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Probing the Standard Model of particle physics

Strong force: quantum chromodynamics (QCD) == heavy-ion collisions
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Durante et al., Physica Scripta, 94(3), 033001 (2019)
- N Quantum simulation!
. ° _+1i 1 Biichler et al, Physical review letters, 95(4), 040402 (2005)
CompUtatlonaI Real tlme dynamlcs ‘ Byrnes & Yamamoto, Physical Review A, 73(2), 022328 (2006)
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k ) Di Meglio, arXiv:2307.03236 (2023)

Troyer & Wiese, Physical review letters, 94(17), 170201 (2005) 2



Digital and analog LGTs on quantum hardware

Trapped ions:

a = |deal evolution ®—8& Exp. error model

4—4A Discretization errors ¢ ¢ Experimental data
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Martinez et al., Nature, 534, 516 (2016)

Superconducting qubits
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Atoms in optical lattices:
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Zhou et al., Science, 377, 311 (2022)

064 qiskit MPS circuit simulator
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and many more proposals ...
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How to digitize a general non-abelian LGT2  # = (X) Hi
14
basis of Hioe: |g), e€.g.¢g € SU(2) —»——»——»—_._+

r N
. Wish-list: +
dlm(%loc) — X Systematic, scalabb
\. J invariant, efficien +
Need a reqgularization! + + + +
Existing strategies: , -’- = =
. . . . 9 (1/2)
- Finite subgroups (discretization in group basis) Hys = o ; E; — 5ag? Z (?/l + h.c. )

Hard cut-off in dual basis (truncation in representation basis)

) Ji, Lamm & Zhu, Physical Review D, 102(11), 114513 (2020)

Generalized gauge theories (quantum link models, ...

Tong, Albert, McClean, Preskill & Su, Quantum, 6, 816 (2022)

Gauge-invariant bases (loop formulations, ...)

Wiese, Philosophical Transactions of the Royal Society A, 380(2216), 20210068 (2022)

Raychowdhury & Stryker, Physical Review D, 101(11), 114502 (2020)

mm) This talk: g-deformed Kogut-Susskind LGT e e

& many more... 5



Outline

Gauge-invariance on the lattice in the Hamiltonian formulation



A single link of SU(2) LGT g o,

9)
Hilbert space: H = L*(S?) ~ L*(SU(2 @ VeV,
. " ’) g irrep
Group element basis (" position space”): lg), g € SU(2)
Link . (1) |y _ () 1 _
ink operators: Uiinlg) = Dyinv(9)lg), J € {0, 2,1,...}, M,Ne{—J,...,J}
Irrep basis (""momentum space”): jmn) = (=1)7"™\/d; dg DY) (9)lg), dj =2 +1
SU(2)

Electric field operators: G'm'n! |Lgmn) = 800t | ('m0 | R |jmn) = 6,1 6mimt )"

A 1 A A Ay A A A A A

Eyn =5 ;E%;@N (E=L/R), L=-U'RU (U =0U"7?), ZLO‘LO‘ > RYR®

Canonical commutation relations:

[, 87] =i, [0 = -5 o0l i 053] =+ 3 0kl |

M/

7
Kogut & Susskind, Physical Review D, 11(2), 395 (1975)



Lines:

Graphical calculus for the group SU(2)
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Clebsch-Gordan coeffs. i

j3m3 — (_ jl_jQ_jS ' j3
(Zhﬂn4j2ﬂl2'_'( 1) V 0%3 o>

m3
J2
meo
F-symbols
Fj1j2.j12 d. d. jl—l—]2+]3—|—J ]'1 J2 .].12
J3JJ23 'V/ J12 323 ) 3 J o3

Messiah, QM Il (1962)

J1]2]12 R .
<JM ]1.]23 (.]2.73) | J M s ]12 (]1]2)]3> = 5JJ/ 5MM j3J joz Alesci, Mikinen, & Yang, arXiv:2304.00268 (2023)
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Gauge-invariant spin network states in 2D .
Jimy
A ) . ) ) - > >
Gauss’ law: Golw) =0, G =LY + Ly + Rs + Ry | S B Y
Local solution:
|j12j1j2j3j4>:= 2{: (__1)j1—j2—j3+j4 0%12 ms
mi1Mmon3ngy
Global solution:
Spin-network basis (subject to triangle constraints)
/ mo
— 3) = X lie)
¢ "
Another option: |jasjijojsjs) = Y (=) TR a0, [F1ma ) |[Fama)|jans) |jana)

mi1Mmongng

Local basis change:

(j23d1i2d3daljrzd1d23G4) = \/jyydjy, (—1)2 1 T2I27H204

Robson & Webber, Zeitschrift flir Physik C Particles and Fields, 15, 199-226 (1982)

_ [izjsjes
Jajiji2




Gauge-invariant operators & Hamiltonian

Gauge transformations: ~ V(0) = | [ ¢’ == 07 G V(0)|5) = |§) V6

/
Electric flux:  V(0)E2VT(0) = E? Hp = Z £} EF3) = je(je +1)|5)
¢

AN AN

Plaquette interactions: V(0)U ) VT(0) = e~ Za 02t () i 525 00877 "y — (5 )

X A X X X X X A A 3 : :
U = [Ul(J)UéJ)UéJ)TUiJ)T] VOU v e) =l jm) i)
4 2
_ ~ ) ~ X X
fig =" (Un+Ub) =23 e (s — ")
O] O 1

: 92 2 1 - Kogut & Susskind, Physical Review D, 11(2), 395 (1975

Kogut-Susskind Hamiltonian: Hgs = -Hp — Hp zgﬁ;:&Btiie;lr:;,'PhyﬁgReev\ilzsz,'91((5),)'0545(()6 (20)15)
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Calculating matrix elements in the SN basis

Link operators: <j’m’n’\uj(\j])\,|jmn> = \/d;d;j(—1)%

Plaguette operators:

G'UY |5y =

Ji031 Jjsjaz Jj1d4

_ H [5,, ‘ ] Fimiiiaz piajaziz || piajad
- Jede ] 1! 9

11
Robson & Webber, Zeitschrift flir Physik C Particles and Fields, 15, 199-226 (1982)



Outline

Q-deformed Kogut-Susskind gauge theories



Graphical calculus for the tensor category of SU(2)

. 1 . . .
Irrep labels: j =0, 5 L... Fusion rules:  J1 X J2 = 259'13'23'3]3 i
k
6j1j2j3 = J3
J2

1 Ja
J 92312
Jj3Jjaj2s

J3 J23

Recoupling: .
J2
(also braiding & more ..)

Gauge-invariant states: |# |Je #@ |7e)

i i
< >=\ o )-x By | 2L )
T G T ¢

J
Plaquette operator: Ut

Levin & Wen, Physical Review B, 71(4), 045110 (2005)



Q-deformation as a truncation of Lie groups  ¢= /¢

g2 — g—n/? B sin (kiwn)

g-numbers: [n] = 2 Sin( . ) , )l=Mln-1]---[1][0], [0]!l=[0]=1

k+2
¢ —q "
Quantum group SU(2),: [JT,J7 | =[2J7] = Ry YR 5 JF ] =+ (k=1,2,3,...)
Tensor category: 7 = 0 1 ] k quantum dimension 300
z _{1 Nntie+iseEN, i+ +73<Fk, jo+Jjb < Je /V\
J3

J2

0 else Y{/\ y

o j1 J2 1o
B = (aptistin /g g S e e /Y
a Biedenharn-Elliot identity

Kirillow & Reshetikhin, Infinite dimensional Lie algebras and groups, 7, 285 (1989)

Keller, letters in mathematical physics, 21, 273-286 (1991) (& more prOpertie.S/GXiOmS..)

Dittrich & Geiller, New Journal of Physics, 19(1), 013003 (2017) 14



Q-deformed Kogut-Susskind lattice gauge theories

replace everything by g-deformed analogs (here for KS Hamiltonian LGT)!

TVZ, D. Gonzalez & P. Zoller, Phys. Rev. Lett. 131, 171902 (2023)
Hayata & Hidaka, arXiv:2305.05950 (2023)

Not a completely new idea:

Turaev & Viro, Topology, 31(4), 865-902 (1992)

Qua ntu m graVIty (Spl n_foa m State SuU mS) Dittrich & Geiller, New Journal of Physics, 19(1), 013003 (2017)

Condensed matter (string-net models) Levin & Wen, Physical Review B, 71(4), 045110 (2005

Quantum COmpUtlng (topologlcal Codes) Kitaev, Annals of physics, 303(1), 2-30 (2003)

Koenig, Kuperberg, & Reichardt, Annals of Physics, 325(12), 2707-2749 (2010)
Schotte, Zhu, Burgelman & Verstraete, Physical Review X, 12(2), 021012 (2022)

Extensions:

Liegener & Thiemann, Physical Review D, 94(2), 024042 (2016)

- more general Lie groups, In partiCU|ar SU(3) Hayata & Hidaka, arXiv:2306.12324 (2023)

h |gher d | menS|OnS, |n pa rtICU Ia r 3 D Walker & Wang, Frontiers of Physics, 7, 150-159 (2012)

matter fields, in particular fermions ~work in progress..



A simple test of convergence

Low-lying eigenfunctions on a single plaquette

Spin j

Spin j

TVZ, D. Gonzalez & P. Zoller, Phys. Rev. Lett. 131, 171902 (2023)

J
J J
J
0 0
0, 1, . k/2
( 0o -2 0 0
-2 4 -z o
g gt 4 §
H=5-10 - —g%
0 0o —-% L
gt 4

exact solution at £k — oo :

Mathieu functions

Robson & Webber, Zeitschrift fiir Physik C, 7, 53 (1980)
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Phase diagram from tensor network states

k/2
Z/ 77bjz/{(J)

Contains exact limiting

Ansatz (iPEPS / MERA): = 0
( / ) Y) = k/2 5 0) ground states!
generalization of: Dusuel & Vidal, Z |¢j |
Physical Review B, 92(12), 125150 (2015)
30 :
extrapolation 2.0 1 > — = k=5
—_— .
X g2 (iPEPS '\ k=11
~e 20 A 9e ( ) " .\
a:: —~ Y .\ k = 23
= 015 .
= S 5 LN ¢ MC data
= 10 2nd order phase ~ NG
O transitions?! o
: &N
........................................................................ 10 i .‘\.
X ™~
O T T T T T T T T T T =
0.0 0.2 0.4 0.6 0.8 1.0 1.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2

Coupling ¢

Spurious phase (topological order!) vanishesas k£ — o¢

See also: Hayata & Hidaka, arXiv:2306.12324 MC data from: Teper Phys. Rev. D 59, 014512 (1998)

17

TVZ, D. Gonzalez & P. Zoller, Phys. Rev. Lett. 131, 171902 (2023)



Outline

Quantum algorithm for real-time evolution



J3

Diagonalization of the plaquette operator $<_.#
Jy ~ " L Exact, local

«
A3 -~ -~ L4

: G — 353 decomposition

Js . joz 6 —
~~ j2 ﬁ ﬁ

g I, in the SN basis!
l 5—9H |_ f . \

|_ , SU(2), retains
— (O — g unitarity of F-

_[ l _[ ‘ ' \moves! y

J56

F]12]1]2 F]23J2J3 F]34J3]4 FJ45J4]5 F]56J5J6 F]6136]1 F]4:11]1

rom Biedenharn-Elliot
23231 23332 2]433 235]4 2]635 231j6 23131 (f )

TVZ, D. Gonzalez & P. Zoller, Phys. Rev. Lett. 131, 171902 (2023)
Inspired by: Robson & Webber, Zeitschrift flr Physik C, 15(3), 199-226 (1982). see also: N. Bonesteel and D. DiVincenzo, Physi. Rev. B 86, 165113 (2012) 19



Digital (Trotter) simulation
truncated hexagonal SN basis with 7 < Jimax

Exact Trotter decomposition:

e—iTHKS ~ H 6—@'7’92/(20,)E§ H e—l—iT/(a,gQ)Z/{D
¢ (]

exact, gauge-invariant, preserves locality (parallelizable)

& natural implementation with qudits 2
J2
is_ I J I_ J3
\J ; * . 3 J4
s . 696 ™ 353 ’ j

J —. ; —_— —

e jé . iR R4 . JG
F 6“ 0' Q. rd Q. .
| “Jr2 | | J12
o1 l 55 Jo3
I I | J34
RS . 4 — Zl : . 2 . . "' j45
AN e .72 e ‘e J5
h h -~ o .
|J4 O _4 Js6
TVZ, D. Gonzalez & P. Zoller, Phys. Rev. Lett. 131, 171902 (2023)
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Conclusion & outlook

Ja Ja

o g-deformed Kogut-Susskind LGTs as an is i
i1 J12 I I Jos3 s
algebraic truncation using quantum groups
J2 J2
- for quantum simulation & tensor networks!
TVZ, D. Gonzalez & P. Zoller,
next: Phys. Rev. Lett. 131, 171902 (2023)
o efficient simulation with iPEPS? - B
: . : : S -
o natural implementation with qudits i —
Js —
. . . . Je  — —
o inclusion of fermionic matter i 7/1\, =
Jes  — —
o extension to general SU(N) e R B \
Js6  — —

e

O ... Je1
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Thanks for listening!



