta+pjj8puPFkoQQda6SM3EPr4Ck3U3x0x9qQce46u9LAaylkvFf/z2pFyz7sx88NIUZ9MH3IjjlSA0nRQnwlKFB9rgolg+q+IDLFOQekMCzoEe3bledKolO3T8snNcbF6mcWRhz3YhyOw4QyqcA01qAOBB3iCF3g1Ho1n4814n5bmjKxnF/7A+PgG+v6bWQ==</latexit>

j = 0,
1

2
, 1, . . . ,

k

2
<latexit sha1_base64="HBcvTZGGh1+FCrSPZiSYQ7sPlqc=">AAAB83icbVDLSsNAFL2pr1pfVZduBosgCCUpvjZC0Y3LCvYBaSiTyaSddjIJMxOhhP6GGxeKuPVn3Pk3TtsstPXAhcM593LvPX7CmdK2/W0VVlbX1jeKm6Wt7Z3dvfL+QUvFqSS0SWIey46PFeVM0KZmmtNOIimOfE7b/uhu6refqFQsFo96nFAvwn3BQkawNlI36A3RDXJrwzPH65UrdtWeAS0TJycVyNHolb+6QUzSiApNOFbKdexEexmWmhFOJ6VuqmiCyQj3qWuowBFVXja7eYJOjBKgMJamhEYz9fdEhiOlxpFvOiOsB2rRm4r/eW6qw2svYyJJNRVkvihMOdIxmgaAAiYp0XxsCCaSmVsRGWCJiTYxlUwIzuLLy6RVqzqX1YuH80r9No+jCEdwDKfgwBXU4R4a0AQCCTzDK7xZqfVivVsf89aClc8cwh9Ynz/yEJBW</latexit>

dj = [2j + 1]

<latexit sha1_base64="pVqBajXsHvS7kSOnl+o6qvuIwZg="></latexit>

�j1j2j3 =

(
1 j1 + j2 + j3 2 N , j1 + j2 + j3  k , ja + jb  jc
0 else

<latexit sha1_base64="SJ80OFlQPntRQbjYp1tSzNAhxY4="></latexit>

F j1j2j12
j3j4j23

= (�1)j1+j2+j3+j4
p

dj12dj23

⇢
j1 j2 j12
j3 j4 j23

�

q

quantum dimension <latexit sha1_base64="P0nIxTftaZCHvvlEgAHbWEyKiXo="></latexit>

SU(2)k
k!1�! SU(2)

Kirillow & Reshetikhin, Infinite dimensional Lie algebras and groups, 7, 285 (1989)
Keller, letters in mathematical physics, 21, 273-286 (1991)
Dittrich & Geiller, New Journal of Physics, 19(1), 013003 (2017)

Biedenharn-Elliot identity
(& more properties/axioms..)



Q-deformed Kogut-Susskind lattice gauge theories

15

replace everything by q-deformed analogs (here for KS Hamiltonian LGT)!

Not a completely new idea:
- Quantum gravity (spin-foam state sums)
- Condensed matter (string-net models)
- Quantum computing (topological codes)
- …
Extensions:
- more general Lie groups, in particular SU(3)
- higher dimensions, in particular 3D
- matter fields, in particular fermions
- …

Levin & Wen, Physical Review B, 71(4), 045110 (2005)
…
Kitaev, Annals of physics, 303(1), 2-30 (2003)
Koenig, Kuperberg, & Reichardt, Annals of Physics, 325(12), 2707-2749 (2010)
Schotte, Zhu, Burgelman & Verstraete, Physical Review X, 12(2), 021012 (2022)
…

Turaev & Viro, Topology, 31(4), 865-902 (1992)
Dittrich & Geiller, New Journal of Physics, 19(1), 013003 (2017)
…

Walker & Wang, Frontiers of Physics, 7, 150-159 (2012)
…

TVZ, D. Gonzalez & P. Zoller, Phys. Rev. Lett. 131, 171902 (2023) 
Hayata & Hidaka, arXiv:2305.05950 (2023)

..work in progress..

Liegener & Thiemann, Physical Review D, 94(2), 024042 (2016)
Hayata & Hidaka, arXiv:2306.12324 (2023)
…



A simple test of convergence

16

Low-lying eigenfunctions on a single plaquette

H =
g
2

2a

0

BBBBB@

0 � 2
g4 0 0 . . .

� 2
g4

3
4 � 2

g4 0 . . .

0 � 2
g4

8
4 � 2

g4 . . .

0 0 � 2
g4

15
4 . . .

. . .

1

CCCCCA

<latexit sha1_base64="6JrGcjRb+ZaAe34EYbB9/KETV58="></latexit>

TVZ, D. Gonzalez & P. Zoller, Phys. Rev. Lett. 131, 171902 (2023) 

0,          1,       …,         k/2       

g2 = 0.1

<latexit sha1_base64="0s3t4E1Z4cgGh1/Z8EN18ko2XfU=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4WnZLRS9C0YvHCvZD2rVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b2dldW19Y7OwVdze2d3bLx0cNnWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKRzdTv/VElWaxvDfjhAYCDySLGMHGSg+Dxwq6Qp7r90plz/VmQMvEz0kZctR7pa9uPyapoNIQjrXu+F5iggwrwwink2I31TTBZIQHtGOpxILqIJsdPEGnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5Oa6DLImExSQyWZL4pSjkyMpt+jPlOUGD62BBPF7K2IDLHCxNiMijYEf/HlZdKsuH7VPb+rlmvXeRwFOIYTOAMfLqAGt1CHBhAQ8Ayv8OYo58V5dz7mrStOPnMEf+B8/gBwiY7f</latexit>

exact solution at                 : 
Mathieu functions

k ! 1

<latexit sha1_base64="VvXHlQ8MBUBKtjTbmc1ySOOGB7Y=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5JIRY9FLx4r2A9oQtlsN+3SzSbsTpQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzgkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHrKE+REZSR5ySsBIA7s68RQfjYEoFT9ij8sQsoFdc+rOHHiVuAWpoQKtgf3lDWOaRkwCFUTrvusk4OdEAaeCTSteqllC6ISMWN9QSSKm/Xx+/BSfGmWIw1iZkoDn6u+JnERaZ1FgOiMCY73szcT/vH4K4ZWfc5mkwCRdLApTgSHGsyTwkCtGQWSGEKq4uRXTMVGEgsmrYkJwl19eJZ3zutuoX9w1as3rIo4yOkYn6Ay56BI10S1qoTaiKEPP6BW9WU/Wi/VufSxaS1YxU0V/YH3+ADpslSc=</latexit>

Robson & Webber,  Zeitschrift für Physik C, 7, 53 (1980)



Phase diagram from tensor network states
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Ansatz (iPEPS / MERA): | i =
Y

⇤

Pk/2
j=0  jU (j)

⇤qPk/2
j=0 | j |2

|0i

<latexit sha1_base64="4wBnWegkrqm4KocPWzHTvqTBrHk="></latexit>

Contains exact limiting 
ground states!
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2nd order phase 
transitions?!

generalization of: Dusuel & Vidal, 
Physical Review B, 92(12), 125150 (2015)
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TVZ, D. Gonzalez & P. Zoller, Phys. Rev. Lett. 131, 171902 (2023) 

Spurious phase (topological order!) vanishes as  k ! 1

<latexit sha1_base64="VvXHlQ8MBUBKtjTbmc1ySOOGB7Y=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5JIRY9FLx4r2A9oQtlsN+3SzSbsTpQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzgkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHrKE+REZSR5ySsBIA7s68RQfjYEoFT9ij8sQsoFdc+rOHHiVuAWpoQKtgf3lDWOaRkwCFUTrvusk4OdEAaeCTSteqllC6ISMWN9QSSKm/Xx+/BSfGmWIw1iZkoDn6u+JnERaZ1FgOiMCY73szcT/vH4K4ZWfc5mkwCRdLApTgSHGsyTwkCtGQWSGEKq4uRXTMVGEgsmrYkJwl19eJZ3zutuoX9w1as3rIo4yOkYn6Ay56BI10S1qoTaiKEPP6BW9WU/Wi/VufSxaS1YxU0V/YH3+ADpslSc=</latexit>

MC data from: Teper Phys. Rev. D 59, 014512 (1998)See also: Hayata & Hidaka, arXiv:2306.12324
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Outline



Diagonalization of the plaquette operator

19

Exact, local 
decomposition 
in the SN basis!

            retains 
unitarity of F-
moves! 

j1

<latexit sha1_base64="PXoToBhYeeCgW806PJbMBdGF9PY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wf45Y2a</latexit>

j2

<latexit sha1_base64="wwU6//WzCy6UE/vEl/p2ZWxere4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemFkdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A+mmNmw==</latexit>

j3

<latexit sha1_base64="ZQCWxuje2RvmaRVr5FyIk1d24uk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOA4zMzm5mek3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+cS1EZF6wHHM/ZAOlOgLRtFK94/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKV/cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4A++2NnA==</latexit>

j4

<latexit sha1_base64="2ides6SJdgWjzsh1lcwK+JLG/dU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3Z1swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbweP11O//cS1EbG6x3HC/YgOlQgFo2ilu4d+rV+uuFV3BrJMvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0q91PCEskc65F1LFY248bPZqRNyYpUBCWNtSyGZqb8nMhoZM44C2xlRHJlFbyr+53VTDC/9TKgkRa7YfFGYSoIxmf5NBkJzhnJsCWVa2FsJG1FNGdp0SjYEb/HlZdI6q3q16vltrVK/yuMowhEcwyl4cAF1uIEGNIHBEJ7hFd4c6bw4787HvLXg5DOH8AfO5w/9cY2d</latexit>

j12

<latexit sha1_base64="982HZi8n149YXlua1oDw7rb2rQc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvXisYD+gXUo2zbZps8mSZIWy9D948aCIV/+PN/+N6XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wvVv4nSeqNJPi0cxi6kd4JFjICDZWak8GqVebD8oVt+pmQOvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwin81I/0TTGZIpHtGepwBHVfppdO0cXVhmiUCpbwqBM/T2R4kjrWRTYzgibsV71FuJ/Xi8x4Y2fMhEnhgqyXBQmHBmJFq+jIVOUGD6zBBPF7K2IjLHCxNiASjYEb/XlddKuVb169eqhXmnc5nEU4QzO4RI8uIYG3EMTWkBgAs/wCm+OdF6cd+dj2Vpw8plT+APn8wcv2I7i</latexit>

j23

<latexit sha1_base64="/LEGkA0FkWfeS8lm+S+md+iMLm4=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiRI9ELx4xkY8ENqRbulDotpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTuY3M399hNVmknxaKYx9SM8FCxkBBsrtcb9tHI16xdLbtldAK0TLyMlyNDoF796A0mSiApDONa667mx8VOsDCOczgq9RNMYkwke0q6lAkdU++ni2hm6sMoAhVLZEgYt1N8TKY60nkaB7YywGelVby7+53UTE974KRNxYqggy0VhwpGRaP46GjBFieFTSzBRzN6KyAgrTIwNqGBD8FZfXietStmrlmsP1VL9NosjD2dwDpfgwTXU4R4a0AQCY3iGV3hzpPPivDsfy9ack82cwh84nz8y447k</latexit>

j1

<latexit sha1_base64="PXoToBhYeeCgW806PJbMBdGF9PY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wf45Y2a</latexit>

j2

<latexit sha1_base64="wwU6//WzCy6UE/vEl/p2ZWxere4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemFkdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A+mmNmw==</latexit>

j3

<latexit sha1_base64="ZQCWxuje2RvmaRVr5FyIk1d24uk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOA4zMzm5mek3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+cS1EZF6wHHM/ZAOlOgLRtFK94/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKV/cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4A++2NnA==</latexit>

j4

<latexit sha1_base64="2ides6SJdgWjzsh1lcwK+JLG/dU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3Z1swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbweP11O//cS1EbG6x3HC/YgOlQgFo2ilu4d+rV+uuFV3BrJMvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0q91PCEskc65F1LFY248bPZqRNyYpUBCWNtSyGZqb8nMhoZM44C2xlRHJlFbyr+53VTDC/9TKgkRa7YfFGYSoIxmf5NBkJzhnJsCWVa2FsJG1FNGdp0SjYEb/HlZdI6q3q16vltrVK/yuMowhEcwyl4cAF1uIEGNIHBEJ7hFd4c6bw4787HvLXg5DOH8AfO5w/9cY2d</latexit>

SU(2)k

<latexit sha1_base64="FsiMJQQR7opr5ca7nqBhBzZib5c=">AAAB9XicbVBNT8JAEN3iF+IX6tHLRmKCF9ISjB6JXjxitEAClWyXLWzYbpvdqUoa/ocXDxrj1f/izX/jAj0o+JJJXt6bycw8PxZcg21/W7mV1bX1jfxmYWt7Z3evuH/Q1FGiKHNpJCLV9olmgkvmAgfB2rFiJPQFa/mjq6nfemBK80jewThmXkgGkgecEjDSfRfYE6S3brl6OumNesWSXbFnwMvEyUgJZWj0il/dfkSTkEmggmjdcewYvJQo4FSwSaGbaBYTOiID1jFUkpBpL51dPcEnRunjIFKmJOCZ+nsiJaHW49A3nSGBoV70puJ/XieB4MJLuYwTYJLOFwWJwBDhaQS4zxWjIMaGEKq4uRXTIVGEggmqYEJwFl9eJs1qxalVzm5qpfplFkceHaFjVEYOOkd1dI0ayEUUKfSMXtGb9Wi9WO/Wx7w1Z2Uzh+gPrM8f35aSHA==</latexit>

TVZ, D. Gonzalez & P. Zoller, Phys. Rev. Lett. 131, 171902 (2023) 
Inspired by: Robson & Webber, Zeitschrift für Physik C, 15(3), 199-226 (1982).       see also: N. Bonesteel and D. DiVincenzo, Physi. Rev. B 86, 165113 (2012)
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<latexit sha1_base64="A9cZ16Gz6DN0ij6CpPaIEM0C/SI="></latexit>

(from Biedenharn-Elliot)



Digital (Trotter) simulation
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j  jmax

<latexit sha1_base64="uckMNvTPkBmHrTApeUkAD26CPXA=">AAAB+nicbVDJTgJBEO3BDXEDPXrpSEw8kRmD0SPRi0dMZEkYMulpCmjoWdJdo5CRT/HiQWO8+iXe/Bub5aDgSyp5ea8qVfX8WAqNtv1tZdbWNza3stu5nd29/YN84bCuo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/vBm6jceQGkRhfc4jqEdsF4ouoIzNJKXLwxcCXTguQgjTAM2mnj5ol2yZ6CrxFmQIlmg6uW/3E7EkwBC5JJp3XLsGNspUyi4hEnOTTTEjA9ZD1qGhiwA3U5np0/oqVE6tBspUyHSmfp7ImWB1uPAN50Bw75e9qbif14rwe5VOxVhnCCEfL6om0iKEZ3mQDtCAUc5NoRxJcytlPeZYhxNWjkTgrP88iqpn5eccunirlysXC/iyJJjckLOiEMuSYXckiqpEU4eyTN5JW/Wk/VivVsf89aMtZg5In9gff4AmMSUPA==</latexit>

truncated hexagonal SN basis with

e�i⌧HKS ⇡
Y

`

e�i⌧g
2
/(2a)E2

`

Y

⇤
e+i⌧/(ag2)U⇤

<latexit sha1_base64="6gXVyy1KuCe41ZtEDvuai1D8EDQ="></latexit>

Exact Trotter decomposition:

exact, gauge-invariant, preserves locality (parallelizable) 
& natural implementation with qudits

J1

<latexit sha1_base64="NLfRpVe1zGqjXxrdPAAhWmBcuEw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi3iqaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh7ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AyCWNeg==</latexit>

J2

<latexit sha1_base64="EqvWd6XvSHLOEFPJ0zopgQhO46Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB6DXsRTRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWjzhOuB/RgRKhYBSt9HDXq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHyamNew==</latexit>

J3

<latexit sha1_base64="I8i7KO6lGkxtoCfAsFSfuhO14A0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqRI9BL+IponlAsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8wmV5pF8NOMY/ZAOJO9zRo2VHu66591iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lfLFfaVUvc7iyMMRHMMpeHAJVbiFGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucPyy2NfA==</latexit>

J4

<latexit sha1_base64="QVVwcXYvo19ZZbnvAOnMjexYBMs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolU9Fj0Ip4q2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91hPXRsTqEccJ9yM6UCIUjKKVHu561V6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6R5XvGqlYv7arl2ncdRgGM4gTPw4BJqcAt1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz/MsY19</latexit>

J12

<latexit sha1_base64="JzocnYLWDOiPX1Kf7iai30BdHZ0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvYinCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyU3md56o0kyKBzONqR/hkWAhI9hYqX03SL3abFCuuFV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afza2fozCpDFEplSxg0V39PpDjSehoFtjPCZqyXvUz8z+slJrzyUybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtWtWrVy/u65XGdR5HEU7gFM7Bg0towC00oQUEHuEZXuHNkc6L8+58LFoLTj5zDH/gfP4A/qmOwg==</latexit>

J1

<latexit sha1_base64="NLfRpVe1zGqjXxrdPAAhWmBcuEw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi3iqaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh7ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AyCWNeg==</latexit>

J2

<latexit sha1_base64="EqvWd6XvSHLOEFPJ0zopgQhO46Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB6DXsRTRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWjzhOuB/RgRKhYBSt9HDXq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHyamNew==</latexit>

J3

<latexit sha1_base64="I8i7KO6lGkxtoCfAsFSfuhO14A0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqRI9BL+IponlAsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8wmV5pF8NOMY/ZAOJO9zRo2VHu66591iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lfLFfaVUvc7iyMMRHMMpeHAJVbiFGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucPyy2NfA==</latexit>

J4

<latexit sha1_base64="QVVwcXYvo19ZZbnvAOnMjexYBMs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolU9Fj0Ip4q2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91hPXRsTqEccJ9yM6UCIUjKKVHu561V6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6R5XvGqlYv7arl2ncdRgGM4gTPw4BJqcAt1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz/MsY19</latexit>

(a)

<latexit sha1_base64="Ac+cs8EQeHY6Uohp+aTWQJMy8+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI97xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4pXrVzeV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ai0ONUg==</latexit>

(b)

<latexit sha1_base64="zVpXaXYpCy/5Krr2sSqRENfT7FA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh3Jw3iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaFxWvWrm8r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AjMiNUw==</latexit>

(c)

<latexit sha1_base64="0u7bBHPDKBCJbAK7avM20Uz0++4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI77xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4pXrVzeV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ajk2NVA==</latexit>

(d)

<latexit sha1_base64="+qTaDHOrJ165Z1nDA3KKJzLMLOY=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXKnosevFY0X5Au5RsNtuGZrNLkhXK0p/gxYMiXv1F3vw3pu0etPXBwOO9GWbm+Yng2jjONyqsrW9sbhW3Szu7e/sH5cOjto5TRVmLxiJWXZ9oJrhkLcONYN1EMRL5gnX88e3M7zwxpXksH80kYV5EhpKHnBJjpYdqcD4oV5yaMwdeJW5OKpCjOSh/9YOYphGThgqidc91EuNlRBlOBZuW+qlmCaFjMmQ9SyWJmPay+alTfGaVAIexsiUNnqu/JzISaT2JfNsZETPSy95M/M/rpSa89jIuk9QwSReLwlRgE+PZ3zjgilEjJpYQqri9FdMRUYQam07JhuAuv7xK2hc1t167vK9XGjd5HEU4gVOoggtX0IA7aEILKAzhGV7hDQn0gt7Rx6K1gPKZY/gD9PkDj9KNVQ==</latexit>

TVZ, D. Gonzalez & P. Zoller, Phys. Rev. Lett. 131, 171902 (2023) 



o q-deformed Kogut-Susskind LGTs as an 

algebraic truncation using quantum groups

à for quantum simulation & tensor networks!

next:

o efficient simulation with iPEPS?

o natural implementation with qudits

o inclusion of fermionic matter

o extension to general SU(N)

o …

Conclusion & outlook
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j1

<latexit sha1_base64="PXoToBhYeeCgW806PJbMBdGF9PY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wf45Y2a</latexit>

j2

<latexit sha1_base64="wwU6//WzCy6UE/vEl/p2ZWxere4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemFkdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A+mmNmw==</latexit>

j3

<latexit sha1_base64="ZQCWxuje2RvmaRVr5FyIk1d24uk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOA4zMzm5mek3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+cS1EZF6wHHM/ZAOlOgLRtFK94/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKV/cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4A++2NnA==</latexit>

j4

<latexit sha1_base64="2ides6SJdgWjzsh1lcwK+JLG/dU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3Z1swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbweP11O//cS1EbG6x3HC/YgOlQgFo2ilu4d+rV+uuFV3BrJMvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0q91PCEskc65F1LFY248bPZqRNyYpUBCWNtSyGZqb8nMhoZM44C2xlRHJlFbyr+53VTDC/9TKgkRa7YfFGYSoIxmf5NBkJzhnJsCWVa2FsJG1FNGdp0SjYEb/HlZdI6q3q16vltrVK/yuMowhEcwyl4cAF1uIEGNIHBEJ7hFd4c6bw4787HvLXg5DOH8AfO5w/9cY2d</latexit>

j12

<latexit sha1_base64="982HZi8n149YXlua1oDw7rb2rQc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvXisYD+gXUo2zbZps8mSZIWy9D948aCIV/+PN/+N6XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wvVv4nSeqNJPi0cxi6kd4JFjICDZWak8GqVebD8oVt+pmQOvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwin81I/0TTGZIpHtGepwBHVfppdO0cXVhmiUCpbwqBM/T2R4kjrWRTYzgibsV71FuJ/Xi8x4Y2fMhEnhgqyXBQmHBmJFq+jIVOUGD6zBBPF7K2IjLHCxNiASjYEb/XlddKuVb169eqhXmnc5nEU4QzO4RI8uIYG3EMTWkBgAs/wCm+OdF6cd+dj2Vpw8plT+APn8wcv2I7i</latexit>

j23

<latexit sha1_base64="/LEGkA0FkWfeS8lm+S+md+iMLm4=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiRI9ELx4xkY8ENqRbulDotpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTuY3M399hNVmknxaKYx9SM8FCxkBBsrtcb9tHI16xdLbtldAK0TLyMlyNDoF796A0mSiApDONa667mx8VOsDCOczgq9RNMYkwke0q6lAkdU++ni2hm6sMoAhVLZEgYt1N8TKY60nkaB7YywGelVby7+53UTE974KRNxYqggy0VhwpGRaP46GjBFieFTSzBRzN6KyAgrTIwNqGBD8FZfXietStmrlmsP1VL9NosjD2dwDpfgwTXU4R4a0AQCY3iGV3hzpPPivDsfy9ack82cwh84nz8y447k</latexit>

j1

<latexit sha1_base64="PXoToBhYeeCgW806PJbMBdGF9PY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wf45Y2a</latexit>

j2

<latexit sha1_base64="wwU6//WzCy6UE/vEl/p2ZWxere4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemFkdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A+mmNmw==</latexit>

j3

<latexit sha1_base64="ZQCWxuje2RvmaRVr5FyIk1d24uk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOA4zMzm5mek3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+cS1EZF6wHHM/ZAOlOgLRtFK94/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKV/cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4A++2NnA==</latexit>

j4

<latexit sha1_base64="2ides6SJdgWjzsh1lcwK+JLG/dU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3Z1swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbweP11O//cS1EbG6x3HC/YgOlQgFo2ilu4d+rV+uuFV3BrJMvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0q91PCEskc65F1LFY248bPZqRNyYpUBCWNtSyGZqb8nMhoZM44C2xlRHJlFbyr+53VTDC/9TKgkRa7YfFGYSoIxmf5NBkJzhnJsCWVa2FsJG1FNGdp0SjYEb/HlZdI6q3q16vltrVK/yuMowhEcwyl4cAF1uIEGNIHBEJ7hFd4c6bw4787HvLXg5DOH8AfO5w/9cY2d</latexit>

TVZ, D. Gonzalez & P. Zoller,
Phys. Rev. Lett. 131, 171902 (2023) 
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