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Looking for UV complete QFTs

• Quantum Field Theories can be valid up to
arbitrarily high energy scale through
asymptotic freedom/safety: UV complete.

• E.g. QCD is asymptotically free in d=4.

• We don’t know any theory based on pure
fermionic matter that is also UV complete in 4
dimensions.

• Luttinger fermions can serve as new ingredient
for building UV complete QFTs.

Picture: David Gross who shared the Nobel Prize in 2004
with D. Politzer and F. Wilczek for discovering asymptotic freedom.
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What is a Luttinger fermion?

Discovered by J.M. Luttinger while looking for the most general form of the Hamiltonian of a
semiconductor excitation in a magnetic field:

H = Gij(∂i − ieAi)(∂j − ieAj)
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Applications to solid-state physics

Effective models in low energy physics:
description of Quadratic Band Touching/Crossing

(QBT/QBC) points [1,2]

Figure: doi.org/10.1103/PhysRevB.101.161111

H =

d∑
i,j=1

Gijpipj , H2 = p41

Clifford algebra

{Gij ,Gkl} = − 2

d − 1
δijδkl +

d
d − 1

(δikδjl + δilδjk)

Some other applications include: Luttinger semimetals [3], nematic quantum criticality[2], Bernal-stacked bilayer

honeycomb lattices[4], quantum spin liquids[5]...

[1] A. A. Abrikosov, Sov. Phys. JETP 39, 709 (1974)
[2] L. Janssen and I. F. Herbut, Phys. Rev. B 92, 045117 (2015)
[3] J. M. Luttinger, Phys. Rev. 102, 1030 (1956)

[4] S. Ray, M. Vojta and L. Janssen, Phys. Rev. B 98, 245128 (2018)
[5] S. Dey and J. Maciejko, Phys. Rev. B 106, 035140 (2022)
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Relativistic Luttinger fermions

Kinetic action for relativistic theory of massless Luttinger fermions

S =

∫
ddx [ψ̄Gµν(i∂µ)(i∂ν)ψ]

By imposing the following condition on the kinetic operator

Gµν(i∂µ)(i∂ν)Gκλ(i∂κ)(i∂λ) = (∂2)2

we arrive at the Clifford algebra

{Gµν ,Gκλ} = − 2

d − 1
gµνgκλ +

d
d − 1

(gµκgνλ + gµλgνκ)
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Properties of the algebra

• Gµν is a dγ × dγ matrix for each pair µ, ν = 0, . . . , (d − 1)

• symmetric in Lorentz indices: Gµν = Gνµ

• traceless in Lorentz indices: Gµ
µ = gµνGµν = 0

number of linearly independent
elements to span the algebra de = 1

2d(d − 1) + d − 1

dimension of the Clifford algebra dγ,irr = 2bde/2c

• de
d=4
= 9, dγ,irr

d=4
= 16
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Representation of the Gµν matrices

G2
0i = −1

2

d
d − 1

, G2
ij 6=i =

1

2

d
d − 1

, G2
µµ = 1 metric : g = diag(1,−1,−1, . . . )

→ G0i are anti-unitary, the others are unitary

Span Gµν by an Euclidean Clifford algebra

Gµν = aA
µνγA, {γA, γB} = 2δAB A,B = 1 . . . de

In d = 4 dimensions you need 9 Dirac matrices.
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Spin-base formalism

ψ̄ = ψ†h h spin metric

Reality of the kinetic action implies

{h,G0i} = 0, [h,Gij ] = 0, [h,Gµµ] = 0

However, there exists no solution for h in the dγ,irr = 16 dimensional representation of the γA

invariance under Lorentz
transformations

Gµν → GκλΛ
κ
µΛ

λν
Λ ∈ SO(1, d − 1)

invariance under spin-base
transformations [6]

Gµν → SGµνS−1

S ∈ SL(dγ ,C)

The action is spin-base invariant ψ → Sψ, provided h → (S†)−1hS

[6] H. Gies and S. Lippoldt, Phys. Rev. D 89, 064040 (2014)
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A reducible representation

A solution for h exists in the reducible representation with dγ = 32

• The number of γA matrices grows 9 → 11

• SL(32,C) spin-base symmetry

• A possible solution is h = γ1γ2γ3γ10

Relativistic Luttinger fermions as building blocks for UV complete QFTs
Marta Picciau

September 18, 2023
8/18



Quantum Electrodynamics with Luttinger fermions

S =

∫
d4x

[
−1

4
FµνFµν + ψ̄Gµν(i Dµ)(i Dν)ψ − m2ψ̄ψ

]
, covariant derivative Dµ = ∂µ−ieAµ

One-loop effective action

Γ1-loop = −i ln Det[Gµν(i Dµ)(i Dν)− m2] = − i
2
ln Det[−Gµν Dµ Dν Gκλ Dκ Dλ +m4]

The spin-field coupling for Fµν = const , analogue to the Pauli term∼ − e
2σµνFµν , reads

∼ ie
2
[Gµν ,Gκλ]F νλ{Dµ,Dκ}
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Luttinger QED β function
Choose a constant homogeneous background magnetic field

Acl.µ =
1

2
B


0
−y
x
0

 → ~B = Bêz

The one-loop β function is computed by expanding the determinant in powers of the field strength.
At leading order∼ FµνFµν , it reads

βe2 =
4

9π2
19e4 =

4

9π2
(22|para − 3|dia) e4

The spin-field coupling contributes to an enhancement of the “paramagnetic” interactions[7], yielding a
positive β function as in standard QED.

[7] A. Nink and M. Reuter, Int. J. Mod. Phys. D22, 1330008 (2013)
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Quantum Chromodynamics with Luttinger fermions

Generalize the action to a non-abelian SU(Nc) gauge group with Nc colors

S =

∫
d4x

[
−1

4
F a
µνFµν

a + ψ̄iGµν(i Dµ)ij(i Dν)jkψk − m2ψ̄iψi
]
, i = 1 . . .NC a = 1 . . .N2

C−1

The covariant derivative is given by

Dµ
ij = ∂µ − igτ a

ij Aµ,a Aa
µ=naÃµ−→ ∂µ − ig(τ ana)ij Ãµ
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Luttinger QCD β function

The one-loop β function for QCD with Nf relativistic Luttinger quarks is

βg2 = − 1

3π2

(
11

8
Nc −

2 · 19
3

Nf

)
g4.

Asymptotic freedom is sustained if

Nc >
304

33
Nf ' 9.21Nf

→ large non-abelian gauge group SU(Nc ≥ 10) for Nf = 1 Luttinger flavour.
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Self-interacting Luttinger fields

Kinetic term∼ Gµν∂
µ∂ν

d=4→ canonical mass dimension of the fermions [ψ] = 1

Quartic self interactions∼ (ψ̄ψ)2 are perturbatively renormalizable (RG marginal)

1024 fermion bilinears ψ̄Γψ (Γ element of the Clifford algebra)
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Gross-Neveu Luttinger fermions model

S =

∫
d4x

[
−ψ̄Gµν∂

µ∂νψ +
λ0
2
(ψ̄ψ)2 +

λt
2
(ψ̄Gµνψ)

2

]

One-loop β functions

∂tλ0 = − 1

(12π)2
(540λ20 − 528λ0λt)

∂tλt = − 1

(12π)2
(−992λ2t + 28λ0λt − 3λ20)

The theory is asymptotically free in a large region
with λ0 > 0 and λt sufficiently negative

Figure: Philip Heinzel, Master thesis (2023)
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Nambu−Jona-Lasinino Luttinger fermions model

With our choice of h, the element γ10 anticommutes with Gµν & with h: define axial transformations

ψ → e iθγ10ψ, ψ̄ → ψ̄e iθγ10

Self-interacting model with U(1) axial symmetry

S =

∫
d4x

[
−ψ̄Gµν∂

µ∂νψ +
λ

2
[(ψ̄ψ)2 − (ψ̄γ10ψ)

2]

]

∂tλ = − 1

(12π)2
72λ2

Asymptotically free→ UV complete
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Relation with Dirac Fermions

32-component Luttinger spinor contains
eight 4-component Dirac spinors

UV completion of the Standard Model?

SL(32,C) → SL(4,C)

Explicit breaking term ζD
∫

x ψ̄i /∂PDψ

Condensed matter:

transition from QBT

to Dirac cones

(bilayer graphene)[4]
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Recap and outlook

• Generalized Luttinger fermions to the relativistic case

• Constructed self-interacting QFT with Luttinger fermions that support asymptotic freedom:
UV complete QFT based on pure matter degrees of freedom

• Gauge theories with Luttinger fermions exibit strong paramagnetic dominance and are
asymptotically free for large gauge groups

• Transition from Luttinger to Dirac fermions: breaking the symmetry SL(32,C) → SL(4,C)

• Massive Luttinger fermions come with tachyons [(p4 − m4)ψ = 0].
Solution: Dirac kinetic term to break the symmetry?

• Investigation of the IR phenomena (strongly interacting theories)

• Classification of the 1024 spinor bilinears
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Thank you for your attention
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