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• Can construct dimensionless numbers

Is SR important?

Is GR important?

Is QM important?
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• Semi-classical gravity: Treat 
gravity classically and all other 
fields quantum mechanically. 
Assume (naively) metric           
satisfies
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•Assuming for simplicity that we just have a scalar field, the action is
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  Varying w.r.t. the field


  Varying w.r.t. the metric
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Quantization:
 �(x) ! �̂(x)Field ! Operator-Valued Distribution

Commutation Relations
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•            is quadratic in an operator-valued distribution which is ill-defined.
T̂ab
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T̂ab(x)

•Can we make physical sense of this limit, i.e., can we remove the 
divergent terms in a controlled way?

x
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•Restrict to a class of quantum states for which the Green’s function has 
the Hadamard property, i.e., for     sufficiently close to     , the Green’s 
function has the form
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K(x, x0)•               depends only on the local geometry.
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3. HADAMARD RENORMALIZATION (e.g. Wald, Comm. math. Phys. 1977; Wald, PRD 1978)
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4. THE COMPUTATIONAL PROBLEM



hA|T̂ab|Airen =
h
⇥̂abWA(x, x

0)
i
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⇥̂ab (GA(x, x

0)�K(x, x0))
i

mode-sum (global)
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4. THE COMPUTATIONAL PROBLEM



hA|T̂ab|Airen =
h
⇥̂abWA(x, x

0)
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=

h
⇥̂ab (GA(x, x

0)�K(x, x0))
i

expansion in � (local)

mode-sum (global)
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4. THE COMPUTATIONAL PROBLEM



hA|T̂ab|Airen =
h
⇥̂abWA(x, x

0)
i
=

h
⇥̂ab (GA(x, x

0)�K(x, x0))
i

expansion in � (local)

Computational Problem: How do we subtract K(x, x0
) from GA(x, x

0
) in

such a way that the coincidence limit can be meaningfully taken?

mode-sum (global)
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4. THE COMPUTATIONAL PROBLEM



• Point-split only in temporal direction, i.e., take              .x0 ! x

• Work with Euclideanized metric:     ds2 = f (r)d! 2 + dr2/f (r) + r2d! 2
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5. THE CANDELAS-HOWARD APPROACH (Candelas-Howard PRD 1984, PRL 1984, 

 Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)



• Point-split only in temporal direction, i.e., take              .x0 ! x

• Work with Euclideanized metric:     ds2 = f (r)d! 2 + dr2/f (r) + r2d! 2

K (! ! , r ) =
1

2" 2

1
f (r )! ! 2 + O(1)

!
2! = f (r )! " 2 + O(! " 4)

"
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5. THE CANDELAS-HOWARD APPROACH (Candelas-Howard PRD 1984, PRL 1984, 

 Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)
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5. THE CANDELAS-HOWARD APPROACH (Candelas-Howard PRD 1984, PRL 1984, 

 Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)
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5. THE CANDELAS-HOWARD APPROACH (Candelas-Howard PRD 1984, PRL 1984, 

 Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)



Not a complete mode-by-mode subtraction.

Not amenable to numerical computation
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5. THE CANDELAS-HOWARD APPROACH (Candelas-Howard PRD 1984, PRL 1984, 

 Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)



• Treat the l-sum quasi-analytically.
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5. THE CANDELAS-HOWARD APPROACH (Candelas-Howard PRD 1984, PRL 1984, 

 Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)



rapidly convergent
• Treat the l-sum quasi-analytically.
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5. THE CANDELAS-HOWARD APPROACH (Candelas-Howard PRD 1984, PRL 1984, 

 Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)



rapidly convergent
• Treat the l-sum quasi-analytically.
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5. THE CANDELAS-HOWARD APPROACH (Candelas-Howard PRD 1984, PRL 1984, 

 Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)



rapidly convergent
• Treat the l-sum quasi-analytically.

Watson-Somerfeld

Transform

!!

l =0

(2l + 1)
"

W KB !
!

r f 1/ 2

#
"

$

C
dl

• Parts of the integral can be done explicitly, singular and slowly 
converging terms cancel.
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5. THE CANDELAS-HOWARD APPROACH (Candelas-Howard PRD 1984, PRL 1984, 

 Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)



rapidly convergent
• Treat the l-sum quasi-analytically.

Watson-Somerfeld

Transform

!!

l =0

(2l + 1)
"

W KB !
!

r f 1/ 2

#
"

$

C
dl

• Parts of the integral can be done explicitly, singular and slowly 
converging terms cancel.

— Inefficient and cumbersome to implement

— Convergence is not explicit, requires WS transform

— WKB not uniform

• Drawbacks:
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5. THE CANDELAS-HOWARD APPROACH (Candelas-Howard PRD 1984, PRL 1984, 

 Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)



Is there a more direct approach?

rapidly convergent
• Treat the l-sum quasi-analytically.

Watson-Somerfeld

Transform

!!

l =0

(2l + 1)
"

W KB !
!

r f 1/ 2

#
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$

C
dl

• Parts of the integral can be done explicitly, singular and slowly 
converging terms cancel.

— Inefficient and cumbersome to implement

— Convergence is not explicit, requires WS transform

— WKB not uniform

• Drawbacks:

<latexit sha1_base64="W7megHZ5++RLgAf2h/9wuLRSP0U="></latexit> !!

l =0

(2l + 1)
"

pnl (r )qnl (r )
Nnl

!
!

r f 1/ 2

#
=

!!

l =0

(2l + 1)
$ pnl (r )qnl (r )

Nnl
! W KB

+ W KB !
!

r f 1/ 2

%

Peter Taylor 

Dublin City University

Stress Tensor Renormalization in 
Black Hole Spacetimes

Quantum Effects in GF 

Leipzig University 2023

5. THE CANDELAS-HOWARD APPROACH (Candelas-Howard PRD 1984, PRL 1984, 

 Anderson-Hiscock-Samuel, PRL 1993, PRD 1995)



• Two key considerations in obtaining a mode-by-mode expression     

    for              .! ö! 2"ren
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6. THE “EXTENDED COORDINATE” METHOD (Taylor & Breen, PRD 2016, PRD 2017;

Taylor, Breen & Ottewill, PRD 2022)



1.   Point-split in multiple directions.

2.   Expand in “extended coordinates”.

• Two key considerations in obtaining a mode-by-mode expression     

    for              .! ö! 2"ren
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6. THE “EXTENDED COORDINATE” METHOD (Taylor & Breen, PRD 2016, PRD 2017;

Taylor, Breen & Ottewill, PRD 2022)



1.   Point-split in multiple directions.

2.   Expand in “extended coordinates”.

• Two key considerations in obtaining a mode-by-mode expression     

    for              .! ö! 2"ren
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6. THE “EXTENDED COORDINATE” METHOD (Taylor & Breen, PRD 2016, PRD 2017;

Taylor, Breen & Ottewill, PRD 2022)



1.   Point-split in multiple directions.

2.   Expand in “extended coordinates”.

• Two key considerations in obtaining a mode-by-mode expression     

    for              .! ö! 2"ren
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6. THE “EXTENDED COORDINATE” METHOD (Taylor & Breen, PRD 2016, PRD 2017;

Taylor, Breen & Ottewill, PRD 2022)



1.   Point-split in multiple directions.

2.   Expand in “extended coordinates”.

• Two key considerations in obtaining a mode-by-mode expression     
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<latexit sha1_base64="S3QDUQNwK/Tw3qRgvLbE0cBTlRU=">AAACC3icbVDLSgNBEJyNrxhfUY9ehgQhIoTdGNSLENSDNyOYB2TX0DuZJENmH8zMimHJ3Yu/4sWDIl79AW/+jbNJDppY0FBUddPd5YacSWWa30ZqYXFpeSW9mllb39jcym7v1GUQCUJrJOCBaLogKWc+rSmmOG2GgoLnctpwBxeJ37inQrLAv1XDkDoe9HzWZQSUltrZ3FnJlqznwaHtgeoT4PH1qGBfUq4AP9zFR6ODdjZvFs0x8DyxpiSPpqi2s192JyCRR31FOEjZssxQOTEIxQino4wdSRoCGUCPtjT1waPSice/jPC+Vjq4GwhdvsJj9fdEDJ6UQ8/VncnBctZLxP+8VqS6p07M/DBS1CeTRd2IYxXgJBjcYYISxYeaABFM34pJHwQQpePL6BCs2ZfnSb1UtI6L5ZtyvnI+jSON9lAOFZCFTlAFXaEqqiGCHtEzekVvxpPxYrwbH5PWlDGd2UV/YHz+AMmlmkQ=</latexit>

= 2 ! + O(! x3)

• Expand Hadamard parametrix in these variables.
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6. THE “EXTENDED COORDINATE” METHOD (Taylor & Breen, PRD 2016, PRD 2017;

Taylor, Breen & Ottewill, PRD 2022)



1.   Point-split in multiple directions.

2.   Expand in “extended coordinates”.

• Two key considerations in obtaining a mode-by-mode expression     

    for              .! ö! 2"ren
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= 2 ! + O(! x3)

• Expand Hadamard parametrix in these variables.
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Can we express these as mode-sums?
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Taylor, Breen & Ottewill, PRD 2022)
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• We can invert these to obtain                 and                 in closed 
form (associated Legendre functions).
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• We can invert these to obtain                 and                 in closed 
form (associated Legendre functions).
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• We can invert these to obtain                 and                 in closed 
form (associated Legendre functions).

<latexit sha1_base64="M4Gy8EEUnBr9QqsSAfPanMlk7Q8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpREinosevFYwX5AG8Jmu2nXbjZhd1Mosf/EiwdFvPpPvPlv3LY5aPXBwOO9GWbmBQlnSjvOl1VYWV1b3yhulra2d3b37P2DlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0c3Mb4+pVCwW93qSUC/CA8FCRrA2km/bPTJkfib4tMLOHh7lqW+XnaozB/pL3JyUIUfDtz97/ZikERWacKxU13US7WVYakY4nZZ6qaIJJiM8oF1DBY6o8rL55VN0YpQ+CmNpSmg0V39OZDhSahIFpjPCeqiWvZn4n9dNdXjlZUwkqaaCLBaFKUc6RrMYUJ9JSjSfGIKJZOZWRIZYYqJNWCUTgrv88l/SOq+6F9XaXa1cv87jKMIRHEMFXLiEOtxCA5pAYAxP8AKvVmY9W2/W+6K1YOUzh/AL1sc3G1yTUw==</latexit>

! nl (i, j |r )
<latexit sha1_base64="Nedgei+9zuvkGQ5WkPnUXCGP/Fs=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpREinosevFYwX5AG8Jmu2nXbjZhd1Mosf/EiwdFvPpPvPlv3LY5aPXBwOO9GWbmBQlnSjvOl1VYWV1b3yhulra2d3b37P2DlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0c3Mb4+pVCwW93qSUC/CA8FCRrA2km/bvYZifib4tMLOHh7lqW+XnaozB/pL3JyUIUfDtz97/ZikERWacKxU13US7WVYakY4nZZ6qaIJJiM8oF1DBY6o8rL55VN0YpQ+CmNpSmg0V39OZDhSahIFpjPCeqiWvZn4n9dNdXjlZUwkqaaCLBaFKUc6RrMYUJ9JSjSfGIKJZOZWRIZYYqJNWCUTgrv88l/SOq+6F9XaXa1cv87jKMIRHEMFXLiEOtxCA5pAYAxP8AKvVmY9W2/W+6K1YOUzh/AL1sc3DsGTSw==</latexit>

! nl (i, j |r )

• Similarly we can derive expressions for                , though they’re 
more complicated to write down.
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<latexit sha1_base64="6+3yAyRLyMVuyOTUqxv9UVQb5Ik=">AAACHHicbVDLSsNAFJ3UV62vqEs3wSK6sSS1qCBC0Y3LCvYBSSiT6aQdOnkwc6OUkA9x46+4caGIGxeCf+O0zUJbDwycOede7r3HizmTYJrfWmFhcWl5pbhaWlvf2NzSt3daMkoEoU0S8Uh0PCwpZyFtAgNOO7GgOPA4bXvD67HfvqdCsii8g1FM3QD3Q+YzgkFJXf3k0gFfYJJaWVrNnADDQPrpQ9ZNL7CXHTuc+mC3x79DL3ME6w/A7epls2JOYMwTKydllKPR1T+dXkSSgIZAOJbStswY3BQLYITTrOQkksaYDHGf2oqGOKDSTSfHZcaBUnqGHwn1QjAm6u+OFAdSjgJPVU62n/XG4n+enYB/7qYsjBOgIZkO8hNuQGSMkzJ6TFACfKQIJoKpXQ0ywCorUHmWVAjW7MnzpFWtWKeV2m2tXL/K4yiiPbSPjpCFzlAd3aAGaiKCHtEzekVv2pP2or1rH9PSgpb37KI/0L5+APULooo=</latexit>

= 1
2 w;ab ! [W;a! b]

<latexit sha1_base64="+O6cvE3iZGMN1kZHZlZRrtBRObw="></latexit>
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6. THE “EXTENDED COORDINATE” METHOD (Taylor & Breen, PRD 2016, PRD 2017;

Taylor, Breen & Ottewill, PRD 2022)



• Remarkably the RSET can be computed with very little additional      
complexity.         

<latexit sha1_base64="YKlx5gbo4rqBDnUZiKqUWWF9Os8="></latexit>

! öTa
b"ren = # wa

b # (! # 1
2 )w;a

b + ( ! # 1
4 )! w " a

b + ! Ra
bw #

1
8#2 v1" a

b

<latexit sha1_base64="WxAE81vud9Kxy54pXBLzYVRCMgo="></latexit>

w = [ W ] = ! ö! 2"ren
<latexit sha1_base64="rUJ5sFyx23m/TzhVM9tXOtK1ZMw=">AAACJHicbVDLSsNAFJ34rPUVdekmWKSuSiJFhSIU3bisYB+QhDCZTtqhkwczN0oJ+Rg3/oobFz5w4cZvcfoQauuBgTPn3MvMOX7CmQTT/NKWlldW19YLG8XNre2dXX1vvyXjVBDaJDGPRcfHknIW0SYw4LSTCIpDn9O2P7ge+e17KiSLozsYJtQNcS9iASMYlOTpNSfE0JdB9pB7GfbzS4fTAOy2l9XUzRGs1wd3Viz75V/Z00tmxRzDWCTWlJTQFA1Pf3e6MUlDGgHhWErbMhNwMyyAEU7zopNKmmAywD1qKxrhkEo3G4fMjWOldI0gFupEYIzV2Y0Mh1IOQ19NjiPNeyPxP89OIbhwMxYlKdCITB4KUm5AbIwaM7pMUAJ8qAgmgqm/GqSPBSagei2qEqz5yIukdVqxzirV22qpfjWto4AO0RE6QRY6R3V0gxqoiQh6RM/oFb1pT9qL9qF9TkaXtOnOAfoD7fsHmTel/A==</latexit>

wab = [ W;ab] = [ W;a! b! ]
<latexit sha1_base64="6+3yAyRLyMVuyOTUqxv9UVQb5Ik=">AAACHHicbVDLSsNAFJ3UV62vqEs3wSK6sSS1qCBC0Y3LCvYBSSiT6aQdOnkwc6OUkA9x46+4caGIGxeCf+O0zUJbDwycOede7r3HizmTYJrfWmFhcWl5pbhaWlvf2NzSt3daMkoEoU0S8Uh0PCwpZyFtAgNOO7GgOPA4bXvD67HfvqdCsii8g1FM3QD3Q+YzgkFJXf3k0gFfYJJaWVrNnADDQPrpQ9ZNL7CXHTuc+mC3x79DL3ME6w/A7epls2JOYMwTKydllKPR1T+dXkSSgIZAOJbStswY3BQLYITTrOQkksaYDHGf2oqGOKDSTSfHZcaBUnqGHwn1QjAm6u+OFAdSjgJPVU62n/XG4n+enYB/7qYsjBOgIZkO8hNuQGSMkzJ6TFACfKQIJoKpXQ0ywCorUHmWVAjW7MnzpFWtWKeV2m2tXL/K4yiiPbSPjpCFzlAd3aAGaiKCHtEzekVv2pP2or1rH9PSgpb37KI/0L5+APULooo=</latexit>

= 1
2 w;ab ! [W;a! b]

<latexit sha1_base64="+O6cvE3iZGMN1kZHZlZRrtBRObw="></latexit>

[W;! ! ! ] = !
1

8! 2
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l =0

!!

n = "!

(2l + 1) n2" 2
"

pnl (r )qnl (r )
Nnl

! k(m )
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#
+ O(1)

<latexit sha1_base64="Fk0+gINerwQmnmwqvSPS/HU7SaI="></latexit>

[W;! ! ! ] =
1

16! 2
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n =0

(2l + 1) l(l + 1)(2 ! " n
0 )

"
pnl (r )qnl (r )

Nnl
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nl (r )
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+ O(1)

<latexit sha1_base64="P9o9U5deXVYnSSXXtuMVyJFPHac=">AAAB/XicbVC7TsMwFL0pr1Je4bGxRFRITFWCKmCsYGEsEn1IbYgc12mtOk5kO6ASRfwKCwMIsfIfbPwNbpoBWo5k6+ice+Xj48eMSmXb30ZpaXllda28XtnY3NreMXf32jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9Lxx1dTv3NPhKQRv1WTmLghGnIaUIyUljzzoB8iNZJB+pDdpSJLM0/fnlm1a3YOa5E4BalCgaZnfvUHEU5CwhVmSMqeY8fKTZFQFDOSVfqJJDHCYzQkPU05Col00zx9Zh1rZWAFkdCHKytXf2+kKJRyEvp6Ms86703F/7xeooILN6U8ThThePZQkDBLRda0CmtABcGKTTRBWFCd1cIjJBBWurCKLsGZ//IiaZ/WnLNa/aZebVwWdZThEI7gBBw4hwZcQxNagOERnuEV3own48V4Nz5moyWj2NmHPzA+fwAiSJZT</latexit>

wr
r•         can be computed from the wave equation                                                      

<latexit sha1_base64="GW1ALdW0SABzdgAgX+RIV/SALmU="></latexit>

wa
a ! ! R w ! µ2w = ! 3

4! 2 v1
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6. THE “EXTENDED COORDINATE” METHOD (Taylor & Breen, PRD 2016, PRD 2017;

Taylor, Breen & Ottewill, PRD 2022)



• Remarkably the RSET can be computed with very little additional      
complexity.         

<latexit sha1_base64="YKlx5gbo4rqBDnUZiKqUWWF9Os8="></latexit>

! öTa
b"ren = # wa

b # (! # 1
2 )w;a

b + ( ! # 1
4 )! w " a

b + ! Ra
bw #

1
8#2 v1" a

b

<latexit sha1_base64="WxAE81vud9Kxy54pXBLzYVRCMgo="></latexit>

w = [ W ] = ! ö! 2"ren
<latexit sha1_base64="rUJ5sFyx23m/TzhVM9tXOtK1ZMw=">AAACJHicbVDLSsNAFJ34rPUVdekmWKSuSiJFhSIU3bisYB+QhDCZTtqhkwczN0oJ+Rg3/oobFz5w4cZvcfoQauuBgTPn3MvMOX7CmQTT/NKWlldW19YLG8XNre2dXX1vvyXjVBDaJDGPRcfHknIW0SYw4LSTCIpDn9O2P7ge+e17KiSLozsYJtQNcS9iASMYlOTpNSfE0JdB9pB7GfbzS4fTAOy2l9XUzRGs1wd3Viz75V/Z00tmxRzDWCTWlJTQFA1Pf3e6MUlDGgHhWErbMhNwMyyAEU7zopNKmmAywD1qKxrhkEo3G4fMjWOldI0gFupEYIzV2Y0Mh1IOQ19NjiPNeyPxP89OIbhwMxYlKdCITB4KUm5AbIwaM7pMUAJ8qAgmgqm/GqSPBSagei2qEqz5yIukdVqxzirV22qpfjWto4AO0RE6QRY6R3V0gxqoiQh6RM/oFb1pT9qL9qF9TkaXtOnOAfoD7fsHmTel/A==</latexit>

wab = [ W;ab] = [ W;a! b! ]
<latexit sha1_base64="6+3yAyRLyMVuyOTUqxv9UVQb5Ik=">AAACHHicbVDLSsNAFJ3UV62vqEs3wSK6sSS1qCBC0Y3LCvYBSSiT6aQdOnkwc6OUkA9x46+4caGIGxeCf+O0zUJbDwycOede7r3HizmTYJrfWmFhcWl5pbhaWlvf2NzSt3daMkoEoU0S8Uh0PCwpZyFtAgNOO7GgOPA4bXvD67HfvqdCsii8g1FM3QD3Q+YzgkFJXf3k0gFfYJJaWVrNnADDQPrpQ9ZNL7CXHTuc+mC3x79DL3ME6w/A7epls2JOYMwTKydllKPR1T+dXkSSgIZAOJbStswY3BQLYITTrOQkksaYDHGf2oqGOKDSTSfHZcaBUnqGHwn1QjAm6u+OFAdSjgJPVU62n/XG4n+enYB/7qYsjBOgIZkO8hNuQGSMkzJ6TFACfKQIJoKpXQ0ywCorUHmWVAjW7MnzpFWtWKeV2m2tXL/K4yiiPbSPjpCFzlAd3aAGaiKCHtEzekVv2pP2or1rH9PSgpb37KI/0L5+APULooo=</latexit>

= 1
2 w;ab ! [W;a! b]

• We can essentially use our calculation for              to compute                     
<latexit sha1_base64="uYZNlD/morsOZkV4sGAC+4Z++Hw=">AAACFXicbVBNS8NAEN34WetX1KOXxSJ4kJIUUY+iF48VrApNLZvttF262YTdiVhC/oQX/4oXD4p4Fbz5b9zGHPx6MPB4b4aZeWEihUHP+3Cmpmdm5+YrC9XFpeWVVXdt/cLEqebQ4rGM9VXIDEihoIUCJVwlGlgUSrgMRycT//IGtBGxOsdxAp2IDZToC87QSl13N5BMDSTQYMgwC5KhyK+zRh7oQu1mAcIt6ijToPK869a8uleA/iV+SWqkRLPrvge9mKcRKOSSGdP2vQQ7GdMouIS8GqQGEsZHbABtSxWLwHSy4qucblulR/uxtqWQFur3iYxFxoyj0HZGDIfmtzcR//PaKfYPO5lQSYqg+NeifiopxnQSEe0JDRzl2BLGtbC3Uj5kmnG0QVZtCP7vl/+Si0bd36/vne3Vjo7LOCpkk2yRHeKTA3JETkmTtAgnd+SBPJFn5955dF6c16/WKaec2SA/4Lx9Ar59oHo=</latexit>

! ö! 2"ren

<latexit sha1_base64="zkiThVBchHT/hls3bQ4MIedmAjo=">AAACGHicbVA9bxNBEN0LAYz5iIGSZhULicrcoSihtEhDaSR/ST7nNLce2yvv7Z125xDW6n4GDX8lDQUoSusu/ybrjwLsPGmkp/dmNDMvLZS0FIZ3wdGj48dPntae1Z+/ePnqpPH6Td/mpRHYE7nKzTAFi0pq7JEkhcPCIGSpwkG6uFz7g+9orMx1l5YFjjOYaTmVAshLSeNjrEDPFPJ4DuS61ZWDylWJS6vYbIzExYQ/yGTOoK6qpNEMW+EG/JBEO9JkO3SSxiqe5KLMUJNQYO0oCgsaOzAkhcKqHpcWCxALmOHIUw0Z2rHbPFbx916Z8GlufGniG/XfCQeZtcss9Z0Z0Nzue2vxIW9U0vTz2EldlIRabBdNS8Up5+uU+EQaFKSWnoAw0t/KxRwMCPJZ1n0I0f7Lh6T/qRWdt86+nTXbX3Zx1Ng7dso+sIhdsDb7yjqsxwT7ya7ZH/Y3+BX8Dm6C223rUbCbecv+Q7C6B9cAoi8=</latexit>

! öTa
b"ren

<latexit sha1_base64="+O6cvE3iZGMN1kZHZlZRrtBRObw="></latexit>

[W;! ! ! ] = !
1

8! 2

!!

l =0

!!

n = "!

(2l + 1) n2" 2
"

pnl (r )qnl (r )
Nnl

! k(m )
nl (r )

#
+ O(1)

<latexit sha1_base64="Fk0+gINerwQmnmwqvSPS/HU7SaI="></latexit>

[W;! ! ! ] =
1

16! 2

!!

l =0

!!

n =0

(2l + 1) l(l + 1)(2 ! " n
0 )

"
pnl (r )qnl (r )

Nnl
! k(m )

nl (r )
#

+ O(1)

<latexit sha1_base64="P9o9U5deXVYnSSXXtuMVyJFPHac=">AAAB/XicbVC7TsMwFL0pr1Je4bGxRFRITFWCKmCsYGEsEn1IbYgc12mtOk5kO6ASRfwKCwMIsfIfbPwNbpoBWo5k6+ice+Xj48eMSmXb30ZpaXllda28XtnY3NreMXf32jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9Lxx1dTv3NPhKQRv1WTmLghGnIaUIyUljzzoB8iNZJB+pDdpSJLM0/fnlm1a3YOa5E4BalCgaZnfvUHEU5CwhVmSMqeY8fKTZFQFDOSVfqJJDHCYzQkPU05Col00zx9Zh1rZWAFkdCHKytXf2+kKJRyEvp6Ms86703F/7xeooILN6U8ThThePZQkDBLRda0CmtABcGKTTRBWFCd1cIjJBBWurCKLsGZ//IiaZ/WnLNa/aZebVwWdZThEI7gBBw4hwZcQxNagOERnuEV3own48V4Nz5moyWj2NmHPzA+fwAiSJZT</latexit>

wr
r•         can be computed from the wave equation                                                      

<latexit sha1_base64="GW1ALdW0SABzdgAgX+RIV/SALmU="></latexit>

wa
a ! ! R w ! µ2w = ! 3

4! 2 v1
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6. THE “EXTENDED COORDINATE” METHOD (Taylor & Breen, PRD 2016, PRD 2017;

Taylor, Breen & Ottewill, PRD 2022)



• Method presented applies only to the Hartle-Hawking state. What about 
other quantum states?         
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7. THE RSET IN OTHER QUANTUM STATES (Arrechea, Breen, Ottewill & PT, 2023)



• Method presented applies only to the Hartle-Hawking state. What about 
other quantum states?         

<latexit sha1_base64="j5FDmj4zbQX8hrIHOKVEJYX4Qfc=">AAACHHicbVBNSxxBEO1R48ea6GqOXgYXIadlRkU9il48KrgfsLMZanprdxt7eobuGnFp+od48a948WAIueQQyL9J78ch0Two6vFeFd31slIKQ1H0O1haXvmwura+Udv8+Glru76z2zZFpTm2eCEL3c3AoBQKWyRIYrfUCHkmsZPdXU79zj1qIwp1S5MS+zmMlBgKDuSltH6USFAjickYyN66rxacdanNXKJnemoTwgfSue9CTeyNcy6tN6JmNEP4nsQL0mALXKf1n8mg4FWOirgEY3pxVFLfgibBJbpaUhksgd/BCHueKsjR9O3sOBceeGUQDgvtS1E4U//esJAbM8kzP5kDjc1bbyr+z+tVNDzrW6HKilDx+UPDSoZUhNOkwoHQyElOPAGuhf9ryMeggZPPs+ZDiN+e/J60D5vxSfP45rhxfrGIY53tsX32hcXslJ2zK3bNWoyzR/bMXtm34Cl4Cb4HP+ajS8Fi5zP7B8GvP9g1pFs=</latexit>

! öTa
b"Q• Let             be the RSET in some Hadamard reference state, and              

be the RSET in any other Hadamard state. Then         

<latexit sha1_base64="6tdzo79f/pu2oG87G49ANomQaag=">AAACHHicbVBNTxsxEPXy0UJa2gBHLiuiSj1Fu4AKR0QvHANKACkbVrPOJLHwelf2bEVk+Ydw6V/h0kMR4sIBiX+DE3Lg60mjeXpvRva8rJTCUBQ9BnPzC4ufPi8t1758Xfn2vb66dmKKSnPs8EIW+iwDg1Io7JAgiWelRsgziafZxe+Jf/oHtRGFatO4xF4OQyUGggN5Ka1vJxLUUGIyArJtd27BWZfazCV6qqc2Ibwknfsu1NgeO+fSeiNqRlOE70k8Iw02Qyut3yf9glc5KuISjOnGUUk9C5oEl+hqSWWwBH4BQ+x6qiBH07PT41z4wyv9cFBoX4rCqfpyw0JuzDjP/GQONDJvvYn4kdetaLDXs0KVFaHizw8NKhlSEU6SCvtCIyc59gS4Fv6vIR+BBk4+z5oPIX578ntystWMfzV3jnYa+wezOJbYBttkP1nMdtk+O2Qt1mGcXbFr9p/dBH+Df8FtcPc8OhfMdtbZKwQPT9m8pFw=</latexit>

! öTa
b"R

<latexit sha1_base64="9t2i3IzhKH9QbtpuD/s1l77iHfI="></latexit>

! öTa
b"Q = ! öTa

b"R #
!
! G;a

Q b
"

# (" # 1
2 ) [! GQ ];a b + ( " # 1

4 )! a
b! [! GQ ] + " Ra

b [! GQ ]
 
where  

<latexit sha1_base64="1vo+fI5Qj3mlfF5A6WrD/oonBTg=">AAACRXicbVBNSwMxEM36bf2qevQSLKKCll0R9SIUPeixilWhW0o2nWowm12SWWlZ9s958e7Nf+DFgyJeNa2LqPVByOO9GWbmBbEUBl330RkaHhkdG5+YLExNz8zOFecXzk2UaA41HslIXwbMgBQKaihQwmWsgYWBhIvg5rDnX9yCNiJSZ9iNoRGyKyXagjO0UrPo+y2QyOhRM/UROqhD+wvVTU+yLNv/V13rbHRW1zcHvNNvj+ZoFktu2e2DDhIvJyWSo9osPvitiCchKOSSGVP33BgbKdMouISs4CcGYsZv2BXULVUsBNNI+ylkdMUqLdqOtH0KaV/92ZGy0JhuGNjKkOG1+ev1xP+8eoLtvUYqVJwgKP41qJ1IihHtRUpbQgNH2bWEcS3srpRfM8042uALNgTv78mD5Hyr7O2Ut0+2S5WDPI4JskSWyRrxyC6pkGNSJTXCyR15Ii/k1bl3np035/2rdMjJexbJLzgfnyBQsmI=</latexit>

! GQ = GQ (x, x !) ! GR (x, x !)
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7. THE RSET IN OTHER QUANTUM STATES (Arrechea, Breen, Ottewill & PT, 2023)



• Method presented applies only to the Hartle-Hawking state. What about 
other quantum states?         

<latexit sha1_base64="j5FDmj4zbQX8hrIHOKVEJYX4Qfc=">AAACHHicbVBNSxxBEO1R48ea6GqOXgYXIadlRkU9il48KrgfsLMZanprdxt7eobuGnFp+od48a948WAIueQQyL9J78ch0Two6vFeFd31slIKQ1H0O1haXvmwura+Udv8+Glru76z2zZFpTm2eCEL3c3AoBQKWyRIYrfUCHkmsZPdXU79zj1qIwp1S5MS+zmMlBgKDuSltH6USFAjickYyN66rxacdanNXKJnemoTwgfSue9CTeyNcy6tN6JmNEP4nsQL0mALXKf1n8mg4FWOirgEY3pxVFLfgibBJbpaUhksgd/BCHueKsjR9O3sOBceeGUQDgvtS1E4U//esJAbM8kzP5kDjc1bbyr+z+tVNDzrW6HKilDx+UPDSoZUhNOkwoHQyElOPAGuhf9ryMeggZPPs+ZDiN+e/J60D5vxSfP45rhxfrGIY53tsX32hcXslJ2zK3bNWoyzR/bMXtm34Cl4Cb4HP+ajS8Fi5zP7B8GvP9g1pFs=</latexit>

! öTa
b"Q• Let             be the RSET in some Hadamard reference state, and              

be the RSET in any other Hadamard state. Then         

<latexit sha1_base64="6tdzo79f/pu2oG87G49ANomQaag=">AAACHHicbVBNTxsxEPXy0UJa2gBHLiuiSj1Fu4AKR0QvHANKACkbVrPOJLHwelf2bEVk+Ydw6V/h0kMR4sIBiX+DE3Lg60mjeXpvRva8rJTCUBQ9BnPzC4ufPi8t1758Xfn2vb66dmKKSnPs8EIW+iwDg1Io7JAgiWelRsgziafZxe+Jf/oHtRGFatO4xF4OQyUGggN5Ka1vJxLUUGIyArJtd27BWZfazCV6qqc2Ibwknfsu1NgeO+fSeiNqRlOE70k8Iw02Qyut3yf9glc5KuISjOnGUUk9C5oEl+hqSWWwBH4BQ+x6qiBH07PT41z4wyv9cFBoX4rCqfpyw0JuzDjP/GQONDJvvYn4kdetaLDXs0KVFaHizw8NKhlSEU6SCvtCIyc59gS4Fv6vIR+BBk4+z5oPIX578ntystWMfzV3jnYa+wezOJbYBttkP1nMdtk+O2Qt1mGcXbFr9p/dBH+Df8FtcPc8OhfMdtbZKwQPT9m8pFw=</latexit>

! öTa
b"R

<latexit sha1_base64="9t2i3IzhKH9QbtpuD/s1l77iHfI="></latexit>

! öTa
b"Q = ! öTa

b"R #
!
! G;a

Q b
"

# (" # 1
2 ) [! GQ ];a b + ( " # 1

4 )! a
b! [! GQ ] + " Ra

b [! GQ ]
 
where  

<latexit sha1_base64="1vo+fI5Qj3mlfF5A6WrD/oonBTg=">AAACRXicbVBNSwMxEM36bf2qevQSLKKCll0R9SIUPeixilWhW0o2nWowm12SWWlZ9s958e7Nf+DFgyJeNa2LqPVByOO9GWbmBbEUBl330RkaHhkdG5+YLExNz8zOFecXzk2UaA41HslIXwbMgBQKaihQwmWsgYWBhIvg5rDnX9yCNiJSZ9iNoRGyKyXagjO0UrPo+y2QyOhRM/UROqhD+wvVTU+yLNv/V13rbHRW1zcHvNNvj+ZoFktu2e2DDhIvJyWSo9osPvitiCchKOSSGVP33BgbKdMouISs4CcGYsZv2BXULVUsBNNI+ylkdMUqLdqOtH0KaV/92ZGy0JhuGNjKkOG1+ev1xP+8eoLtvUYqVJwgKP41qJ1IihHtRUpbQgNH2bWEcS3srpRfM8042uALNgTv78mD5Hyr7O2Ut0+2S5WDPI4JskSWyRrxyC6pkGNSJTXCyR15Ii/k1bl3np035/2rdMjJexbJLzgfnyBQsmI=</latexit>

! GQ = GQ (x, x !) ! GR (x, x !)

compute in HH state

from Euclidean methods

Peter Taylor 

Dublin City University

Stress Tensor Renormalization in 
Black Hole Spacetimes

Quantum Effects in GF 

Leipzig University 2023

7. THE RSET IN OTHER QUANTUM STATES (Arrechea, Breen, Ottewill & PT, 2023)



• Method presented applies only to the Hartle-Hawking state. What about 
other quantum states?         

<latexit sha1_base64="j5FDmj4zbQX8hrIHOKVEJYX4Qfc=">AAACHHicbVBNSxxBEO1R48ea6GqOXgYXIadlRkU9il48KrgfsLMZanprdxt7eobuGnFp+od48a948WAIueQQyL9J78ch0Two6vFeFd31slIKQ1H0O1haXvmwura+Udv8+Glru76z2zZFpTm2eCEL3c3AoBQKWyRIYrfUCHkmsZPdXU79zj1qIwp1S5MS+zmMlBgKDuSltH6USFAjickYyN66rxacdanNXKJnemoTwgfSue9CTeyNcy6tN6JmNEP4nsQL0mALXKf1n8mg4FWOirgEY3pxVFLfgibBJbpaUhksgd/BCHueKsjR9O3sOBceeGUQDgvtS1E4U//esJAbM8kzP5kDjc1bbyr+z+tVNDzrW6HKilDx+UPDSoZUhNOkwoHQyElOPAGuhf9ryMeggZPPs+ZDiN+e/J60D5vxSfP45rhxfrGIY53tsX32hcXslJ2zK3bNWoyzR/bMXtm34Cl4Cb4HP+ajS8Fi5zP7B8GvP9g1pFs=</latexit>

! öTa
b"Q• Let             be the RSET in some Hadamard reference state, and              

be the RSET in any other Hadamard state. Then         

<latexit sha1_base64="6tdzo79f/pu2oG87G49ANomQaag=">AAACHHicbVBNTxsxEPXy0UJa2gBHLiuiSj1Fu4AKR0QvHANKACkbVrPOJLHwelf2bEVk+Ydw6V/h0kMR4sIBiX+DE3Lg60mjeXpvRva8rJTCUBQ9BnPzC4ufPi8t1758Xfn2vb66dmKKSnPs8EIW+iwDg1Io7JAgiWelRsgziafZxe+Jf/oHtRGFatO4xF4OQyUGggN5Ka1vJxLUUGIyArJtd27BWZfazCV6qqc2Ibwknfsu1NgeO+fSeiNqRlOE70k8Iw02Qyut3yf9glc5KuISjOnGUUk9C5oEl+hqSWWwBH4BQ+x6qiBH07PT41z4wyv9cFBoX4rCqfpyw0JuzDjP/GQONDJvvYn4kdetaLDXs0KVFaHizw8NKhlSEU6SCvtCIyc59gS4Fv6vIR+BBk4+z5oPIX578ntystWMfzV3jnYa+wezOJbYBttkP1nMdtk+O2Qt1mGcXbFr9p/dBH+Df8FtcPc8OhfMdtbZKwQPT9m8pFw=</latexit>

! öTa
b"R

<latexit sha1_base64="9t2i3IzhKH9QbtpuD/s1l77iHfI="></latexit>

! öTa
b"Q = ! öTa

b"R #
!
! G;a

Q b
"

# (" # 1
2 ) [! GQ ];a b + ( " # 1

4 )! a
b! [! GQ ] + " Ra

b [! GQ ]
 
where  

<latexit sha1_base64="1vo+fI5Qj3mlfF5A6WrD/oonBTg=">AAACRXicbVBNSwMxEM36bf2qevQSLKKCll0R9SIUPeixilWhW0o2nWowm12SWWlZ9s958e7Nf+DFgyJeNa2LqPVByOO9GWbmBbEUBl330RkaHhkdG5+YLExNz8zOFecXzk2UaA41HslIXwbMgBQKaihQwmWsgYWBhIvg5rDnX9yCNiJSZ9iNoRGyKyXagjO0UrPo+y2QyOhRM/UROqhD+wvVTU+yLNv/V13rbHRW1zcHvNNvj+ZoFktu2e2DDhIvJyWSo9osPvitiCchKOSSGVP33BgbKdMouISs4CcGYsZv2BXULVUsBNNI+ylkdMUqLdqOtH0KaV/92ZGy0JhuGNjKkOG1+ev1xP+8eoLtvUYqVJwgKP41qJ1IihHtRUpbQgNH2bWEcS3srpRfM8042uALNgTv78mD5Hyr7O2Ut0+2S5WDPI4JskSWyRrxyC6pkGNSJTXCyR15Ii/k1bl3np035/2rdMjJexbJLzgfnyBQsmI=</latexit>

! GQ = GQ (x, x !) ! GR (x, x !)

compute in HH state

from Euclidean methods

smooth since both are

Hadamard states
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7. THE RSET IN OTHER QUANTUM STATES (Arrechea, Breen, Ottewill & PT, 2023)



• In particular, for static spherically symmetric spacetimes:         

<latexit sha1_base64="S8LgaS9L48he5DLST69pq4rMnzQ=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksghdLIkU9Fr30WMF+QBvLZrttl242YXcjlJCLf8WLB0W8+jO8+W/ctDlo64OBx3szzMzzI86Udpxvq7Cyura+UdwsbW3v7O7Z+wctFcaS0CYJeSg7PlaUM0GbmmlOO5GkOPA5bfuT28xvP1KpWCju9TSiXoBHgg0ZwdpIffuoF2A9Jpgn9fQhOU9Rjr5ddirODGiZuDkpQ45G3/7qDUISB1RowrFSXdeJtJdgqRnhNC31YkUjTCZ4RLuGChxQ5SWzB1J0apQBGobSlNBopv6eSHCg1DTwTWd2rlr0MvE/rxvr4bWXMBHFmgoyXzSMOdIhytJAAyYp0XxqCCaSmVsRGWOJiTaZlUwI7uLLy6R1UXEvK9W7arl2k8dRhGM4gTNw4QpqUIcGNIFACs/wCm/Wk/VivVsf89aClc8cwh9Ynz/I85ST</latexit>

H !

<latexit sha1_base64="6HX5QbpY2NFzOq0UhkS8mRr0AyA=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgiCURIp6LHrpsYL9gDaWzXbbLt1swu5GKCEX/4oXD4p49Wd489+4aXPQ1gcDj/dmmJnnR5wp7TjfVmFldW19o7hZ2tre2d2z9w9aKowloU0S8lB2fKwoZ4I2NdOcdiJJceBz2vYnt5nffqRSsVDc62lEvQCPBBsygrWR+vZRL8B6TDBP6ulDcp6iHH277FScGdAycXNShhyNvv3VG4QkDqjQhGOluq4TaS/BUjPCaVrqxYpGmEzwiHYNFTigyktmD6To1CgDNAylKaHRTP09keBAqWngm87sXLXoZeJ/XjfWw2svYSKKNRVkvmgYc6RDlKWBBkxSovnUEEwkM7ciMsYSE20yK5kQ3MWXl0nrouJeVqp31XLtJo+jCMdwAmfgwhXUoA4NaAKBFJ7hFd6sJ+vFerc+5q0FK585hD+wPn8AxdmUkQ==</latexit>

H +

<latexit sha1_base64="GkbJv7hlEQlRHi9aUOyZDw4mKpk=">AAACDnicbVDLSsNAFL2pr1ofjbp0M1gEN5ZEirosutFdBfuANpbJdNIOnTyYmQgl5B/cu9VfcCdu/QX/wM9wkmahrQcuHM65l3vvcSPOpLKsL6O0srq2vlHerGxt7+xWzb39jgxjQWibhDwUPRdLyllA24opTnuRoNh3Oe260+vM7z5SIVkY3KtZRB0fjwPmMYKVloZmdeBjNZFEJLfpQ3KaDs2aVbdyoGViF6QGBVpD83swCkns00ARjqXs21aknAQLxQinaWUQSxphMsVj2tc0wD6VTpIfnqJjrYyQFwpdgUK5+nsiwb6UM9/VnfmZi14m/utlipCeXNivvEsnYUEUKxqQ+Xov5kiFKMsGjZigRPGZJpgIpj9AZIIFJkonWNHR2ItBLJPOWd0+rzfuGrXmVRFSGQ7hCE7Ahgtowg20oA0EYniGF3g1now34934mLeWjGLmAP7A+PwBSPecvw==</latexit>

I !

<latexit sha1_base64="NgFWwa5ncTteXCoDGv3i+EbG1t8=">AAACDnicbVDLSsNAFL2pr1ofjbp0M1gEQSiJFHVZdKO7CvYBbSyT6aQdOnkwMxFKyD+4d6u/4E7c+gv+gZ/hJM1CWw9cOJxzL/fe40acSWVZX0ZpZXVtfaO8Wdna3tmtmnv7HRnGgtA2CXkoei6WlLOAthVTnPYiQbHvctp1p9eZ332kQrIwuFeziDo+HgfMYwQrLQ3N6sDHaiKJSG7Th+Q0HZo1q27lQMvELkgNCrSG5vdgFJLYp4EiHEvZt61IOQkWihFO08ogljTCZIrHtK9pgH0qnSQ/PEXHWhkhLxS6AoVy9fdEgn0pZ76rO/MzF71M/NfLFCE9ubBfeZdOwoIoVjQg8/VezJEKUZYNGjFBieIzTTARTH+AyAQLTJROsKKjsReDWCads7p9Xm/cNWrNqyKkMhzCEZyADRfQhBtoQRsIxPAML/BqPBlvxrvxMW8tGcXMAfyB8fkDRcGcvQ==</latexit>

I +

<latexit sha1_base64="q527GgBfmHxJl/spQun/RX9+NVM=">AAACAnicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWMG2hjWWz3bRLN5uwuxFK6M27V/0L3sSrf8R/4M9wk+agrQ8GHu/NMDPPjzlT2ra/rNLK6tr6RnmzsrW9s7tX3T9oqyiRhLok4pHs+lhRzgR1NdOcdmNJcehz2vEnN5nfeaRSsUjc62lMvRCPBAsYwdpILntIz2aDas2u2znQMnEKUoMCrUH1uz+MSBJSoQnHSvUcO9ZeiqVmhNNZpZ8oGmMywSPaM1TgkCovzY+doROjDFEQSVNCo1z9PZHiUKlp6JvOEOuxWvQy8V8vU6QK1MJ+HVx5KRNxoqkg8/VBwpGOUJYHGjJJieZTQzCRzHyAyBhLTLRJrWKicRaDWCbt87pzUW/cNWrN6yKkMhzBMZyCA5fQhFtogQsEGDzDC7xaT9ab9W59zFtLVjFzCH9gff4Aj76YBA==</latexit>

i !

<latexit sha1_base64="9j2P/qV/OBByk5b9MPKfuglpOkE=">AAACAnicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYNpCG8tmu2mXbjZhdyOU0Jt3r/oXvIlX/4j/wJ/hJs1BWx8MPN6bYWaeH3OmtG1/WaWV1bX1jfJmZWt7Z3evun/QVlEiCXVJxCPZ9bGinAnqaqY57caS4tDntONPbjK/80ilYpG419OYeiEeCRYwgrWRXPaQns0G1Zpdt3OgZeIUpAYFWoPqd38YkSSkQhOOleo5dqy9FEvNCKezSj9RNMZkgke0Z6jAIVVemh87QydGGaIgkqaERrn6eyLFoVLT0DedIdZjtehl4r9epkgVqIX9OrjyUibiRFNB5uuDhCMdoSwPNGSSEs2nhmAimfkAkTGWmGiTWsVE4ywGsUza53Xnot64a9Sa10VIZTiCYzgFBy6hCbfQAhcIMHiGF3i1nqw36936mLeWrGLmEP7A+vwBjIiYAg==</latexit>

i +

<latexit sha1_base64="fS5BXWdpeWC4cDyC8IAtusjJf7s=">AAACAnicbVBNS8NAEJ2tX7V+VT16WSyCp5KIqMeiF48VTFtoY9lsN+3SzSbsboQSevPuVf+CN/HqH/Ef+DPctDlo64OBx3szzMwLEsG1cZwvVFpZXVvfKG9WtrZ3dveq+wctHaeKMo/GIladgGgmuGSe4UawTqIYiQLB2sH4Jvfbj0xpHst7M0mYH5Gh5CGnxFjJ4w+ZM+1Xa07dmQEvE7cgNSjQ7Fe/e4OYphGThgqiddd1EuNnRBlOBZtWeqlmCaFjMmRdSyWJmPaz2bFTfGKVAQ5jZUsaPFN/T2Qk0noSBbYzImakF71c/NfLFaVDvbDfhFd+xmWSGibpfH2YCmxinOeBB1wxasTEEkIVtx9gOiKKUGNTq9ho3MUglknrrO5e1M/vzmuN6yKkMhzBMZyCC5fQgFtoggcUODzDC7yiJ/SG3tHHvLWEiplD+AP0+QOUj5gH</latexit>

i 0

<latexit sha1_base64="S8LgaS9L48he5DLST69pq4rMnzQ=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksghdLIkU9Fr30WMF+QBvLZrttl242YXcjlJCLf8WLB0W8+jO8+W/ctDlo64OBx3szzMzzI86Udpxvq7Cyura+UdwsbW3v7O7Z+wctFcaS0CYJeSg7PlaUM0GbmmlOO5GkOPA5bfuT28xvP1KpWCju9TSiXoBHgg0ZwdpIffuoF2A9Jpgn9fQhOU9Rjr5ddirODGiZuDkpQ45G3/7qDUISB1RowrFSXdeJtJdgqRnhNC31YkUjTCZ4RLuGChxQ5SWzB1J0apQBGobSlNBopv6eSHCg1DTwTWd2rlr0MvE/rxvr4bWXMBHFmgoyXzSMOdIhytJAAyYp0XxqCCaSmVsRGWOJiTaZlUwI7uLLy6R1UXEvK9W7arl2k8dRhGM4gTNw4QpqUIcGNIFACs/wCm/Wk/VivVsf89aClc8cwh9Ynz/I85ST</latexit>

H !

<latexit sha1_base64="6HX5QbpY2NFzOq0UhkS8mRr0AyA=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgiCURIp6LHrpsYL9gDaWzXbbLt1swu5GKCEX/4oXD4p49Wd489+4aXPQ1gcDj/dmmJnnR5wp7TjfVmFldW19o7hZ2tre2d2z9w9aKowloU0S8lB2fKwoZ4I2NdOcdiJJceBz2vYnt5nffqRSsVDc62lEvQCPBBsygrWR+vZRL8B6TDBP6ulDcp6iHH277FScGdAycXNShhyNvv3VG4QkDqjQhGOluq4TaS/BUjPCaVrqxYpGmEzwiHYNFTigyktmD6To1CgDNAylKaHRTP09keBAqWngm87sXLXoZeJ/XjfWw2svYSKKNRVkvmgYc6RDlKWBBkxSovnUEEwkM7ciMsYSE20yK5kQ3MWXl0nrouJeVqp31XLtJo+jCMdwAmfgwhXUoA4NaAKBFJ7hFd6sJ+vFerc+5q0FK585hD+wPn8AxdmUkQ==</latexit>

H +

<latexit sha1_base64="GkbJv7hlEQlRHi9aUOyZDw4mKpk=">AAACDnicbVDLSsNAFL2pr1ofjbp0M1gEN5ZEirosutFdBfuANpbJdNIOnTyYmQgl5B/cu9VfcCdu/QX/wM9wkmahrQcuHM65l3vvcSPOpLKsL6O0srq2vlHerGxt7+xWzb39jgxjQWibhDwUPRdLyllA24opTnuRoNh3Oe260+vM7z5SIVkY3KtZRB0fjwPmMYKVloZmdeBjNZFEJLfpQ3KaDs2aVbdyoGViF6QGBVpD83swCkns00ARjqXs21aknAQLxQinaWUQSxphMsVj2tc0wD6VTpIfnqJjrYyQFwpdgUK5+nsiwb6UM9/VnfmZi14m/utlipCeXNivvEsnYUEUKxqQ+Xov5kiFKMsGjZigRPGZJpgIpj9AZIIFJkonWNHR2ItBLJPOWd0+rzfuGrXmVRFSGQ7hCE7Ahgtowg20oA0EYniGF3g1now34934mLeWjGLmAP7A+PwBSPecvw==</latexit>

I !

<latexit sha1_base64="NgFWwa5ncTteXCoDGv3i+EbG1t8=">AAACDnicbVDLSsNAFL2pr1ofjbp0M1gEQSiJFHVZdKO7CvYBbSyT6aQdOnkwMxFKyD+4d6u/4E7c+gv+gZ/hJM1CWw9cOJxzL/fe40acSWVZX0ZpZXVtfaO8Wdna3tmtmnv7HRnGgtA2CXkoei6WlLOAthVTnPYiQbHvctp1p9eZ332kQrIwuFeziDo+HgfMYwQrLQ3N6sDHaiKJSG7Th+Q0HZo1q27lQMvELkgNCrSG5vdgFJLYp4EiHEvZt61IOQkWihFO08ogljTCZIrHtK9pgH0qnSQ/PEXHWhkhLxS6AoVy9fdEgn0pZ76rO/MzF71M/NfLFCE9ubBfeZdOwoIoVjQg8/VezJEKUZYNGjFBieIzTTARTH+AyAQLTJROsKKjsReDWCads7p9Xm/cNWrNqyKkMhzCEZyADRfQhBtoQRsIxPAML/BqPBlvxrvxMW8tGcXMAfyB8fkDRcGcvQ==</latexit>

I +

<latexit sha1_base64="fS5BXWdpeWC4cDyC8IAtusjJf7s=">AAACAnicbVBNS8NAEJ2tX7V+VT16WSyCp5KIqMeiF48VTFtoY9lsN+3SzSbsboQSevPuVf+CN/HqH/Ef+DPctDlo64OBx3szzMwLEsG1cZwvVFpZXVvfKG9WtrZ3dveq+wctHaeKMo/GIladgGgmuGSe4UawTqIYiQLB2sH4Jvfbj0xpHst7M0mYH5Gh5CGnxFjJ4w+ZM+1Xa07dmQEvE7cgNSjQ7Fe/e4OYphGThgqiddd1EuNnRBlOBZtWeqlmCaFjMmRdSyWJmPaz2bFTfGKVAQ5jZUsaPFN/T2Qk0noSBbYzImakF71c/NfLFaVDvbDfhFd+xmWSGibpfH2YCmxinOeBB1wxasTEEkIVtx9gOiKKUGNTq9ho3MUglknrrO5e1M/vzmuN6yKkMhzBMZyCC5fQgFtoggcUODzDC7yiJ/SG3tHHvLWEiplD+AP0+QOUj5gH</latexit>

i 0

<latexit sha1_base64="q527GgBfmHxJl/spQun/RX9+NVM=">AAACAnicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWMG2hjWWz3bRLN5uwuxFK6M27V/0L3sSrf8R/4M9wk+agrQ8GHu/NMDPPjzlT2ra/rNLK6tr6RnmzsrW9s7tX3T9oqyiRhLok4pHs+lhRzgR1NdOcdmNJcehz2vEnN5nfeaRSsUjc62lMvRCPBAsYwdpILntIz2aDas2u2znQMnEKUoMCrUH1uz+MSBJSoQnHSvUcO9ZeiqVmhNNZpZ8oGmMywSPaM1TgkCovzY+doROjDFEQSVNCo1z9PZHiUKlp6JvOEOuxWvQy8V8vU6QK1MJ+HVx5KRNxoqkg8/VBwpGOUJYHGjJJieZTQzCRzHyAyBhLTLRJrWKicRaDWCbt87pzUW/cNWrN6yKkMhzBMZyCA5fQhFtogQsEGDzDC7xaT9ab9W59zFtLVjFzCH9gff4Aj76YBA==</latexit>

i !

<latexit sha1_base64="9j2P/qV/OBByk5b9MPKfuglpOkE=">AAACAnicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYNpCG8tmu2mXbjZhdyOU0Jt3r/oXvIlX/4j/wJ/hJs1BWx8MPN6bYWaeH3OmtG1/WaWV1bX1jfJmZWt7Z3evun/QVlEiCXVJxCPZ9bGinAnqaqY57caS4tDntONPbjK/80ilYpG419OYeiEeCRYwgrWRXPaQns0G1Zpdt3OgZeIUpAYFWoPqd38YkSSkQhOOleo5dqy9FEvNCKezSj9RNMZkgke0Z6jAIVVemh87QydGGaIgkqaERrn6eyLFoVLT0DedIdZjtehl4r9epkgVqIX9OrjyUibiRFNB5uuDhCMdoSwPNGSSEs2nhmAimfkAkTGWmGiTWsVE4ywGsUza53Xnot64a9Sa10VIZTiCYzgFBy6hCbfQAhcIMHiGF3i1nqw36936mLeWrGLmEP7A+vwBjIiYAg==</latexit>

i +

<latexit sha1_base64="v/AaA+CQ+1H+BguJLqL1JP/aWek="></latexit>

! in
! l (r ) !

!
""""#

""""$

B in
! l

e! i ! r !

r +
, r " r + ,

e! i ÷! r !

r
+ Ain

! l
ei ÷! r !

r
, r " # ,

<latexit sha1_base64="wemcj2ojYfCaKB9X5S3X5+VcVBc="></latexit>

! up
! l (r ) !

!
""""#

""""$

ei ! r !

r +
+ Aup

! l
e! i ! r !

r +
, r " r + ,

B up
! l

ei ÷! r !

r
, r " # ,

<latexit sha1_base64="1foPRdnQI4mWUVmGQC6oY1eLg4A="></latexit>!
d2

dr2
!

+ ! 2 ! Vl (r )
"

(r ! ) = 0

<latexit sha1_base64="UXZYds01fsabgV5L2fBQO1F6iHc="></latexit>

Vl !

!
0 r ! r +

µ2 r ! " .

<latexit sha1_base64="VOZid5SPGEukBbexPvjpuoLKlZ0=">AAACJ3icbVBNS8NAEN34WetX1KOXYBG8WJIi6kUQvXisYKtgatlsJ3XpbhJ3J0IJ+Qv+D+9e9S94Ez1682e4aXPQ6oNl37w3wzAvSATX6Lof1tT0zOzcfGWhuri0vLJqr623dZwqBi0Wi1hdBVSD4BG0kKOAq0QBlYGAy2BwWviX96A0j6MLHCbQkbQf8ZAzikbq2js+ctGDzI8l9Gl+5Os7hWV1kzXyXV+mxZ937Zpbd0dw/hKvJDVSotm1v/xezFIJETJBtb723AQ7GVXImYC86qcaEsoGtA/XhkZUgu5ko4tyZ9soPSeMlXkROiP150RGpdZDGZhOSfFWT3qF+K9XKEqHemI/hoedjEdJihCx8fowFQ7GThGa0+MKGIqhIZQpbi5w2C1VlKGJtmqi8SaD+Evajbq3X98736sdn5QhVcgm2SI7xCMH5JickSZpEUYeyBN5Ji/Wo/VqvVnv49Ypq5zZIL9gfX4D8EynrQ==</latexit>

÷! =
!

! 2 ! µ2
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7. THE RSET IN OTHER QUANTUM STATES (Arrechea, Breen, Ottewill & PT, 2023)



• In particular, for static spherically symmetric spacetimes:         

<latexit sha1_base64="S8LgaS9L48he5DLST69pq4rMnzQ=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksghdLIkU9Fr30WMF+QBvLZrttl242YXcjlJCLf8WLB0W8+jO8+W/ctDlo64OBx3szzMzzI86Udpxvq7Cyura+UdwsbW3v7O7Z+wctFcaS0CYJeSg7PlaUM0GbmmlOO5GkOPA5bfuT28xvP1KpWCju9TSiXoBHgg0ZwdpIffuoF2A9Jpgn9fQhOU9Rjr5ddirODGiZuDkpQ45G3/7qDUISB1RowrFSXdeJtJdgqRnhNC31YkUjTCZ4RLuGChxQ5SWzB1J0apQBGobSlNBopv6eSHCg1DTwTWd2rlr0MvE/rxvr4bWXMBHFmgoyXzSMOdIhytJAAyYp0XxqCCaSmVsRGWOJiTaZlUwI7uLLy6R1UXEvK9W7arl2k8dRhGM4gTNw4QpqUIcGNIFACs/wCm/Wk/VivVsf89aClc8cwh9Ynz/I85ST</latexit>

H !

<latexit sha1_base64="6HX5QbpY2NFzOq0UhkS8mRr0AyA=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgiCURIp6LHrpsYL9gDaWzXbbLt1swu5GKCEX/4oXD4p49Wd489+4aXPQ1gcDj/dmmJnnR5wp7TjfVmFldW19o7hZ2tre2d2z9w9aKowloU0S8lB2fKwoZ4I2NdOcdiJJceBz2vYnt5nffqRSsVDc62lEvQCPBBsygrWR+vZRL8B6TDBP6ulDcp6iHH277FScGdAycXNShhyNvv3VG4QkDqjQhGOluq4TaS/BUjPCaVrqxYpGmEzwiHYNFTigyktmD6To1CgDNAylKaHRTP09keBAqWngm87sXLXoZeJ/XjfWw2svYSKKNRVkvmgYc6RDlKWBBkxSovnUEEwkM7ciMsYSE20yK5kQ3MWXl0nrouJeVqp31XLtJo+jCMdwAmfgwhXUoA4NaAKBFJ7hFd6sJ+vFerc+5q0FK585hD+wPn8AxdmUkQ==</latexit>

H +

<latexit sha1_base64="GkbJv7hlEQlRHi9aUOyZDw4mKpk=">AAACDnicbVDLSsNAFL2pr1ofjbp0M1gEN5ZEirosutFdBfuANpbJdNIOnTyYmQgl5B/cu9VfcCdu/QX/wM9wkmahrQcuHM65l3vvcSPOpLKsL6O0srq2vlHerGxt7+xWzb39jgxjQWibhDwUPRdLyllA24opTnuRoNh3Oe260+vM7z5SIVkY3KtZRB0fjwPmMYKVloZmdeBjNZFEJLfpQ3KaDs2aVbdyoGViF6QGBVpD83swCkns00ARjqXs21aknAQLxQinaWUQSxphMsVj2tc0wD6VTpIfnqJjrYyQFwpdgUK5+nsiwb6UM9/VnfmZi14m/utlipCeXNivvEsnYUEUKxqQ+Xov5kiFKMsGjZigRPGZJpgIpj9AZIIFJkonWNHR2ItBLJPOWd0+rzfuGrXmVRFSGQ7hCE7Ahgtowg20oA0EYniGF3g1now34934mLeWjGLmAP7A+PwBSPecvw==</latexit>

I !

<latexit sha1_base64="NgFWwa5ncTteXCoDGv3i+EbG1t8=">AAACDnicbVDLSsNAFL2pr1ofjbp0M1gEQSiJFHVZdKO7CvYBbSyT6aQdOnkwMxFKyD+4d6u/4E7c+gv+gZ/hJM1CWw9cOJxzL/fe40acSWVZX0ZpZXVtfaO8Wdna3tmtmnv7HRnGgtA2CXkoei6WlLOAthVTnPYiQbHvctp1p9eZ332kQrIwuFeziDo+HgfMYwQrLQ3N6sDHaiKJSG7Th+Q0HZo1q27lQMvELkgNCrSG5vdgFJLYp4EiHEvZt61IOQkWihFO08ogljTCZIrHtK9pgH0qnSQ/PEXHWhkhLxS6AoVy9fdEgn0pZ76rO/MzF71M/NfLFCE9ubBfeZdOwoIoVjQg8/VezJEKUZYNGjFBieIzTTARTH+AyAQLTJROsKKjsReDWCads7p9Xm/cNWrNqyKkMhzCEZyADRfQhBtoQRsIxPAML/BqPBlvxrvxMW8tGcXMAfyB8fkDRcGcvQ==</latexit>

I +

<latexit sha1_base64="q527GgBfmHxJl/spQun/RX9+NVM=">AAACAnicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWMG2hjWWz3bRLN5uwuxFK6M27V/0L3sSrf8R/4M9wk+agrQ8GHu/NMDPPjzlT2ra/rNLK6tr6RnmzsrW9s7tX3T9oqyiRhLok4pHs+lhRzgR1NdOcdmNJcehz2vEnN5nfeaRSsUjc62lMvRCPBAsYwdpILntIz2aDas2u2znQMnEKUoMCrUH1uz+MSBJSoQnHSvUcO9ZeiqVmhNNZpZ8oGmMywSPaM1TgkCovzY+doROjDFEQSVNCo1z9PZHiUKlp6JvOEOuxWvQy8V8vU6QK1MJ+HVx5KRNxoqkg8/VBwpGOUJYHGjJJieZTQzCRzHyAyBhLTLRJrWKicRaDWCbt87pzUW/cNWrN6yKkMhzBMZyCA5fQhFtogQsEGDzDC7xaT9ab9W59zFtLVjFzCH9gff4Aj76YBA==</latexit>

i !

<latexit sha1_base64="9j2P/qV/OBByk5b9MPKfuglpOkE=">AAACAnicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYNpCG8tmu2mXbjZhdyOU0Jt3r/oXvIlX/4j/wJ/hJs1BWx8MPN6bYWaeH3OmtG1/WaWV1bX1jfJmZWt7Z3evun/QVlEiCXVJxCPZ9bGinAnqaqY57caS4tDntONPbjK/80ilYpG419OYeiEeCRYwgrWRXPaQns0G1Zpdt3OgZeIUpAYFWoPqd38YkSSkQhOOleo5dqy9FEvNCKezSj9RNMZkgke0Z6jAIVVemh87QydGGaIgkqaERrn6eyLFoVLT0DedIdZjtehl4r9epkgVqIX9OrjyUibiRFNB5uuDhCMdoSwPNGSSEs2nhmAimfkAkTGWmGiTWsVE4ywGsUza53Xnot64a9Sa10VIZTiCYzgFBy6hCbfQAhcIMHiGF3i1nqw36936mLeWrGLmEP7A+vwBjIiYAg==</latexit>

i +

<latexit sha1_base64="fS5BXWdpeWC4cDyC8IAtusjJf7s=">AAACAnicbVBNS8NAEJ2tX7V+VT16WSyCp5KIqMeiF48VTFtoY9lsN+3SzSbsboQSevPuVf+CN/HqH/Ef+DPctDlo64OBx3szzMwLEsG1cZwvVFpZXVvfKG9WtrZ3dveq+wctHaeKMo/GIladgGgmuGSe4UawTqIYiQLB2sH4Jvfbj0xpHst7M0mYH5Gh5CGnxFjJ4w+ZM+1Xa07dmQEvE7cgNSjQ7Fe/e4OYphGThgqiddd1EuNnRBlOBZtWeqlmCaFjMmRdSyWJmPaz2bFTfGKVAQ5jZUsaPFN/T2Qk0noSBbYzImakF71c/NfLFaVDvbDfhFd+xmWSGibpfH2YCmxinOeBB1wxasTEEkIVtx9gOiKKUGNTq9ho3MUglknrrO5e1M/vzmuN6yKkMhzBMZyCC5fQgFtoggcUODzDC7yiJ/SG3tHHvLWEiplD+AP0+QOUj5gH</latexit>

i 0

<latexit sha1_base64="S8LgaS9L48he5DLST69pq4rMnzQ=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksghdLIkU9Fr30WMF+QBvLZrttl242YXcjlJCLf8WLB0W8+jO8+W/ctDlo64OBx3szzMzzI86Udpxvq7Cyura+UdwsbW3v7O7Z+wctFcaS0CYJeSg7PlaUM0GbmmlOO5GkOPA5bfuT28xvP1KpWCju9TSiXoBHgg0ZwdpIffuoF2A9Jpgn9fQhOU9Rjr5ddirODGiZuDkpQ45G3/7qDUISB1RowrFSXdeJtJdgqRnhNC31YkUjTCZ4RLuGChxQ5SWzB1J0apQBGobSlNBopv6eSHCg1DTwTWd2rlr0MvE/rxvr4bWXMBHFmgoyXzSMOdIhytJAAyYp0XxqCCaSmVsRGWOJiTaZlUwI7uLLy6R1UXEvK9W7arl2k8dRhGM4gTNw4QpqUIcGNIFACs/wCm/Wk/VivVsf89aClc8cwh9Ynz/I85ST</latexit>

H !

<latexit sha1_base64="6HX5QbpY2NFzOq0UhkS8mRr0AyA=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgiCURIp6LHrpsYL9gDaWzXbbLt1swu5GKCEX/4oXD4p49Wd489+4aXPQ1gcDj/dmmJnnR5wp7TjfVmFldW19o7hZ2tre2d2z9w9aKowloU0S8lB2fKwoZ4I2NdOcdiJJceBz2vYnt5nffqRSsVDc62lEvQCPBBsygrWR+vZRL8B6TDBP6ulDcp6iHH277FScGdAycXNShhyNvv3VG4QkDqjQhGOluq4TaS/BUjPCaVrqxYpGmEzwiHYNFTigyktmD6To1CgDNAylKaHRTP09keBAqWngm87sXLXoZeJ/XjfWw2svYSKKNRVkvmgYc6RDlKWBBkxSovnUEEwkM7ciMsYSE20yK5kQ3MWXl0nrouJeVqp31XLtJo+jCMdwAmfgwhXUoA4NaAKBFJ7hFd6sJ+vFerc+5q0FK585hD+wPn8AxdmUkQ==</latexit>

H +

<latexit sha1_base64="GkbJv7hlEQlRHi9aUOyZDw4mKpk=">AAACDnicbVDLSsNAFL2pr1ofjbp0M1gEN5ZEirosutFdBfuANpbJdNIOnTyYmQgl5B/cu9VfcCdu/QX/wM9wkmahrQcuHM65l3vvcSPOpLKsL6O0srq2vlHerGxt7+xWzb39jgxjQWibhDwUPRdLyllA24opTnuRoNh3Oe260+vM7z5SIVkY3KtZRB0fjwPmMYKVloZmdeBjNZFEJLfpQ3KaDs2aVbdyoGViF6QGBVpD83swCkns00ARjqXs21aknAQLxQinaWUQSxphMsVj2tc0wD6VTpIfnqJjrYyQFwpdgUK5+nsiwb6UM9/VnfmZi14m/utlipCeXNivvEsnYUEUKxqQ+Xov5kiFKMsGjZigRPGZJpgIpj9AZIIFJkonWNHR2ItBLJPOWd0+rzfuGrXmVRFSGQ7hCE7Ahgtowg20oA0EYniGF3g1now34934mLeWjGLmAP7A+PwBSPecvw==</latexit>

I !

<latexit sha1_base64="NgFWwa5ncTteXCoDGv3i+EbG1t8=">AAACDnicbVDLSsNAFL2pr1ofjbp0M1gEQSiJFHVZdKO7CvYBbSyT6aQdOnkwMxFKyD+4d6u/4E7c+gv+gZ/hJM1CWw9cOJxzL/fe40acSWVZX0ZpZXVtfaO8Wdna3tmtmnv7HRnGgtA2CXkoei6WlLOAthVTnPYiQbHvctp1p9eZ332kQrIwuFeziDo+HgfMYwQrLQ3N6sDHaiKJSG7Th+Q0HZo1q27lQMvELkgNCrSG5vdgFJLYp4EiHEvZt61IOQkWihFO08ogljTCZIrHtK9pgH0qnSQ/PEXHWhkhLxS6AoVy9fdEgn0pZ76rO/MzF71M/NfLFCE9ubBfeZdOwoIoVjQg8/VezJEKUZYNGjFBieIzTTARTH+AyAQLTJROsKKjsReDWCads7p9Xm/cNWrNqyKkMhzCEZyADRfQhBtoQRsIxPAML/BqPBlvxrvxMW8tGcXMAfyB8fkDRcGcvQ==</latexit>

I +

<latexit sha1_base64="fS5BXWdpeWC4cDyC8IAtusjJf7s=">AAACAnicbVBNS8NAEJ2tX7V+VT16WSyCp5KIqMeiF48VTFtoY9lsN+3SzSbsboQSevPuVf+CN/HqH/Ef+DPctDlo64OBx3szzMwLEsG1cZwvVFpZXVvfKG9WtrZ3dveq+wctHaeKMo/GIladgGgmuGSe4UawTqIYiQLB2sH4Jvfbj0xpHst7M0mYH5Gh5CGnxFjJ4w+ZM+1Xa07dmQEvE7cgNSjQ7Fe/e4OYphGThgqiddd1EuNnRBlOBZtWeqlmCaFjMmRdSyWJmPaz2bFTfGKVAQ5jZUsaPFN/T2Qk0noSBbYzImakF71c/NfLFaVDvbDfhFd+xmWSGibpfH2YCmxinOeBB1wxasTEEkIVtx9gOiKKUGNTq9ho3MUglknrrO5e1M/vzmuN6yKkMhzBMZyCC5fQgFtoggcUODzDC7yiJ/SG3tHHvLWEiplD+AP0+QOUj5gH</latexit>

i 0

<latexit sha1_base64="q527GgBfmHxJl/spQun/RX9+NVM=">AAACAnicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWMG2hjWWz3bRLN5uwuxFK6M27V/0L3sSrf8R/4M9wk+agrQ8GHu/NMDPPjzlT2ra/rNLK6tr6RnmzsrW9s7tX3T9oqyiRhLok4pHs+lhRzgR1NdOcdmNJcehz2vEnN5nfeaRSsUjc62lMvRCPBAsYwdpILntIz2aDas2u2znQMnEKUoMCrUH1uz+MSBJSoQnHSvUcO9ZeiqVmhNNZpZ8oGmMywSPaM1TgkCovzY+doROjDFEQSVNCo1z9PZHiUKlp6JvOEOuxWvQy8V8vU6QK1MJ+HVx5KRNxoqkg8/VBwpGOUJYHGjJJieZTQzCRzHyAyBhLTLRJrWKicRaDWCbt87pzUW/cNWrN6yKkMhzBMZyCA5fQhFtogQsEGDzDC7xaT9ab9W59zFtLVjFzCH9gff4Aj76YBA==</latexit>

i !

<latexit sha1_base64="9j2P/qV/OBByk5b9MPKfuglpOkE=">AAACAnicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYNpCG8tmu2mXbjZhdyOU0Jt3r/oXvIlX/4j/wJ/hJs1BWx8MPN6bYWaeH3OmtG1/WaWV1bX1jfJmZWt7Z3evun/QVlEiCXVJxCPZ9bGinAnqaqY57caS4tDntONPbjK/80ilYpG419OYeiEeCRYwgrWRXPaQns0G1Zpdt3OgZeIUpAYFWoPqd38YkSSkQhOOleo5dqy9FEvNCKezSj9RNMZkgke0Z6jAIVVemh87QydGGaIgkqaERrn6eyLFoVLT0DedIdZjtehl4r9epkgVqIX9OrjyUibiRFNB5uuDhCMdoSwPNGSSEs2nhmAimfkAkTGWmGiTWsVE4ywGsUza53Xnot64a9Sa10VIZTiCYzgFBy6hCbfQAhcIMHiGF3i1nqw36936mLeWrGLmEP7A+vwBjIiYAg==</latexit>

i +

<latexit sha1_base64="v/AaA+CQ+1H+BguJLqL1JP/aWek="></latexit>
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<latexit sha1_base64="wemcj2ojYfCaKB9X5S3X5+VcVBc="></latexit>
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<latexit sha1_base64="1foPRdnQI4mWUVmGQC6oY1eLg4A="></latexit>!
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!
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<latexit sha1_base64="UXZYds01fsabgV5L2fBQO1F6iHc="></latexit>

Vl !

!
0 r ! r +

µ2 r ! " .

<latexit sha1_base64="VOZid5SPGEukBbexPvjpuoLKlZ0=">AAACJ3icbVBNS8NAEN34WetX1KOXYBG8WJIi6kUQvXisYKtgatlsJ3XpbhJ3J0IJ+Qv+D+9e9S94Ez1682e4aXPQ6oNl37w3wzAvSATX6Lof1tT0zOzcfGWhuri0vLJqr623dZwqBi0Wi1hdBVSD4BG0kKOAq0QBlYGAy2BwWviX96A0j6MLHCbQkbQf8ZAzikbq2js+ctGDzI8l9Gl+5Os7hWV1kzXyXV+mxZ937Zpbd0dw/hKvJDVSotm1v/xezFIJETJBtb723AQ7GVXImYC86qcaEsoGtA/XhkZUgu5ko4tyZ9soPSeMlXkROiP150RGpdZDGZhOSfFWT3qF+K9XKEqHemI/hoedjEdJihCx8fowFQ7GThGa0+MKGIqhIZQpbi5w2C1VlKGJtmqi8SaD+Evajbq3X98736sdn5QhVcgm2SI7xCMH5JickSZpEUYeyBN5Ji/Wo/VqvVnv49Ypq5zZIL9gfX4D8EynrQ==</latexit>
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<latexit sha1_base64="nJFSA7uxThjXtI5Ansqdclcu2FM="></latexit>
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<latexit sha1_base64="tyBY6nSC5qTm/TAezxST6uobaQM="></latexit>
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7. THE RSET IN OTHER QUANTUM STATES (Arrechea, Breen, Ottewill & PT, 2023)
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<latexit sha1_base64="TZ9fnfLn4nY14EE9UUz5Qq6YYmw=">AAACDnicbVDLSsNAFJ3UV62PRl26GSyCi1KTUtRNoejGjdCCfUATymQ6aYdOJmFmIpbQf3DvVn/Bnbj1F/wDP8NJm4W2HrhwOOde7r3HixiVyrK+jNza+sbmVn67sLO7t180Dw47MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmN6nffSBC0pDfq2lE3ACNOPUpRkpLA7PoPNK6VXbKrfO7ulWpDsySVbHmgKvEzkgJZGgOzG9nGOI4IFxhhqTs21ak3AQJRTEjs4ITSxIhPEEj0teUo4BIN5kfPoOnWhlCPxS6uIJz9fdEggIpp4GnOwOkxnLZS8V/vVQR0pdL+5V/5SaUR7EiHC/W+zGDKoRpNnBIBcGKTTVBWFD9AcRjJBBWOsGCjsZeDmKVdKoV+6JSa9VKjesspDw4BifgDNjgEjTALWiCNsAgBs/gBbwaT8ab8W58LFpzRjZzBP7A+PwB36KapQ==</latexit>

! = 0 , Q/M = 0 .2

<latexit sha1_base64="RCehls5E/mFQI45tg3moFFaMbn0=">AAACEHicbVDLSsNAFJ34rPWV6tJNsAguSpqUUt0Uim7cCC3YBzShTKaTduhkEmYmagn9Cfdu9RfciVv/wD/wM5y0WWjrgQuHc+7l3nu8iBIhLetLW1vf2Nzazu3kd/f2Dw71wlFHhDFHuI1CGvKeBwWmhOG2JJLiXsQxDDyKu97kOvW795gLErI7OY2wG8ARIz5BUCppoBecR1K3y7WSU2qVb+uWWRnoRcu05jBWiZ2RIsjQHOjfzjBEcYCZRBQK0betSLoJ5JIgimd5JxY4gmgCR7ivKIMBFm4yP31mnCllaPghV8WkMVd/TyQwEGIaeKozgHIslr1U/NdLFS58sbRf+pduQlgUS8zQYr0fU0OGRpqOMSQcI0mnikDEifrAQGPIIZIqw7yKxl4OYpV0KqZdM6utarFxlYWUAyfgFJwDG1yABrgBTdAGCDyAZ/ACXrUn7U171z4WrWtaNnMM/kD7/AHU+psf</latexit>

! = 1 / 6, Q/M = 0 .2

<latexit sha1_base64="0912VqpZEGX+u7QC2eeSVmGjomo=">AAACEXicbVDLSsNAFJ3UV62vWJduBovgorSJlGoXhaIbN0IL9gFNKJPppB06eTAzkZbQr3DvVn/Bnbj1C/wDP8NJm4W2HrhwOOde7r3HCRkV0jC+tMzG5tb2TnY3t7d/cHikH+c7Iog4Jm0csID3HCQIoz5pSyoZ6YWcIM9hpOtMbhO/+0i4oIH/IGchsT008qlLMZJKGuh5a0rrZrlatIqt8n3dKNVqA71glIwF4DoxU1IAKZoD/dsaBjjyiC8xQ0L0TSOUdoy4pJiRec6KBAkRnqAR6SvqI48IO17cPofnShlCN+CqfAkX6u+JGHlCzDxHdXpIjsWql4j/eonChStW9kv32o6pH0aS+Hi53o0YlAFM4oFDygmWbKYIwpyqDyAeI46wVCHmVDTmahDrpHNZMqulSqtSaNykIWXBKTgDF8AEV6AB7kATtAEGU/AMXsCr9qS9ae/ax7I1o6UzJ+APtM8fZSebaQ==</latexit>
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• After decades of stagnation, there now exists a suite of methods to 
accurately and efficiently compute the RSET (see Noa Zilberman’s talk for 
another approach).       

•  We can focus our efforts on physics and not on the intricacies of the RSET 
calculation.       
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• After decades of stagnation, there now exists a suite of methods to 
accurately and efficiently compute the RSET (see Noa Zilberman’s talk for 
another approach).       

•  We can focus our efforts on physics and not on the intricacies of the RSET 
calculation.       

•  Splitting in multiple directions guarantees a mode-by-mode subtraction.

•  A judicious choice of expansion “coordinates” permits us to compute all 
regularization parameters in closed form.

•  Resultant mode-sums are rapidly convergent, even close to the horizon.

•  Renormalization in BH spacetimes is surprisingly agnostic to number of 
dimensions and horizon topology. (PT and C. Breen (PRD 2016+PRD 2017); T. Morley, E. 
Winstanley & PT (PRD 2021))
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•  Work ongoing to extend to semi-classical stars (J. Arrechea, A. Ottewill & C. Breen), 
higher dimensions (E. Scanlon & C. Breen), charged fields (E. Winstanley & G. 
Montagnon), BH interiors (L. Pisani), cosmological spacetimes (A. Ferreiro) and 
Kerr (A. Heffernan et al.).       
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another approach).       

•  We can focus our efforts on physics and not on the intricacies of the RSET 
calculation.       

•  Splitting in multiple directions guarantees a mode-by-mode subtraction.

•  A judicious choice of expansion “coordinates” permits us to compute all 
regularization parameters in closed form.

•  Resultant mode-sums are rapidly convergent, even close to the horizon.

•  Renormalization in BH spacetimes is surprisingly agnostic to number of 
dimensions and horizon topology. (PT and C. Breen (PRD 2016+PRD 2017); T. Morley, E. 
Winstanley & PT (PRD 2021))
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Thank you for your attention.
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