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|. BACKGROUND

e Consider a physical process characterized by

mass scale M
length scale [

time scale T

e Can construct dimensionless numbers

L
€ — — Is SR important?
CT
s Is GR i tant?
€x = S important®
L2 P
h

€q = MCLe Is QM important?
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classical GR
weak field strong field

black holes .~

e Semi-classical gravity: Treat

~» log(eg)

106 1073 1

gravity classically and all other
fields quantum mechanically.
Assume (naively) metric
satisfies

Gab + A gap = 8T(A|T,p| A)
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|. BACKGROUND

e Assuming for simplicity that we just have a scalar field, the action is

5[5 gup] = — 1 / B an/=g ("N adVod + € RS + 20 )
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|. BACKGROUND

e Assuming for simplicity that we just have a scalar field, the action is
Sl gu) =~ [ d'ov/=g {g"Vu0V10 + ER G + 0%}
Varying w.r.t. the field
(VOV,—ER— 1) =0
Varying w.r.t. the metric

Tap =(1 — 2§)Vodp Vg + (26 — 2)gap Ve dV D — 26 9V Vb
+ 2€gab¢vcvc¢ + f Gab¢2 o %M2gab ¢2
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|. BACKGROUND

e Assuming for simplicity that we just have a scalar field, the action is
Sl gu) =~ [ d'ov/=g {g"Vu0V10 + ER G + 0%}
Varying w.r.t. the field
(VOV,—ER— 1) =0
Varying w.r.t. the metric

Tap =(1 — 2§)Vodp Vg + (26 — 2)gap Ve dV D — 26 9V Vb
+ 2€gab¢vcvc¢ + f Gab¢2 o %:LLQQab ¢2

Quantization: Field — Operator-Valued Distribution P(x) — P(x)

A . 53 -
Commutation Relations [gb(t,x),navagb(t,X’)} _ (x —x')
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|. BACKGROUND

e Assuming for simplicity that we just have a scalar field, the action is
Sl gu) =~ [ d'ov/=g {g"Vu0V10 + ER G + 0%}
Varying w.r.t. the field
(VOV, —ER—p?) ¢ =0
Varying w.r.t. the metric

Tap =(1 — 2§)Vodp Vg + (26 — 2)gap Ve dV D — 26 9V Vb
+ 2€gab¢vcvc¢ + f Gab¢2 o %:LLQQab ¢2

Quantization: Field — Operator-Valued Distribution o(x) — QB(ZE)
A A 0% (x — x')
. . a / I
Commutation Relations [qﬁ(t,x),n Vap(t,x )} =1 7

A

* 1,p IS Quadratic in an operator-valued distribution which is ill-defined.
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2. POINT-SPLITTING REGULARIZATION (Dt Physics Reports to7,

Tab (33) %j
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2. POINT-SPLITTING REGULARIZATION (Dt Physics Reports to7,

./—\-ﬁ,
lim Th(z,z’) L

' —x

where Ouw =(1 — 26) gy Vo VP + (26 — l)ga,,gc °V,V°
— 26V Vi + 26 gV Ve + EGup mgab
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2. POINT-SPLITTING REGULARIZATION (Dt Physics Reports to7,

./—\-ﬁ,
lim Top(z,2') T

CE — X
where Ouw =(1 — 26) gy Vo VP + (26 — l)ga,,gc °V,V°
— 26V Vi + 26 gV Ve + EGup mgab

(A|Twp(@)|4) = lim (A|Top(x,2")|A) = Lim Oup(A|T(x)d(z")|A)

' —x ' —x
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2. POINT-SPLITTING REGULARIZATION (Dt Physics Reports to7,

./—\-ﬁ,
lim Th(z,z’) L

' —x

where Ouw =(1 — 26) gy Vo VP + (26 — l)ga,,gc °V,V°
— 26V Vi + 26 gV Ve + EGup mgab

(AlTop(2)|4) = lim (A[Top(2,2')|A) = lim B4 (AT (x)d(x")|A)

' —x ' —x

— lim éabGA (:z:, 513/)

' —x
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2. POINT-SPLITTING REGULARIZATION Qi Prss Pepors 1975

Christensen, PRD 1976)

./—\-m/
lim Th(z,z’) L

' —x

where Ouw =(1 — 26) gy Vo VP + (26 — l)ga,,gc °V,V°
— 26V Vi + 26 gV Ve + EGup mgab

(AlTop(2)|4) = lim (A[Top(2,2')|A) = lim B4 (AT (x)d(x")|A)

' —x ' —x

lim éabGA (:z:, 513/)

' —=ax

e Can we make physical sense of this limit, i.e., can we remove the
divergent terms in a controlled way?
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3. HADAMARD RENORMALIZATION (e.g. Wald, Comm. math. Phys. 1977; Wald, PRD 1978)

e Restrict to a class of quantum states for which the Green’s function has
the Hadamard property, i.e., for x sufficiently close to z’, the Green’s
function has the form

N

i A2(x,x")

w2 | o(x,x") + ie

20(x,x")

62

Ga(z,2") = —|—V(x,x’)log< —|—ie> + Wa(z,x")
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3. HADAMARD RENORMALIZATION (e.g. Wald, Comm. math. Phys. 1977; Wald, PRD 1978)

e Restrict to a class of quantum states for which the Green’s function has
the Hadamard property, i.e., for x sufficiently close to z’, the Green’s

function has the form @0 _ gab/\fL‘“/\IL‘b s O(Aaf@

1
' A2 ! 2 !
Ga(z,2") = i {J ) + V(z,2") log <CU(ZQ’xD—I—ie> + WA(x,w’)}

872 (x,2') + i€
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3. HADAMARD RENORMALIZATION (e.g. Wald, Comm. math. Phys. 1977; Wald, PRD 1978)

e Restrict to a class of quantum states for which the Green’s function has
the Hadamard property, i.e., for x sufficiently close to z’, the Green’s

function has the form @O _ gab/\fba/\:vb s O(A:I;?@

GA(ZB,CU/) ) { A2 (x ) —|—V(CC,CI3/)IOg (@O'ZB 517) >—|—WA(£B .CU)}

o(z, )—I—ze

—— o

K(z,z")
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3. HADAMARD RENORMALIZATION (e.g. Wald, Comm. math. Phys. 1977; Wald, PRD 1978)

e Restrict to a class of quantum states for which the Green’s function has
the Hadamard property, i.e., for x sufficiently close to z’, the Green’s

function has the form @O _ gab/\fba/\:vb s O(A:I;?@

GA(ZB,CU/) ) { A2 (x ) —|—V(CC,CI3/)IOg (@O'ZB 517) >—|—WA(£B .CU)}

o(z, )—I—ze

—— o

K(z,z")

Ga(z,2') = [Ga(z,2") — K(x,2")] + K(x,2")
Wal(z,x")

/
regular as * — x
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3. HADAMARD RENORMALIZATION (e.g. Wald, Comm. math. Phys. 1977; Wald, PRD 1978)

e Restrict to a class of quantum states for which the Green’s function has
the Hadamard property, i.e., for x sufficiently close to z’, the Green’s

function has the form @O _ gab/\ma/\mb s O(A:I;?@

GA(ZB,CU/) ) { A2 (x ) —|—V(CC,CI3/)10g ((20'513 117) )—I—WA(SE CB)}
k

o(z, )—I—ze

—— o

K(z,z")

Ga(z,2') = [Ga(z,2") — K(x,2")] + K(x,2")
Wal(z,x")

/
regular as * — x

e K(x,2") depends only on the local geometry.

Oup K (,2") ~ (2,2 )G () + A, )ga () + ;2 ) Aas() + B, ') Bap(iw) + - -
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4. THE COMPUTATIONAL PROBLEM

A

(A[T5| A ron = [é)abwA(:c,x’)] _ [@ab (Galz, ') — K(x,x’))]
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A

(AT AYren = [OasWa(w,2')| = |Oup (Ga(a, )

G4

T (global) /

1 — |
= 32 Z (21 + 1) P;(cos 7)/ dw e_“"Atgwl(r, ')
1=0

— K(az,az’))}
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(AT A)ren = [OsWa(z,2)| = |Oas (Gale,2') — K(z,2"))]

G4

— (global) /

1 — |
= 32 Z (21 + 1) P;(cos 7)/ dw e_“"Atgwl(r, ')
1=0

expansion in o (local)
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4. THE COMPUTATIONAL PROBLEM

(AT A)ren = [OsWa(z,2)| = |Oas (Gale,2') — K(z,2"))]

— (global) /

1 .
Gal(x = 82 E (21 + 1) Py( cosw)/ dwe 2t g i (r, ")
=0

expansion in o (local)

Computational Problem: How do we subtract K(x,z’) from G4(x, ") in

such a way that the coincidence limit can be meaningtully taken?
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(Candelas-Howard PRD 1984, PRL 1984,

5. THE CANDELAS'HOWARD APPROACH Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)

e Work with Euclideanized metric: ds® = f(r)d! %+ dr*/f(r) + r2d! °

e Point-split only in temporal direction, i.e., take x’ — x.
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(Candelas-Howard PRD 1984, PRL 1984,

5. THE CANDELAS'HOWARD APPROACH Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)

e Work with Euclideanized metric: ds® = f(r)d! %+ dr*/f(r) + r2d! °

e Point-split only in temporal direction, i.e., take x’ — x.

1! : oo (NG (1) | #
G(!'!,r)= — cosn#! | (21 +1) |

4 2 e 0 an rf 1/ 2
K !r)= - R O(1) 2 = f(r)! "2+ 00 "%

2"2f (r)! 12
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(Candelas-Howard PRD 1984, PRL 1984,

5. THE CANDELAS'HOWARD APPROACH Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)

e Work with Euclideanized metric: ds® = f(r)d! %+ dr*/f(r) + r2d! °

e Point-split only in temporal direction, i.e., take x’ — x.

1! ’ oo (D (1), #
| | - | | l
G(! !,r) 72 . cosn#! | N (21 +1) N Ty
I I — 1 1 | — II2 ||4
K( !,r)= > 21 (1), !2+O(1) 2 = f(r)! + O(! "7)
1 lI2!! 11
m:! ncosn"! ! +0(1).

n=1
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(Candelas-Howard PRD 1984, PRL 1984,

5. THE CANDELAS'HOWARD APPROACH Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)

e Work with Euclideanized metric: ds® = f(r)d! %+ dr*/f(r) + r2d! °

Point-split only in temporal direction, i.e., take x' — x.

1 Pri (F)Ghi (1) #
G, r)y= — cosn#! | 21 +1 |
K1) = 2,,12f(r)1! 5+ O() 2 = f(r)! "2+ O "
% = | " ncosn"! | +0O(1).
n=1
102" en = [W(x,x")] = lim (G #K (")
n ) A o
N pu (DR (1), $ 20§’
T e R N TR
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(Candelas-Howard PRD 1984, PRL 1984,

5. THE CANDELAS'HOWARD APPROACH Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)

e Work with Euclideanized metric: ds® = f(r)d! %+ dr*/f(r) + r2d! °

e Point-split only in temporal direction, i.e., take x’ — x.

1! : Pni (1) Chi (1) #
G(t 1.1 = 45 ) cosn#! | ) 2l +1) & N NS TE:
n= =0
_ 1 1 | . n2 n4g
K( !,r)= > 2 1 (1), — + O(1) 20 = f(r)! "+ Ot "%)
1 - .
mzl ncosn"! ! +0(1).
- n=1
10 = [W(x,xD] = lim (G(t ", r)# K(!",r))
WL » ¢ 0%
N pu (DR (1), $ 20§’
) Enzl =0 (2| +1) an i rf 2 i f ) 0(1)

Not a complete mode-by-mode subtraction.
Not amenable to numerical computation
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(Candelas-Howard PRD 1984, PRL 1984,

5. THE CANDELAS'HOWARD APPROACH Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)

e reat the sum quasi-analytically.

! RS P
=0 n| r |=0 N
Y
+ WKB !

rf 1/ 2
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(Candelas-Howard PRD 1984, PRL 1984,

5. THE CANDELAS'HOWARD APPROACH Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)

e reat the sum quasi-analytically.
rapidly convergent

! 2+ 1) o (Ir\l):lhl (r) ! r1:!1/2" . I (2l +1)T3n| (gjnl (r) l WKBJ
1=0 - -
+ WKB !

rf 1/ 2
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(Candelas-Howard PRD 1984, PRL 1984,

5. THE CANDELAS'HOWARD APPROACH Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)

e reat the sum quasi-analytically.
rapidly convergent

I i I N
' Pni (1) i (1) | ' ﬁ:)nl (r) G (1) J
21 +1 ! = 21 +1 I WKB

I=O( ) an rf 12 I=0( ) k Nn|

TR
E | F W
| ' " Watson-Somerfeld
(2 +1) WKB rf 1/2 d Transform

1=0 C
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(Candelas-Howard PRD 1984, PRL 1984,

5. THE CANDELAS'HOWARD APPROACH Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)

e reat the sum quasi-analytically.
rapidly convergent

K Y " >
' Pni (1) i (1) | ' ﬁ:)nl (r) G (1) J
2l +1 | = 2l +1 ' WKB
I=O( ) an rf 12 I=0( ) k Nn|
| /
/{WKB ! rf-llzJO
| IF W
| (21 +1) WKB ! | " dl Watson-Somerfeld
1=0 rf iz C Transform

e Parts of the integral can be done explicitly, singular and slowly
converging terms cancel.
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(Candelas-Howard PRD 1984, PRL 1984,

5. THE CANDELAS'HOWARD APPROACH Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)

e reat the sum quasi-analytically.
rapidly convergent

K Y " >
' Pni (1) i (1) | ' ﬁ:)nl (r) G (1) J
2l +1 | = 2l +1 ' WKB
I=O( ) an rf 12 I=O( ) L Nn|
| /
/{WKB ! rf.llzJO
| IF W
| (21 +1) WKB ! | " dl Watson-Somerfeld
1=0 rf iz C Transform

e Parts of the integral can be done explicitly, singular and slowly
converging terms cancel.

e Drawbacks: — Inefficient and cumbersome to implement
— Convergence is not explicit, requires WS transform
— WKB not unitorm



Peter Taylor Stress Tensor Renormalization in Quantum Effects in GF

Dublin City University Black Hole Spacetimes Leipzig University 2023

(Candelas-Howard PRD 1984, PRL 1984,

5. THE CANDELAS'HOWARD APPROACH Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)

e reat the sum quasi-analytically.
rapidly convergent

2 o >
@2 +1) M ('ng" (")) “p = @+ E’”' (Ir\l)q”' ") WKBJ
=0 n| r |=0 nl y
|
/{WKB ! rf 1/2j
| IF W
| (21 +1) WKB ! | " dl Watson-Somerfeld
1=0 rf iz C Transform

e Parts of the integral can be done explicitly, singular and slowly
converging terms cancel.

e Drawbacks: — Inefficient and cumbersome to implement
— Convergence is not explicit, requires WS transform
— WKB not unitorm

Is there a more direct approach?
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(Taylor & Breen, PRD 2016, PRD 2017;

6. THE “EXTENDED COORDINATE” METHOD  Tayior, Breen & Ottewill, PRD 2022)

e Two key considerations in obtaining a mode-by-mode expression
for !!Ozuren
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(Taylor & Breen, PRD 2016, PRD 2017;

6. THE “EXTENDED COORDINATE” METHOD  Tayior, Breen & Ottewill, PRD 2022)

e Two key considerations in obtaining a mode-by-mode expression
for !!Ozuren

1. Point-split in multiple directions.

2. Expand in “extended coordinates”.
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(Taylor & Breen, PRD 2016, PRD 2017;

6. THE “EXTENDED COORDINATE” METHOD  Tayior, Breen & Ottewill, PRD 2022)

e Two key considerations in obtaining a mode-by-mode expression
for !!Ozuren

1. Point-split in multiple directions.

2. Expand in “extended coordinates”.

5 2

| 2= (1! cos"! #) s?=f(r)! “+2r%1! cos")



Peter Taylor Stress Tensor Renormalization in Quantum Effects in GF

Dublin City University Black Hole Spacetimes Leipzig University 2023

(Taylor & Breen, PRD 2016, PRD 2017;

6. THE “EXTENDED COORDINATE” METHOD  Tayior, Breen & Ottewill, PRD 2022)

e Two key considerations in obtaining a mode-by-mode expression

for !!Ozuren
1. Point-split in multiple directions.
2. Expand in “extended coordinates”.
2
| 2= —(1! cos"! #) s?=f(r)! “+2r%1! cos")

=21 + O(! x3)
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(Taylor & Breen, PRD 2016, PRD 2017;

6. THE “EXTENDED COORDINATE” METHOD  Tayior, Breen & Ottewill, PRD 2022)

e Two key considerations in obtaining a mode-by-mode expression

for 10%"rer
1. Point-split in multiple directions.
2. Expand in “extended coordinates”.
| 2= "2(1' cos" ! #) s?=f(r)! “+2r%1! cos")

=21 + O(! x3)

e Expand Hadamard parametrix in these variables.

! n (R) (ry " ezl 4L (P) 2i" 2] <2j" 2
K(X,X') ' D (r) g2j +2 D” (r)l | g4l
i=0 j=0 i=1 j=1
LR | 2i+2j+2 MU ot MLl R
n T(R)(r) — Tij(L)(r)! 2j g2i" 2] log g2 2" 4 Tij(P)(r)! 2j g2i" 2]
i=1 j=0 s =0 | =0 i=1 j=0

+ O(#™ log#
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(Taylor & Breen, PRD 2016, PRD 2017;

6. THE “EXTENDED COORDINATE” METHOD  Tayior, Breen & Ottewill, PRD 2022)

e Two key considerations in obtaining a mode-by-mode expression

for 10%"rer
1. Point-split in multiple directions.
2. Expand in “extended coordinates”.
| 2= "2(1' cos" ! #) s?=f(r)! “+2r%1! cos")

=21 + O(! x3)

* Expand Hadamard parametrix in these variables.

Im | i
K(X,X!) l D|(JR) D(P)(r)| 2i" 2j SZJ
=0 j=0 Can we express these as mode-sun
m*1j"1 . | 2i+2]j+2
¥ Ty

SZ] +2
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(Taylor & Breen, PRD 2016, PRD 2017;

6. THE “EXTENDED COORDINATE” METHOD  Tayior, Breen & Ottewill, PRD 2022)

! 2042 j I I N o
a2 - (@ +1)Pi(cos”) e (i)
|=0 n="1
| | .
| 482" 2 |og(s?/"?) = (2] + 1) P,(cos#) e S (i)
|=0 n=1"

e \We can invert these to obtain! n (i,j [r) and ! i (i,] Ir) in closed
form (associated Legendre functions).
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(Taylor & Breen, PRD 2016, PRD 2017;

6. THE “EXTENDED COORDINATE” METHOD  Tayior, Breen & Ottewill, PRD 2022)

! 2042 j I I N o
a2 - (@ +1)Pi(cos”) e (i)
|=0 n="1
| | .
| 482" 2 |og(s?/"?) = (2] + 1) P,(cos#) e S (i)
|=0 n=1"

e \We can invert these to obtain! n (i,j [r) and ! i (i,] Ir) in closed
form (associated Legendre functions).

22i! j' 1(! 1)n+j ">+ %) :

P 1s ' F P Moo
i (i Ir) = T 2i+2] | [ 12 +2 # $#

(it n+K)(i+n! k)

k=n!

| = 1+"_
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(Taylor & Breen, PRD 2016, PRD 2017;

6. THE “EXTENDED COORDINATE” METHOD  Tayior, Breen & Ottewill, PRD 2022)

! 2042 | I I N o
a2 - (@ +1)Pi(cos”) e (i)
|=0 n="1
| | .
| 482" 2 |og(s?/"?) = (2] + 1) P,(cos#) e S (i)
|=0 n=1"

e \We can invert these to obtain! n (i,j [r) and ! i (i,] Ir) in closed
form (associated Legendre functions).

L (1)) = T 221 172 2 ## (it n+ K)(i+n! K)
| f
| = 1+ m

e Similarly we can derive expressions for ! ni (I,] |r), though they’re
more complicated to write down.
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(Taylor & Breen, PRD 2016, PRD 2017;

6. THE “EXTENDED COORDINATE” METHOD  Tayior, Breen & Ottewill, PRD 2022)

1 ! ! S ! 3
— (21 +1) P;(cos") et k™ (r)+ terms polynomial in # 2, s
8l 2

=0 n=#"

K (x,X') =

Im i m! 1] 1 mb1pi
kU™ (r) = DR (F)! i (i Ir) + TR (i +1,j0r) + T i (0 )
i=0 j=0 i=1 j=0 i=0 j=0
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(Taylor & Breen, PRD 2016, PRD 2017;

6. THE “EXTENDED COORDINATE” METHOD  Tayior, Breen & Ottewill, PRD 2022)

1 ! ! _— ! :
8l 2 (21 + 1) P;(cos") e k(m)(r) + terms polynomial in # 2 g°

=0 n=#"

K (x,X') =

Im i m! 1] 1 mb1pi
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e Method presented applies only to the Hartle-Hawking state. What about
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o Let 'P%,"x be the RSET in some Hadamard reference state, and ! P3y"
be the RSET in any other Hadamard state. Then
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8. RESULTS

(Arrechea, Breen, Ottewill & PT, 2023)
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accurately and efficiently compute the RSET (see Noa Zilberman'’s talk for

another approach).

e \We can focus our efforts on physics and not on the intricacies of the RSET
calculation.

broad
perspective

e Splitting in multiple directions guarantees a mode-by-mode subtraction.

e A judicious choice of expansion “coordinates” permits us to compute all
regularization parameters in closed form.

e Resultant mode-sums are rapidly convergent, even close to the horizon.

our
method

e Renormalization in BH spacetimes is surprisingly agnostic to number of
dimensions and horizon topology. (PT and C. Breen (PRD 2016+PRD 2017); T. Morley, E.
Winstanley & PT (PRD 2021))

e \Work ongoing to extend to semi-classical stars (J. Arrechea, A. Ottewill & C. Breen),
higher dimensions (E. Scanion & C. Breen), charged fields (£ Winstanley & G.
Montagnon), BH interiors (L. pisani), cosmological spacetimes (A. Ferreiro) and

Kerr (A. Heffernan et a/.).
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