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String theory (gravity)   ⟺   field theory (no gravity) 
“in bulk” = higher dimensions “on boundary” = lower dimensions

AdS/CFT after 25 years

describes gravitating systems, e.g. black holes

Invaluable tool to:
Study strongly interacting field theory (hard, but describes many systems)  
by working with higher-dimensional gravity on AdS (easy).

describes experimentally accessible systems

Study quantum gravity in AdS (hard, but needed to understand spacetime)  
by using the field theory (easy for certain things)



Pre-requisite:

We need to understand the AdS/CFT dictionary…
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How does bulk spacetime emerge from the CFT?
Which CFT quantities give the bulk metric?
What determines bulk dynamics (Einstein’s eq.)?
How does one recover a local bulk operator from CFT quantities?

We need to understand the AdS/CFT dictionary…

Recent hints / expectations:  entanglement plays a crucial role…

(How) does the CFT “see” inside a black hole?
(How) does it unitarily describe black hole formation & evaporation process?
How does it resolve curvature singularities? 

What part of bulk can we recover from a restricted CFT info?
What bulk region does a CFT state (at a given instant in time) encode?
What bulk region does a spatial subregion of CFT state encode?



Motivation & Context

Understand the emergence of spacetime 
Use holography
Focus on classical bulk geometry  (i.e.                       regime)

5 Holographic Entropy Cone – summary

30-min talk at KITP conference “Gravity from algebra: modern field theory methods for

holography” (Jan 23-26, 2023)

Title: Towards Characterizing the Holographic Entropy Cone

Abstract: Broad overview of the program of characterizing the HEC

5.1 Outline

1. Motivation & Background

- QG: “spacetime from entanglement”

- Focus on: holography, EE for spatial partitions, classical bulk geom

- Q: Characterize collection of entropy vectors for geometric states in holography:

HEC

-

2. warm-up N = 2

3. HEC via facets/HEIs

4. HEC via ERs

5. HMIP

6. Summary

- RT cone = HRT cone (utility of graph methods)

- obtained from larger N SAC, so characterized by specification of holographic SAC

ERs (e.g. BPs)

-

5.2 Slides

5.3 Main points

Motivation of context:

• HEC characterizes allowed entanglement structure for geometric states in holography.

• Even though ultimately we’re interested in QG, the strategy is to bootstrap from

classical bulk regime,7 where we have a better handle through a better toolkit which

can be developed even further. In particular, we’ll restrict to N = 1,� = 1 corner of

holography.

7Even though the bulk is classical, the dual CFT is highly quantum state, and in fact we’ll rely on a deeply

quantum feature of the total state of the entire system being pure, and hence admitting purification symmetry.

– 17 –
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Seek lessons independent of # of subsystems (≡N)
Bootstrap from low N
Focus on structural relations



Entanglement entropy

For CFT state and bi-partition| i
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Decompose CFT into N elementary subsystems 

N

H = HA ⌦HB ⌦HC ⌦ · · ·
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~S = {S(A), S(B), S(C), S(AB), S(AC), S(BC), S(ABC)}
<latexit sha1_base64="wZPIuhTbVIUbjais7MiytW9hEn4=">AAACKnicbVDLTgIxFO3gC/E16tJNIzGBxJAZY6IbDQMblxjkkTAT0ikFGjqdSdshIRO+x42/4oaFhrj1Q+wACwVv0ntOz7037T1+xKhUljU3MlvbO7t72f3cweHR8Yl5etaUYSwwaeCQhaLtI0kY5aShqGKkHQmCAp+Rlj+qpvXWmAhJQ/6iJhHxAjTgtE8xUlrqmk7ijgmG9Sl8gG4CYb3gFOG1hkoxzVWdU215c6oLqCzB0QjdadfMWyVrEXCT2CuSB6uodc2Z2wtxHBCuMENSdmwrUl6ChKKYkWnOjSWJEB6hAeloylFApJcsVp3CK630YD8U+nAFF+rviQQFUk4CX3cGSA3lei0V/6t1YtW/9xLKo1gRjpcP9WMGVQhT32CPCoIVm2iCsKD6rxAPkUBYaXdz2gR7feVN0rwp2VbJfr7Nlx9XdmTBBbgEBWCDO1AGT6AGGgCDV/AOPsCn8WbMjLnxtWzNGKuZc/AnjO8f+vaeXw==</latexit><latexit sha1_base64="wZPIuhTbVIUbjais7MiytW9hEn4=">AAACKnicbVDLTgIxFO3gC/E16tJNIzGBxJAZY6IbDQMblxjkkTAT0ikFGjqdSdshIRO+x42/4oaFhrj1Q+wACwVv0ntOz7037T1+xKhUljU3MlvbO7t72f3cweHR8Yl5etaUYSwwaeCQhaLtI0kY5aShqGKkHQmCAp+Rlj+qpvXWmAhJQ/6iJhHxAjTgtE8xUlrqmk7ijgmG9Sl8gG4CYb3gFOG1hkoxzVWdU215c6oLqCzB0QjdadfMWyVrEXCT2CuSB6uodc2Z2wtxHBCuMENSdmwrUl6ChKKYkWnOjSWJEB6hAeloylFApJcsVp3CK630YD8U+nAFF+rviQQFUk4CX3cGSA3lei0V/6t1YtW/9xLKo1gRjpcP9WMGVQhT32CPCoIVm2iCsKD6rxAPkUBYaXdz2gR7feVN0rwp2VbJfr7Nlx9XdmTBBbgEBWCDO1AGT6AGGgCDV/AOPsCn8WbMjLnxtWzNGKuZc/AnjO8f+vaeXw==</latexit><latexit sha1_base64="wZPIuhTbVIUbjais7MiytW9hEn4=">AAACKnicbVDLTgIxFO3gC/E16tJNIzGBxJAZY6IbDQMblxjkkTAT0ikFGjqdSdshIRO+x42/4oaFhrj1Q+wACwVv0ntOz7037T1+xKhUljU3MlvbO7t72f3cweHR8Yl5etaUYSwwaeCQhaLtI0kY5aShqGKkHQmCAp+Rlj+qpvXWmAhJQ/6iJhHxAjTgtE8xUlrqmk7ijgmG9Sl8gG4CYb3gFOG1hkoxzVWdU215c6oLqCzB0QjdadfMWyVrEXCT2CuSB6uodc2Z2wtxHBCuMENSdmwrUl6ChKKYkWnOjSWJEB6hAeloylFApJcsVp3CK630YD8U+nAFF+rviQQFUk4CX3cGSA3lei0V/6t1YtW/9xLKo1gRjpcP9WMGVQhT32CPCoIVm2iCsKD6rxAPkUBYaXdz2gR7feVN0rwp2VbJfr7Nlx9XdmTBBbgEBWCDO1AGT6AGGgCDV/AOPsCn8WbMjLnxtWzNGKuZc/AnjO8f+vaeXw==</latexit><latexit sha1_base64="wZPIuhTbVIUbjais7MiytW9hEn4=">AAACKnicbVDLTgIxFO3gC/E16tJNIzGBxJAZY6IbDQMblxjkkTAT0ikFGjqdSdshIRO+x42/4oaFhrj1Q+wACwVv0ntOz7037T1+xKhUljU3MlvbO7t72f3cweHR8Yl5etaUYSwwaeCQhaLtI0kY5aShqGKkHQmCAp+Rlj+qpvXWmAhJQ/6iJhHxAjTgtE8xUlrqmk7ijgmG9Sl8gG4CYb3gFOG1hkoxzVWdU215c6oLqCzB0QjdadfMWyVrEXCT2CuSB6uodc2Z2wtxHBCuMENSdmwrUl6ChKKYkWnOjSWJEB6hAeloylFApJcsVp3CK630YD8U+nAFF+rviQQFUk4CX3cGSA3lei0V/6t1YtW/9xLKo1gRjpcP9WMGVQhT32CPCoIVm2iCsKD6rxAPkUBYaXdz2gR7feVN0rwp2VbJfr7Nlx9XdmTBBbgEBWCDO1AGT6AGGgCDV/AOPsCn8WbMjLnxtWzNGKuZc/AnjO8f+vaeXw==</latexit>

e.g. for N=3,

conceptually useful to consider large N…

Decompose CFT into N elementary subsystems 

N

H = HA ⌦HB ⌦HC ⌦ · · ·
<latexit sha1_base64="fDnKopT3kVMuPO/V0S8Mt6KxTI0="></latexit>

⌦HABC···
<latexit sha1_base64="Bq9XxukV+EY5CeQmuVUHql25ris="></latexit>

"purifier" OA<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit> B
<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

<latexit sha1_base64="XQm7E4LXaXUNUCraj+PI94z15MU=">AAAB6HicbVDLSgNBEJyNrxhfUY9eBoPgadmNeZ0kkIvHBMwDkiXMTjrJmNnZZWZWCEu+wIsHRbz6Sd78GyfJHjRa0FBUddPd5UecKe04X1Zma3tndy+7nzs4PDo+yZ+edVQYSwptGvJQ9nyigDMBbc00h14kgQQ+h64/ayz97iNIxUJxr+cReAGZCDZmlGgjtRrDfMGxyzXnplrCjl0qVm7csiHOCthNSQGlaA7zn4NRSOMAhKacKNV3nUh7CZGaUQ6L3CBWEBE6IxPoGypIAMpLVocu8JVRRngcSlNC45X6cyIhgVLzwDedAdFTtektxf+8fqzHNS9hIoo1CLpeNI451iFefo1HTALVfG4IoZKZWzGdEkmoNtnkTAju5st/SadouxW73CoV6rdpHFl0gS7RNXJRFdXRHWqiNqII0BN6Qa/Wg/VsvVnv69aMlc6co1+wPr4B3l+M/Q==</latexit>

C



Entropy relations

Universal restrictions:
Sub-additivity (SA) S(A) + S(B) � S(AB)

<latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit>

⇨ Mutual information positivity I(A : B) ⌘ S(A) + S(B)� S(AB) � 0
<latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit>

Physically realizable entropy vectors are restricted



Entropy relations

Universal restrictions:
Sub-additivity (SA) S(A) + S(B) � S(AB)

<latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit>

⇨ Mutual information positivity I(A : B) ⌘ S(A) + S(B)� S(AB) � 0
<latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit>

Strong sub-additivity (SSA) S(AB) + S(BC) � S(B) + S(ABC)
<latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit>

⇨ Mutual information monotonicity I(A : C|B) ⌘ I(A : BC)� I(A : B) � 0
<latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit>

Physically realizable entropy vectors are restricted



Entropy relations

Universal restrictions:
Sub-additivity (SA) S(A) + S(B) � S(AB)

<latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit>

⇨ Mutual information positivity I(A : B) ⌘ S(A) + S(B)� S(AB) � 0
<latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit>

Strong sub-additivity (SSA) S(AB) + S(BC) � S(B) + S(ABC)
<latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit>

⇨ Mutual information monotonicity I(A : C|B) ⌘ I(A : BC)� I(A : B) � 0
<latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit>

Physically realizable entropy vectors are restricted

…  (expect more relations with increasing N)
always permutation & purification symmetric

⇒ e.g. transforms SA into Araki-Lieb: 
<latexit sha1_base64="WSuTCPmVb8xpgZyn3lqK5LzNv/4=">AAAB+3icdVDLTgIxFO3gC/E14tJNIzGBmJCOMgzsEDcuMcgjgQnplAINnUfajpEQfsWNC41x64+4828sDxM1epJ7c3LOvent8SLOpELow0isrW9sbiW3Uzu7e/sH5mG6KcNYENogIQ9F28OSchbQhmKK03YkKPY9Tlve+Grut+6okCwMbtUkoq6PhwEbMIKVlnpmup69zJ3pVs11hxTWs9Vcz8ygPCojx7ahJrZ1UShr4hRRwUHQyqMFMmCFWs987/ZDEvs0UIRjKTsWipQ7xUIxwuks1Y0ljTAZ4yHtaBpgn0p3urh9Bk+10oeDUOgKFFyo3zem2Jdy4nt60sdqJH97c/EvrxOrQcmdsiCKFQ3I8qFBzKEK4TwI2GeCEsUnmmAimL4VkhEWmCgdV0qH8PVT+D9pnuetYt6+KWQqpVUcSXAMTkAWWMABFXANaqABCLgHD+AJPBsz49F4MV6XowljtXMEfsB4+wRTrJIM</latexit>

S(A) + S(AB) � S(B)

in any pure state, 
<latexit sha1_base64="elh8eLF2lDp6Fw2hBaF+HYYS4vk=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VoNyGxps1GqLhxWdE+oI1lMp20QycPZyaFEvodblwo4taPceffOEkrqOiByz2ccy9z57gRo0IaxoeWW1ldW9/Ibxa2tnd294r7B20RxhyTFg5ZyLsuEoTRgLQklYx0I06Q7zLScSeXqd+ZEi5oGNzKWUQcH40C6lGMpJKcm/JFBZ5D1e5wZVAsGXrVtiyzDlNi1mwjI3bVsqCpGxlKYInmoPjeH4Y49kkgMUNC9Ewjkk6CuKSYkXmhHwsSITxBI9JTNEA+EU6SHT2HJ0oZQi/kqgIJM/X7RoJ8IWa+qyZ9JMfit5eKf3m9WHq2k9AgiiUJ8OIhL2ZQhjBNAA4pJ1iymSIIc6puhXiMOMJS5VRQIXz9FP5P2qe6WdOt67NSw17GkQdH4BiUgQnqoAGuQBO0AAb34AE8gWdtqj1qL9rrYjSnLXcOwQ9ob58TTZBb</latexit>

S(A) = S(Ac)



Entropy relations

Universal restrictions:
Sub-additivity (SA) S(A) + S(B) � S(AB)

<latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit>

Strong sub-additivity (SSA) S(AB) + S(BC) � S(B) + S(ABC)
<latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit>

⇨ Mutual information positivity I(A : B) ⌘ S(A) + S(B)� S(AB) � 0
<latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit>

⇨ Mutual information monotonicity I(A : C|B) ⌘ I(A : BC)� I(A : B) � 0
<latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit>

Further restrictions, depending on the system

Our task:  understand the full set in holography

…  (expect more relations with increasing N)
always permutation & purification symmetric

Physically realizable entropy vectors are restricted



Holographic entanglement entropy

min
<latexit sha1_base64="DwK+01lv4e4WBfkBC2OV4Q3BWIY=">AAAB8HicdVDLSgNBEOz1GeMr6tHLYBA8Lbt5YLxIwIvHCOYhyRJmJ5NkyMzsMjMrhCVf4cWDIl79HG/+jZNkBRUtaCiquunuCmPOtPG8D2dldW19YzO3ld/e2d3bLxwctnSUKEKbJOKR6oRYU84kbRpmOO3EimIRctoOJ1dzv31PlWaRvDXTmAYCjyQbMoKNle7SnhJIMDnrF4qeW6pWK34NLUklI+WLMvJdb4EiZGj0C++9QUQSQaUhHGvd9b3YBClWhhFOZ/leommMyQSPaNdSiQXVQbo4eIZOrTJAw0jZkgYt1O8TKRZaT0VoOwU2Y/3bm4t/ed3EDGtBymScGCrJctEw4chEaP49GjBFieFTSzBRzN6KyBgrTIzNKG9D+PoU/U9aJdcvu6WbSrF+mcWRg2M4gTPw4RzqcA0NaAIBAQ/wBM+Och6dF+d12briZDNH8APO2ydK2ZC7</latexit>

s ⇠ A
<latexit sha1_base64="agqXzOgaa9Qa5dzsmL0e56sout0=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4CokfWDdSMWNywq2FZpQJtNJO3QyCTMToYRs/BU3LhRx62e482+ctBFU9MCFwzn3cu89fsyoVLb9YZSWlldW18rrlY3Nre0dc3evJ6NEYNLFEYvErY8kYZSTrqKKkdtYEBT6jPT96WXu9++IkDTiN2oWEy9EY04DipHS0tA8SFM3RGoSCDRNZQZdSUN4kWVDs2pbtWaz4bTggjQKUj+rQ8ey56iCAp2h+e6OIpyEhCvMkJQDx46VlyKhKGYkq7iJJDHCUzQmA005Con00vkDGTzWyggGkdDFFZyr3ydSFEo5C33dmR8rf3u5+Jc3SFTQ8lLK40QRjheLgoRBFcE8DTiigmDFZpogLKi+FeIJEggrnVlFh/D1Kfyf9GqWU7dq141q+7yIowwOwRE4AQ44BW1wBTqgCzDIwAN4As/GvfFovBivi9aSUczsgx8w3j4BmPiXDA==</latexit>

S(A) =
<latexit sha1_base64="lpR7TlagwnIII7cJjMQ9Su1q6TM=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBahXkLSD6wHpeLFY0VrC20om+2mXbrZhN2NUEp/hBcPinj193jz37htI6jog4HHezPMzPNjzpR2nA8rs7S8srqWXc9tbG5t7+R39+5UlEhCmyTikWz7WFHOBG1qpjltx5Li0Oe05Y8uZ37rnkrFInGrxzH1QjwQLGAEayO1booXx+gM9fIFxy5VqxW3hhakkpLyaRm5tjNHAVI0evn3bj8iSUiFJhwr1XGdWHsTLDUjnE5z3UTRGJMRHtCOoQKHVHmT+blTdGSUPgoiaUpoNFe/T0xwqNQ49E1niPVQ/fZm4l9eJ9FBzZswESeaCrJYFCQc6QjNfkd9JinRfGwIJpKZWxEZYomJNgnlTAhfn6L/yV3Jdst26bpSqJ+ncWThAA6hCC6cQB2uoAFNIDCCB3iCZyu2Hq0X63XRmrHSmX34AevtE57tjnI=</latexit>

Area(s)

4GN
<latexit sha1_base64="FjFX4p2OpouQ5cHJJOZbR6loGSg="></latexit>

Entanglement entropy          for a boundary 
region     is captured by the area of a bulk 
extremal surface    homologous to    ;
for multiple candidates, choose least area one.

S(A)
<latexit sha1_base64="aSiQZ4qCJm62mG4OChabVSqkvnI=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzTDTB9aNVNy4rGgf0A4lk2ba0CQzJBmhDP0FNy4UcesPufNvzLQjqOiBC4dz7uXee/yIUaUd58PKrayurW/kNwtb2zu7e8X9g44KY4lJG4cslD0fKcKoIG1NNSO9SBLEfUa6/vQq9bv3RCoaijs9i4jH0VjQgGKkU+m2fHk6LJYcu1Kv19wGXJJaRqrnVejazgIlkKE1LL4PRiGOOREaM6RU33Ui7SVIaooZmRcGsSIRwlM0Jn1DBeJEecni1jk8McoIBqE0JTRcqN8nEsSVmnHfdHKkJ+q3l4p/ef1YBw0voSKKNRF4uSiIGdQhTB+HIyoJ1mxmCMKSmlshniCJsDbxFEwIX5/C/0mnYrtVu3JTKzUvsjjy4AgcgzJwwRlogmvQAm2AwQQ8gCfwbHHr0XqxXpetOSubOQQ/YL19Am96jdc=</latexit>

A
<latexit sha1_base64="Cqrr3OmWbhCCwqAfH5nimFZre7g=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQtIH1o1U3LhswT6gDWUyvWnHTiZhZiKU0C9w40IRt36SO//GaRtBRQ9cOJxzL/fe48ecKe04H9bK6tr6xmZuK7+9s7u3Xzg4bKsokRRaNOKR7PpEAWcCWpppDt1YAgl9Dh1/cj33O/cgFYvErZ7G4IVkJFjAKNFGal4NCkXHLlWrFbeGl6SSkfJFGbu2s0ARZWgMCu/9YUSTEISmnCjVc51YeymRmlEOs3w/URATOiEj6BkqSAjKSxeHzvCpUYY4iKQpofFC/T6RklCpaeibzpDosfrtzcW/vF6ig5qXMhEnGgRdLgoSjnWE51/jIZNANZ8aQqhk5lZMx0QSqk02eRPC16f4f9Iu2W7ZLjUrxfplFkcOHaMTdIZcdI7q6AY1UAtRBOgBPaFn6856tF6s12XripXNHKEfsN4+AQafjRU=</latexit>

s
<latexit sha1_base64="61CzDXgrXbQafns0aOqi9sGHHek=">AAAB9XicdVDLSsNAFL2pr1pfVZduBovgKiR9YN1IwY3LCvYBbSyT6aQdOnkwM1FKyH+4caGIW//FnX/jpI2gogcGDufcyz1z3IgzqSzrwyisrK6tbxQ3S1vbO7t75f2DrgxjQWiHhDwUfRdLyllAO4opTvuRoNh3Oe25s8vM791RIVkY3Kh5RB0fTwLmMYKVlm6ToY/V1BN4lsg0HZUrllltNOp2Ey1JPSe18xqyTWuBCuRoj8rvw3FIYp8GinAs5cC2IuUkWChGOE1Lw1jSCJMZntCBpgH2qXSSReoUnWhljLxQ6BcotFC/byTYl3Luu3oyCyl/e5n4lzeIldd0EhZEsaIBWR7yYo5UiLIK0JgJShSfa4KJYDorIlMsMFG6qJIu4eun6H/SrZp2zaxe1yuti7yOIhzBMZyCDWfQgitoQwcICHiAJ3g27o1H48V4XY4WjHznEH7AePsE1syTYw==</latexit> A

<latexit sha1_base64="Cqrr3OmWbhCCwqAfH5nimFZre7g=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQtIH1o1U3LhswT6gDWUyvWnHTiZhZiKU0C9w40IRt36SO//GaRtBRQ9cOJxzL/fe48ecKe04H9bK6tr6xmZuK7+9s7u3Xzg4bKsokRRaNOKR7PpEAWcCWpppDt1YAgl9Dh1/cj33O/cgFYvErZ7G4IVkJFjAKNFGal4NCkXHLlWrFbeGl6SSkfJFGbu2s0ARZWgMCu/9YUSTEISmnCjVc51YeymRmlEOs3w/URATOiEj6BkqSAjKSxeHzvCpUYY4iKQpofFC/T6RklCpaeibzpDosfrtzcW/vF6ig5qXMhEnGgRdLgoSjnWE51/jIZNANZ8aQqhk5lZMx0QSqk02eRPC16f4f9Iu2W7ZLjUrxfplFkcOHaMTdIZcdI7q6AY1UAtRBOgBPaFn6856tF6s12XripXNHKEfsN4+AQafjRU=</latexit>

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit>

s
<latexit sha1_base64="61CzDXgrXbQafns0aOqi9sGHHek=">AAAB9XicdVDLSsNAFL2pr1pfVZduBovgKiR9YN1IwY3LCvYBbSyT6aQdOnkwM1FKyH+4caGIW//FnX/jpI2gogcGDufcyz1z3IgzqSzrwyisrK6tbxQ3S1vbO7t75f2DrgxjQWiHhDwUfRdLyllAO4opTvuRoNh3Oe25s8vM791RIVkY3Kh5RB0fTwLmMYKVlm6ToY/V1BN4lsg0HZUrllltNOp2Ey1JPSe18xqyTWuBCuRoj8rvw3FIYp8GinAs5cC2IuUkWChGOE1Lw1jSCJMZntCBpgH2qXSSReoUnWhljLxQ6BcotFC/byTYl3Luu3oyCyl/e5n4lzeIldd0EhZEsaIBWR7yYo5UiLIK0JgJShSfa4KJYDorIlMsMFG6qJIu4eun6H/SrZp2zaxe1yuti7yOIhzBMZyCDWfQgitoQwcICHiAJ3g27o1H48V4XY4WjHznEH7AePsE1syTYw==</latexit>

boundary

bulk

Proposal [RT=Ryu & Takayanagi, ‘06] for static configurations, 
covariantized by [HRT=VH, Rangamani, Takayanagi, ‘07] for time-dependent situations:



Holographic entanglement entropy

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit> B

<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

Allows for phase transitions, e.g. jump in surface for S(AB):

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit> B

<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

min
<latexit sha1_base64="DwK+01lv4e4WBfkBC2OV4Q3BWIY=">AAAB8HicdVDLSgNBEOz1GeMr6tHLYBA8Lbt5YLxIwIvHCOYhyRJmJ5NkyMzsMjMrhCVf4cWDIl79HG/+jZNkBRUtaCiquunuCmPOtPG8D2dldW19YzO3ld/e2d3bLxwctnSUKEKbJOKR6oRYU84kbRpmOO3EimIRctoOJ1dzv31PlWaRvDXTmAYCjyQbMoKNle7SnhJIMDnrF4qeW6pWK34NLUklI+WLMvJdb4EiZGj0C++9QUQSQaUhHGvd9b3YBClWhhFOZ/leommMyQSPaNdSiQXVQbo4eIZOrTJAw0jZkgYt1O8TKRZaT0VoOwU2Y/3bm4t/ed3EDGtBymScGCrJctEw4chEaP49GjBFieFTSzBRzN6KyBgrTIzNKG9D+PoU/U9aJdcvu6WbSrF+mcWRg2M4gTPw4RzqcA0NaAIBAQ/wBM+Och6dF+d12briZDNH8APO2ydK2ZC7</latexit>

s ⇠ A
<latexit sha1_base64="agqXzOgaa9Qa5dzsmL0e56sout0=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4CokfWDdSMWNywq2FZpQJtNJO3QyCTMToYRs/BU3LhRx62e482+ctBFU9MCFwzn3cu89fsyoVLb9YZSWlldW18rrlY3Nre0dc3evJ6NEYNLFEYvErY8kYZSTrqKKkdtYEBT6jPT96WXu9++IkDTiN2oWEy9EY04DipHS0tA8SFM3RGoSCDRNZQZdSUN4kWVDs2pbtWaz4bTggjQKUj+rQ8ey56iCAp2h+e6OIpyEhCvMkJQDx46VlyKhKGYkq7iJJDHCUzQmA005Con00vkDGTzWyggGkdDFFZyr3ydSFEo5C33dmR8rf3u5+Jc3SFTQ8lLK40QRjheLgoRBFcE8DTiigmDFZpogLKi+FeIJEggrnVlFh/D1Kfyf9GqWU7dq141q+7yIowwOwRE4AQ44BW1wBTqgCzDIwAN4As/GvfFovBivi9aSUczsgx8w3j4BmPiXDA==</latexit>

S(A) =
<latexit sha1_base64="lpR7TlagwnIII7cJjMQ9Su1q6TM=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBahXkLSD6wHpeLFY0VrC20om+2mXbrZhN2NUEp/hBcPinj193jz37htI6jog4HHezPMzPNjzpR2nA8rs7S8srqWXc9tbG5t7+R39+5UlEhCmyTikWz7WFHOBG1qpjltx5Li0Oe05Y8uZ37rnkrFInGrxzH1QjwQLGAEayO1booXx+gM9fIFxy5VqxW3hhakkpLyaRm5tjNHAVI0evn3bj8iSUiFJhwr1XGdWHsTLDUjnE5z3UTRGJMRHtCOoQKHVHmT+blTdGSUPgoiaUpoNFe/T0xwqNQ49E1niPVQ/fZm4l9eJ9FBzZswESeaCrJYFCQc6QjNfkd9JinRfGwIJpKZWxEZYomJNgnlTAhfn6L/yV3Jdst26bpSqJ+ncWThAA6hCC6cQB2uoAFNIDCCB3iCZyu2Hq0X63XRmrHSmX34AevtE57tjnI=</latexit>

Area(s)

4GN
<latexit sha1_base64="FjFX4p2OpouQ5cHJJOZbR6loGSg="></latexit>

Entanglement entropy          for a boundary 
region     is captured by the area of a bulk 
extremal surface    homologous to    ;
for multiple candidates, choose least area one.

S(A)
<latexit sha1_base64="aSiQZ4qCJm62mG4OChabVSqkvnI=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzTDTB9aNVNy4rGgf0A4lk2ba0CQzJBmhDP0FNy4UcesPufNvzLQjqOiBC4dz7uXee/yIUaUd58PKrayurW/kNwtb2zu7e8X9g44KY4lJG4cslD0fKcKoIG1NNSO9SBLEfUa6/vQq9bv3RCoaijs9i4jH0VjQgGKkU+m2fHk6LJYcu1Kv19wGXJJaRqrnVejazgIlkKE1LL4PRiGOOREaM6RU33Ui7SVIaooZmRcGsSIRwlM0Jn1DBeJEecni1jk8McoIBqE0JTRcqN8nEsSVmnHfdHKkJ+q3l4p/ef1YBw0voSKKNRF4uSiIGdQhTB+HIyoJ1mxmCMKSmlshniCJsDbxFEwIX5/C/0mnYrtVu3JTKzUvsjjy4AgcgzJwwRlogmvQAm2AwQQ8gCfwbHHr0XqxXpetOSubOQQ/YL19Am96jdc=</latexit>

A
<latexit sha1_base64="Cqrr3OmWbhCCwqAfH5nimFZre7g=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQtIH1o1U3LhswT6gDWUyvWnHTiZhZiKU0C9w40IRt36SO//GaRtBRQ9cOJxzL/fe48ecKe04H9bK6tr6xmZuK7+9s7u3Xzg4bKsokRRaNOKR7PpEAWcCWpppDt1YAgl9Dh1/cj33O/cgFYvErZ7G4IVkJFjAKNFGal4NCkXHLlWrFbeGl6SSkfJFGbu2s0ARZWgMCu/9YUSTEISmnCjVc51YeymRmlEOs3w/URATOiEj6BkqSAjKSxeHzvCpUYY4iKQpofFC/T6RklCpaeibzpDosfrtzcW/vF6ig5qXMhEnGgRdLgoSjnWE51/jIZNANZ8aQqhk5lZMx0QSqk02eRPC16f4f9Iu2W7ZLjUrxfplFkcOHaMTdIZcdI7q6AY1UAtRBOgBPaFn6856tF6s12XripXNHKEfsN4+AQafjRU=</latexit>

s
<latexit sha1_base64="61CzDXgrXbQafns0aOqi9sGHHek=">AAAB9XicdVDLSsNAFL2pr1pfVZduBovgKiR9YN1IwY3LCvYBbSyT6aQdOnkwM1FKyH+4caGIW//FnX/jpI2gogcGDufcyz1z3IgzqSzrwyisrK6tbxQ3S1vbO7t75f2DrgxjQWiHhDwUfRdLyllAO4opTvuRoNh3Oe25s8vM791RIVkY3Kh5RB0fTwLmMYKVlm6ToY/V1BN4lsg0HZUrllltNOp2Ey1JPSe18xqyTWuBCuRoj8rvw3FIYp8GinAs5cC2IuUkWChGOE1Lw1jSCJMZntCBpgH2qXSSReoUnWhljLxQ6BcotFC/byTYl3Luu3oyCyl/e5n4lzeIldd0EhZEsaIBWR7yYo5UiLIK0JgJShSfa4KJYDorIlMsMFG6qJIu4eun6H/SrZp2zaxe1yuti7yOIhzBMZyCDWfQgitoQwcICHiAJ3g27o1H48V4XY4WjHznEH7AePsE1syTYw==</latexit> A

<latexit sha1_base64="Cqrr3OmWbhCCwqAfH5nimFZre7g=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQtIH1o1U3LhswT6gDWUyvWnHTiZhZiKU0C9w40IRt36SO//GaRtBRQ9cOJxzL/fe48ecKe04H9bK6tr6xmZuK7+9s7u3Xzg4bKsokRRaNOKR7PpEAWcCWpppDt1YAgl9Dh1/cj33O/cgFYvErZ7G4IVkJFjAKNFGal4NCkXHLlWrFbeGl6SSkfJFGbu2s0ARZWgMCu/9YUSTEISmnCjVc51YeymRmlEOs3w/URATOiEj6BkqSAjKSxeHzvCpUYY4iKQpofFC/T6RklCpaeibzpDosfrtzcW/vF6ig5qXMhEnGgRdLgoSjnWE51/jIZNANZ8aQqhk5lZMx0QSqk02eRPC16f4f9Iu2W7ZLjUrxfplFkcOHaMTdIZcdI7q6AY1UAtRBOgBPaFn6856tF6s12XripXNHKEfsN4+AQafjRU=</latexit>

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit>

s
<latexit sha1_base64="61CzDXgrXbQafns0aOqi9sGHHek=">AAAB9XicdVDLSsNAFL2pr1pfVZduBovgKiR9YN1IwY3LCvYBbSyT6aQdOnkwM1FKyH+4caGIW//FnX/jpI2gogcGDufcyz1z3IgzqSzrwyisrK6tbxQ3S1vbO7t75f2DrgxjQWiHhDwUfRdLyllAO4opTvuRoNh3Oe25s8vM791RIVkY3Kh5RB0fTwLmMYKVlm6ToY/V1BN4lsg0HZUrllltNOp2Ey1JPSe18xqyTWuBCuRoj8rvw3FIYp8GinAs5cC2IuUkWChGOE1Lw1jSCJMZntCBpgH2qXSSReoUnWhljLxQ6BcotFC/byTYl3Luu3oyCyl/e5n4lzeIldd0EhZEsaIBWR7yYo5UiLIK0JgJShSfa4KJYDorIlMsMFG6qJIu4eun6H/SrZp2zaxe1yuti7yOIhzBMZyCDWfQgitoQwcICHiAJ3g27o1H48V4XY4WjHznEH7AePsE1syTYw==</latexit>

boundary

bulk

Proposal [RT=Ryu & Takayanagi, ‘06] for static configurations, 
covariantized by [HRT=VH, Rangamani, Takayanagi, ‘07] for time-dependent situations:



Proof of Strong Subadditivity

strong subadditivity:

proof in static configurations  [Headrick&Takayanagi]   

bdy

bulk

<latexit sha1_base64="UTZuwxcnA09L59Tiz1ucnGocItQ=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0Wom5DE2sdGqm5cVjS20IYymU7aoZNJmJkIJfQb3LhQxK0f5M6/cdJWUNEDFw7n3Mu99/gxo1JZ1oeRW1peWV3Lrxc2Nre2d4q7e3cySgQmLo5YJDo+koRRTlxFFSOdWBAU+oy0/fFl5rfviZA04rdqEhMvRENOA4qR0pJ7Uz6/OO4XS5ZZq9iOY0PLtCo1u1HNyEndadjQNq0ZSmCBVr/43htEOAkJV5ghKbu2FSsvRUJRzMi00EskiREeoyHpaspRSKSXzo6dwiOtDGAQCV1cwZn6fSJFoZST0NedIVIj+dvLxL+8bqKCupdSHieKcDxfFCQMqghmn8MBFQQrNtEEYUH1rRCPkEBY6XwKOoSvT+H/5M4x7ap5el0pNc8WceTBATgEZWCDGmiCK9ACLsCAggfwBJ4NbjwaL8brvDVnLGb2wQ8Yb5/oeo4c</latexit>

S(AB)
<latexit sha1_base64="FBs8k4vYpBRAKkwcyjp6MfbxQRg=">AAAB7HicdVDLSgMxFM3UV62vqks3wSLUzZCp09pupNiNy4qOLbRDyaSZNjSTGZKMUEq/wY0LRdz6Qe78G9OHoKIHLhzOuZd77wkSzpRG6MPKrKyurW9kN3Nb2zu7e/n9gzsVp5JQj8Q8lu0AK8qZoJ5mmtN2IimOAk5bwagx81v3VCoWi1s9Tqgf4YFgISNYG8m7KV42Tnv5ArIdx624FYhsdFauIdeQWq3qlEvQsdEcBbBEs5d/7/ZjkkZUaMKxUh0HJdqfYKkZ4XSa66aKJpiM8IB2DBU4osqfzI+dwhOj9GEYS1NCw7n6fWKCI6XGUWA6I6yH6rc3E//yOqkOq/6EiSTVVJDFojDlUMdw9jnsM0mJ5mNDMJHM3ArJEEtMtMknZ0L4+hT+T+5KtlOxy9duoX6xjCMLjsAxKAIHnIM6uAJN4AECGHgAT+DZEtaj9WK9Lloz1nLmEPyA9fYJ+dSOKA==</latexit>

S(BC)
<latexit sha1_base64="Yh4H93ZUOv49Tg6shbRMRW4wf5Q=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARBGHpCxsSLBLx4TMAskAyhp1OTtOlZ6O4RwpAv8OJBEa9+kjf/xs4iqOiDgsd7VVTV8xPBlSbkw1pZXVvf2Mxt5bd3dvf2CweHLRWnkkGTxSKWHZ8qEDyCpuZaQCeRQENfQNsfX8/89j1IxePoVk8S8EI6jHjAGdVGapz3C0Vik4pbuixjQxxSIsSQklt2SRU7NpmjiJao9wvvvUHM0hAizQRVquuQRHsZlZozAdN8L1WQUDamQ+gaGtEQlJfND53iU6MMcBBLU5HGc/X7REZDpSahbzpDqkfqtzcT//K6qQ6qXsajJNUQscWiIBVYx3j2NR5wCUyLiSGUSW5uxWxEJWXaZJM3IXx9iv8nrZLtXNhuo1ysXS3jyKFjdILOkIMqqIZuUB01EUOAHtATerburEfrxXpdtK5Yy5kj9APW2yfBwIzr</latexit>

+

S(AB) + S(BC) � S(B) + S(ABC)
<latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit>

<latexit sha1_base64="kgTh1K31HVgnQsbd24zroUmkL7s=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcxK4kZPES8eEzAPSJYwO5lNxsw+mJkVQsgXePGgiFc/yZt/42yygooWNBRV3XR3ebHgSmP8YeVWVtfWN/Kbha3tnd294v5BW0WJpKxFIxHJrkcUEzxkLc21YN1YMhJ4gnW8yXXqd+6ZVDwKb/U0Zm5ARiH3OSXaSM2rQbGEyxhXsINRSlIY4lSrTu0C2ZlSggyNQfG9P4xoErBQU0GU6tk41u6MSM2pYPNCP1EsJnRCRqxnaEgCptzZ4tA5OjHKEPmRNBVqtFC/T8xIoNQ08ExnQPRY/fZS8S+vl2i/5s54GCeahXS5yE8E0hFKv0ZDLhnVYmoIoZKbWxEdE0moNtkUTAhfn6L/SfusbJ+Xq81KqX6ZxZGHIziGU7DBgTrcQANaQIHBAzzBs3VnPVov1uuyNWdlM4fwA9bbJ93WjPs=</latexit>

A
<latexit sha1_base64="1/XSkSRO2aSteFFAxbWNhWoA8BE=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcxK4kZPQS8eEzAPSJYwO5lNxsw+mJkVQsgXePGgiFc/yZt/42yygooWNBRV3XR3ebHgSmP8YeVWVtfWN/Kbha3tnd294v5BW0WJpKxFIxHJrkcUEzxkLc21YN1YMhJ4gnW8yXXqd+6ZVDwKb/U0Zm5ARiH3OSXaSM2rQbGEyxhXsINRSlIY4lSrTu0C2ZlSggyNQfG9P4xoErBQU0GU6tk41u6MSM2pYPNCP1EsJnRCRqxnaEgCptzZ4tA5OjHKEPmRNBVqtFC/T8xIoNQ08ExnQPRY/fZS8S+vl2i/5s54GCeahXS5yE8E0hFKv0ZDLhnVYmoIoZKbWxEdE0moNtkUTAhfn6L/SfusbJ+Xq81KqX6ZxZGHIziGU7DBgTrcQANaQIHBAzzBs3VnPVov1uuyNWdlM4fwA9bbJ99ajPw=</latexit>

B
<latexit sha1_base64="HfmHukc61Gcismb2zXVsHl2hZXI=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcxK4kZPgVw8JmAekCxhdtKbjJl9MDMrhJAv8OJBEa9+kjf/xtlkBRUtaCiquunu8mLBlSbkw8qtrW9sbuW3Czu7e/sHxcOjjooSyaDNIhHJnkcVCB5CW3MtoBdLoIEnoOtNG6nfvQepeBTe6lkMbkDHIfc5o9pIrcawWCJlQirEITglKQxxqlWndoXtTCmhDM1h8X0wilgSQKiZoEr1bRJrd06l5kzAojBIFMSUTekY+oaGNADlzpeHLvCZUUbYj6SpUOOl+n1iTgOlZoFnOgOqJ+q3l4p/ef1E+zV3zsM40RCy1SI/EVhHOP0aj7gEpsXMEMokN7diNqGSMm2yKZgQvj7F/5PORdm+LFdblVL9Oosjj07QKTpHNnJQHd2gJmojhgA9oCf0bN1Zj9aL9bpqzVnZzDH6AevtE+DejP0=</latexit>

C



Proof of Strong Subadditivity

strong subadditivity:

proof in static configurations  [Headrick&Takayanagi]   

bdy

bulk

<latexit sha1_base64="UTZuwxcnA09L59Tiz1ucnGocItQ=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0Wom5DE2sdGqm5cVjS20IYymU7aoZNJmJkIJfQb3LhQxK0f5M6/cdJWUNEDFw7n3Mu99/gxo1JZ1oeRW1peWV3Lrxc2Nre2d4q7e3cySgQmLo5YJDo+koRRTlxFFSOdWBAU+oy0/fFl5rfviZA04rdqEhMvRENOA4qR0pJ7Uz6/OO4XS5ZZq9iOY0PLtCo1u1HNyEndadjQNq0ZSmCBVr/43htEOAkJV5ghKbu2FSsvRUJRzMi00EskiREeoyHpaspRSKSXzo6dwiOtDGAQCV1cwZn6fSJFoZST0NedIVIj+dvLxL+8bqKCupdSHieKcDxfFCQMqghmn8MBFQQrNtEEYUH1rRCPkEBY6XwKOoSvT+H/5M4x7ap5el0pNc8WceTBATgEZWCDGmiCK9ACLsCAggfwBJ4NbjwaL8brvDVnLGb2wQ8Yb5/oeo4c</latexit>

S(AB)
<latexit sha1_base64="FBs8k4vYpBRAKkwcyjp6MfbxQRg=">AAAB7HicdVDLSgMxFM3UV62vqks3wSLUzZCp09pupNiNy4qOLbRDyaSZNjSTGZKMUEq/wY0LRdz6Qe78G9OHoKIHLhzOuZd77wkSzpRG6MPKrKyurW9kN3Nb2zu7e/n9gzsVp5JQj8Q8lu0AK8qZoJ5mmtN2IimOAk5bwagx81v3VCoWi1s9Tqgf4YFgISNYG8m7KV42Tnv5ArIdx624FYhsdFauIdeQWq3qlEvQsdEcBbBEs5d/7/ZjkkZUaMKxUh0HJdqfYKkZ4XSa66aKJpiM8IB2DBU4osqfzI+dwhOj9GEYS1NCw7n6fWKCI6XGUWA6I6yH6rc3E//yOqkOq/6EiSTVVJDFojDlUMdw9jnsM0mJ5mNDMJHM3ArJEEtMtMknZ0L4+hT+T+5KtlOxy9duoX6xjCMLjsAxKAIHnIM6uAJN4AECGHgAT+DZEtaj9WK9Lloz1nLmEPyA9fYJ+dSOKA==</latexit>

S(BC)
<latexit sha1_base64="Yh4H93ZUOv49Tg6shbRMRW4wf5Q=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARBGHpCxsSLBLx4TMAskAyhp1OTtOlZ6O4RwpAv8OJBEa9+kjf/xs4iqOiDgsd7VVTV8xPBlSbkw1pZXVvf2Mxt5bd3dvf2CweHLRWnkkGTxSKWHZ8qEDyCpuZaQCeRQENfQNsfX8/89j1IxePoVk8S8EI6jHjAGdVGapz3C0Vik4pbuixjQxxSIsSQklt2SRU7NpmjiJao9wvvvUHM0hAizQRVquuQRHsZlZozAdN8L1WQUDamQ+gaGtEQlJfND53iU6MMcBBLU5HGc/X7REZDpSahbzpDqkfqtzcT//K6qQ6qXsajJNUQscWiIBVYx3j2NR5wCUyLiSGUSW5uxWxEJWXaZJM3IXx9iv8nrZLtXNhuo1ysXS3jyKFjdILOkIMqqIZuUB01EUOAHtATerburEfrxXpdtK5Yy5kj9APW2yfBwIzr</latexit>

+

<latexit sha1_base64="kgTh1K31HVgnQsbd24zroUmkL7s=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcxK4kZPES8eEzAPSJYwO5lNxsw+mJkVQsgXePGgiFc/yZt/42yygooWNBRV3XR3ebHgSmP8YeVWVtfWN/Kbha3tnd294v5BW0WJpKxFIxHJrkcUEzxkLc21YN1YMhJ4gnW8yXXqd+6ZVDwKb/U0Zm5ARiH3OSXaSM2rQbGEyxhXsINRSlIY4lSrTu0C2ZlSggyNQfG9P4xoErBQU0GU6tk41u6MSM2pYPNCP1EsJnRCRqxnaEgCptzZ4tA5OjHKEPmRNBVqtFC/T8xIoNQ08ExnQPRY/fZS8S+vl2i/5s54GCeahXS5yE8E0hFKv0ZDLhnVYmoIoZKbWxEdE0moNtkUTAhfn6L/SfusbJ+Xq81KqX6ZxZGHIziGU7DBgTrcQANaQIHBAzzBs3VnPVov1uuyNWdlM4fwA9bbJ93WjPs=</latexit>

A
<latexit sha1_base64="1/XSkSRO2aSteFFAxbWNhWoA8BE=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcxK4kZPQS8eEzAPSJYwO5lNxsw+mJkVQsgXePGgiFc/yZt/42yygooWNBRV3XR3ebHgSmP8YeVWVtfWN/Kbha3tnd294v5BW0WJpKxFIxHJrkcUEzxkLc21YN1YMhJ4gnW8yXXqd+6ZVDwKb/U0Zm5ARiH3OSXaSM2rQbGEyxhXsINRSlIY4lSrTu0C2ZlSggyNQfG9P4xoErBQU0GU6tk41u6MSM2pYPNCP1EsJnRCRqxnaEgCptzZ4tA5OjHKEPmRNBVqtFC/T8xIoNQ08ExnQPRY/fZS8S+vl2i/5s54GCeahXS5yE8E0hFKv0ZDLhnVYmoIoZKbWxEdE0moNtkUTAhfn6L/SfusbJ+Xq81KqX6ZxZGHIziGU7DBgTrcQANaQIHBAzzBs3VnPVov1uuyNWdlM4fwA9bbJ99ajPw=</latexit>

B
<latexit sha1_base64="HfmHukc61Gcismb2zXVsHl2hZXI=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcxK4kZPgVw8JmAekCxhdtKbjJl9MDMrhJAv8OJBEa9+kjf/xtlkBRUtaCiquunu8mLBlSbkw8qtrW9sbuW3Czu7e/sHxcOjjooSyaDNIhHJnkcVCB5CW3MtoBdLoIEnoOtNG6nfvQepeBTe6lkMbkDHIfc5o9pIrcawWCJlQirEITglKQxxqlWndoXtTCmhDM1h8X0wilgSQKiZoEr1bRJrd06l5kzAojBIFMSUTekY+oaGNADlzpeHLvCZUUbYj6SpUOOl+n1iTgOlZoFnOgOqJ+q3l4p/ef1E+zV3zsM40RCy1SI/EVhHOP0aj7gEpsXMEMokN7diNqGSMm2yKZgQvj7F/5PORdm+LFdblVL9Oosjj07QKTpHNnJQHd2gJmojhgA9oCf0bN1Zj9aL9bpqzVnZzDH6AevtE+DejP0=</latexit>

C

<latexit sha1_base64="NMMgUw/XD5r3znjNVaZKydKVgXM=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ0/ImHhQAl48JmAWSIbQ06lJ2vQsdPcIYcgXePGgiFc/yZt/Y2cRVPRBweO9Kqrq+YngShPyYa2srq1vbOa28ts7u3v7hYPDlopTyaDJYhHLjk8VCB5BU3MtoJNIoKEvoO2Pr2d++x6k4nF0qycJeCEdRjzgjGojNS77hSKxScUtXZSxIQ4pEWJIyS27pIodm8xRREvU+4X33iBmaQiRZoIq1XVIor2MSs2ZgGm+lypIKBvTIXQNjWgIysvmh07xqVEGOIilqUjjufp9IqOhUpPQN50h1SP125uJf3ndVAdVL+NRkmqI2GJRkAqsYzz7Gg+4BKbFxBDKJDe3YjaikjJtssmbEL4+xf+TVsl2zm23US7WrpZx5NAxOkFnyEEVVEM3qI6aiCFAD+gJPVt31qP1Yr0uWles5cwR+gHr7RPdCIz9</latexit>=
<latexit sha1_base64="Yh4H93ZUOv49Tg6shbRMRW4wf5Q=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARBGHpCxsSLBLx4TMAskAyhp1OTtOlZ6O4RwpAv8OJBEa9+kjf/xs4iqOiDgsd7VVTV8xPBlSbkw1pZXVvf2Mxt5bd3dvf2CweHLRWnkkGTxSKWHZ8qEDyCpuZaQCeRQENfQNsfX8/89j1IxePoVk8S8EI6jHjAGdVGapz3C0Vik4pbuixjQxxSIsSQklt2SRU7NpmjiJao9wvvvUHM0hAizQRVquuQRHsZlZozAdN8L1WQUDamQ+gaGtEQlJfND53iU6MMcBBLU5HGc/X7REZDpSahbzpDqkfqtzcT//K6qQ6qXsajJNUQscWiIBVYx3j2NR5wCUyLiSGUSW5uxWxEJWXaZJM3IXx9iv8nrZLtXNhuo1ysXS3jyKFjdILOkIMqqIZuUB01EUOAHtATerburEfrxXpdtK5Yy5kj9APW2yfBwIzr</latexit>

+<latexit sha1_base64="BmoI/UUJYU75OvD/W+EuyyMpYFw=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ2ZwbLuRghuXFewD2qFk0kwbm0mGJCOUof/gxoUibv0fd/6N6UNQ0QMXDufcy733RCln2iD04aysrq1vbBa2its7u3v7pYPDlpaZIrRJJJeqE2FNORO0aZjhtJMqipOI03Y0vpr57XuqNJPi1kxSGiZ4KFjMCDZWavUwT0e4Xyoj1/ODql+FyK2goFZDlnjIR34APRfNUQZLNPql995AkiyhwhCOte56KDVhjpVhhNNpsZdpmmIyxkPatVTghOown187hadWGcBYKlvCwLn6fSLHidaTJLKdCTYj/dubiX953czE1TBnIs0MFWSxKM44NBLOXocDpigxfGIJJorZWyEZYYWJsQEVbQhfn8L/Sct3vQs3uDkv1y+XcRTAMTgBZ8ADFVAH16ABmoCAO/AAnsCzI51H58V5XbSuOMuZI/ADztsn7YWPYA==</latexit>↵
<latexit sha1_base64="84UG/kzI3RCKtwG3drMU51VCxMc=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0hKm/YkBS8eK5i20Iay2W7bpZtN2J0IJfQ3ePGgiFd/kDf/jds2goo+GHi8N8PMvDARXIPjfFiFjc2t7Z3ibmlv/+DwqHx80tFxqijzaSxi1QuJZoJL5gMHwXqJYiQKBeuGs+ul371nSvNY3sE8YUFEJpKPOSVgJH8QMiDDcsWxa02v5jawYzsrGFJ3q57nYDdXKihHe1h+H4ximkZMAhVE677rJBBkRAGngi1Kg1SzhNAZmbC+oZJETAfZ6tgFvjDKCI9jZUoCXqnfJzISaT2PQtMZEZjq395S/MvrpzBuBhmXSQpM0vWicSowxHj5OR5xxSiIuSGEKm5uxXRKFKFg8imZEL4+xf+TTtV2Pbt+W6u0rvI4iugMnaNL5KIGaqEb1EY+ooijB/SEni1pPVov1uu6tWDlM6foB6y3Tw6vjtw=</latexit>

�

S(AB) + S(BC) � S(B) + S(ABC)
<latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit>

<latexit sha1_base64="kgTh1K31HVgnQsbd24zroUmkL7s=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcxK4kZPES8eEzAPSJYwO5lNxsw+mJkVQsgXePGgiFc/yZt/42yygooWNBRV3XR3ebHgSmP8YeVWVtfWN/Kbha3tnd294v5BW0WJpKxFIxHJrkcUEzxkLc21YN1YMhJ4gnW8yXXqd+6ZVDwKb/U0Zm5ARiH3OSXaSM2rQbGEyxhXsINRSlIY4lSrTu0C2ZlSggyNQfG9P4xoErBQU0GU6tk41u6MSM2pYPNCP1EsJnRCRqxnaEgCptzZ4tA5OjHKEPmRNBVqtFC/T8xIoNQ08ExnQPRY/fZS8S+vl2i/5s54GCeahXS5yE8E0hFKv0ZDLhnVYmoIoZKbWxEdE0moNtkUTAhfn6L/SfusbJ+Xq81KqX6ZxZGHIziGU7DBgTrcQANaQIHBAzzBs3VnPVov1uuyNWdlM4fwA9bbJ93WjPs=</latexit>

A
<latexit sha1_base64="1/XSkSRO2aSteFFAxbWNhWoA8BE=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcxK4kZPQS8eEzAPSJYwO5lNxsw+mJkVQsgXePGgiFc/yZt/42yygooWNBRV3XR3ebHgSmP8YeVWVtfWN/Kbha3tnd294v5BW0WJpKxFIxHJrkcUEzxkLc21YN1YMhJ4gnW8yXXqd+6ZVDwKb/U0Zm5ARiH3OSXaSM2rQbGEyxhXsINRSlIY4lSrTu0C2ZlSggyNQfG9P4xoErBQU0GU6tk41u6MSM2pYPNCP1EsJnRCRqxnaEgCptzZ4tA5OjHKEPmRNBVqtFC/T8xIoNQ08ExnQPRY/fZS8S+vl2i/5s54GCeahXS5yE8E0hFKv0ZDLhnVYmoIoZKbWxEdE0moNtkUTAhfn6L/SfusbJ+Xq81KqX6ZxZGHIziGU7DBgTrcQANaQIHBAzzBs3VnPVov1uuyNWdlM4fwA9bbJ99ajPw=</latexit>

B
<latexit sha1_base64="HfmHukc61Gcismb2zXVsHl2hZXI=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcxK4kZPgVw8JmAekCxhdtKbjJl9MDMrhJAv8OJBEa9+kjf/xtlkBRUtaCiquunu8mLBlSbkw8qtrW9sbuW3Czu7e/sHxcOjjooSyaDNIhHJnkcVCB5CW3MtoBdLoIEnoOtNG6nfvQepeBTe6lkMbkDHIfc5o9pIrcawWCJlQirEITglKQxxqlWndoXtTCmhDM1h8X0wilgSQKiZoEr1bRJrd06l5kzAojBIFMSUTekY+oaGNADlzpeHLvCZUUbYj6SpUOOl+n1iTgOlZoFnOgOqJ+q3l4p/ef1E+zV3zsM40RCy1SI/EVhHOP0aj7gEpsXMEMokN7diNqGSMm2yKZgQvj7F/5PORdm+LFdblVL9Oosjj07QKTpHNnJQHd2gJmojhgA9oCf0bN1Zj9aL9bpqzVnZzDH6AevtE+DejP0=</latexit>

C



Proof of Strong Subadditivity

strong subadditivity:

proof in static configurations  [Headrick&Takayanagi]   

bdy

bulk

<latexit sha1_base64="UTZuwxcnA09L59Tiz1ucnGocItQ=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0Wom5DE2sdGqm5cVjS20IYymU7aoZNJmJkIJfQb3LhQxK0f5M6/cdJWUNEDFw7n3Mu99/gxo1JZ1oeRW1peWV3Lrxc2Nre2d4q7e3cySgQmLo5YJDo+koRRTlxFFSOdWBAU+oy0/fFl5rfviZA04rdqEhMvRENOA4qR0pJ7Uz6/OO4XS5ZZq9iOY0PLtCo1u1HNyEndadjQNq0ZSmCBVr/43htEOAkJV5ghKbu2FSsvRUJRzMi00EskiREeoyHpaspRSKSXzo6dwiOtDGAQCV1cwZn6fSJFoZST0NedIVIj+dvLxL+8bqKCupdSHieKcDxfFCQMqghmn8MBFQQrNtEEYUH1rRCPkEBY6XwKOoSvT+H/5M4x7ap5el0pNc8WceTBATgEZWCDGmiCK9ACLsCAggfwBJ4NbjwaL8brvDVnLGb2wQ8Yb5/oeo4c</latexit>

S(AB)
<latexit sha1_base64="FBs8k4vYpBRAKkwcyjp6MfbxQRg=">AAAB7HicdVDLSgMxFM3UV62vqks3wSLUzZCp09pupNiNy4qOLbRDyaSZNjSTGZKMUEq/wY0LRdz6Qe78G9OHoKIHLhzOuZd77wkSzpRG6MPKrKyurW9kN3Nb2zu7e/n9gzsVp5JQj8Q8lu0AK8qZoJ5mmtN2IimOAk5bwagx81v3VCoWi1s9Tqgf4YFgISNYG8m7KV42Tnv5ArIdx624FYhsdFauIdeQWq3qlEvQsdEcBbBEs5d/7/ZjkkZUaMKxUh0HJdqfYKkZ4XSa66aKJpiM8IB2DBU4osqfzI+dwhOj9GEYS1NCw7n6fWKCI6XGUWA6I6yH6rc3E//yOqkOq/6EiSTVVJDFojDlUMdw9jnsM0mJ5mNDMJHM3ArJEEtMtMknZ0L4+hT+T+5KtlOxy9duoX6xjCMLjsAxKAIHnIM6uAJN4AECGHgAT+DZEtaj9WK9Lloz1nLmEPyA9fYJ+dSOKA==</latexit>

S(BC)
<latexit sha1_base64="Yh4H93ZUOv49Tg6shbRMRW4wf5Q=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARBGHpCxsSLBLx4TMAskAyhp1OTtOlZ6O4RwpAv8OJBEa9+kjf/xs4iqOiDgsd7VVTV8xPBlSbkw1pZXVvf2Mxt5bd3dvf2CweHLRWnkkGTxSKWHZ8qEDyCpuZaQCeRQENfQNsfX8/89j1IxePoVk8S8EI6jHjAGdVGapz3C0Vik4pbuixjQxxSIsSQklt2SRU7NpmjiJao9wvvvUHM0hAizQRVquuQRHsZlZozAdN8L1WQUDamQ+gaGtEQlJfND53iU6MMcBBLU5HGc/X7REZDpSahbzpDqkfqtzcT//K6qQ6qXsajJNUQscWiIBVYx3j2NR5wCUyLiSGUSW5uxWxEJWXaZJM3IXx9iv8nrZLtXNhuo1ysXS3jyKFjdILOkIMqqIZuUB01EUOAHtATerburEfrxXpdtK5Yy5kj9APW2yfBwIzr</latexit>

+

�

<latexit sha1_base64="n2eHTdPrwDQg67w2lVY+lV0g7RQ=">AAAB6nicdVDJSgNBEO1xjXGLevTSGARPQ0/ImHiRgBePEc0CyRB6OjWTJj0L3T1CGPIJXjwo4tUv8ubf2FkEFX1Q8Hiviqp6fiq40oR8WCura+sbm4Wt4vbO7t5+6eCwrZJMMmixRCSy61MFgsfQ0lwL6KYSaOQL6Pjjq5nfuQepeBLf6UkKXkTDmAecUW2k234Ig1KZ2KTmVi6q2BCHVAgxpOJWXVLHjk3mKKMlmoPSe3+YsCyCWDNBleo5JNVeTqXmTMC02M8UpJSNaQg9Q2MagfLy+alTfGqUIQ4SaSrWeK5+n8hppNQk8k1nRPVI/fZm4l9eL9NB3ct5nGYaYrZYFGQC6wTP/sZDLoFpMTGEMsnNrZiNqKRMm3SKJoSvT/H/pF2xnXPbvamWG5fLOAroGJ2gM+SgGmqga9RELcRQiB7QE3q2hPVovVivi9YVazlzhH7AevsEjDuN/A==</latexit>� <latexit sha1_base64="yNtCPWVqAnWCZA+X9PwUGdS2ASw=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzTDj9GE3UnTjsqJ9QDuUTJppQ5PMkGSEUvoLblwo4tYfcuffmGkrqOiBC4dz7uXee4KYUaUd58PKrKyurW9kN3Nb2zu7e/n9g5aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawfgq9dv3RCoaiTs9iYnP0VDQkGKkU+m2eHnazxcc26l5ZceDjl31aiWvYojrVd2aB13bmaMAlmj08++9QYQTToTGDCnVdZ1Y+1MkNcWMzHK9RJEY4TEakq6hAnGi/On81hk8McoAhpE0JTScq98npogrNeGB6eRIj9RvLxX/8rqJDs/9KRVxoonAi0VhwqCOYPo4HFBJsGYTQxCW1NwK8QhJhLWJJ2dC+PoU/k9aZ7Zbscs3pUL9YhlHFhyBY1AELqiCOrgGDdAEGIzAA3gCzxa3Hq0X63XRmrGWM4fgB6y3T20xjdo=</latexit>

S(B)
<latexit sha1_base64="MvQpkQYsRlTYA0q57d5jqMUGS+c=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUzTBTOtOupNqNy4q2FtqhZNJMG5tJhiQjlNJ/cONCEbf+jzv/xvQhqOiBkMM593LvPWHCqNKO82FlVlbX1jeym7mt7Z3dvfz+QUuJVGLSxIIJ2Q6RIoxy0tRUM9JOJEFxyMhtOKrP/Nt7IhUV/EaPExLEaMBpRDHSRmpdF88v6qe9fMGxPb9c8X3o2E7J/J4hXtV3Ky50bWeOAlii0cu/d/sCpzHhGjOkVMd1Eh1MkNQUMzLNdVNFEoRHaEA6hnIUExVM5ttO4YlR+jAS0jyu4Vz93jFBsVLjODSVMdJD9dubiX95nVRH1WBCeZJqwvFiUJQyqAWcnQ77VBKs2dgQhCU1u0I8RBJhbQLKmRC+LoX/k1bJdn3buyoXamfLOLLgCByDInBBBdTAJWiAJsDgDjyAJ/BsCevRerFeF6UZa9lzCH7AevsEkxWOfg==</latexit>

S(ABC)
<latexit sha1_base64="Yh4H93ZUOv49Tg6shbRMRW4wf5Q=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARBGHpCxsSLBLx4TMAskAyhp1OTtOlZ6O4RwpAv8OJBEa9+kjf/xs4iqOiDgsd7VVTV8xPBlSbkw1pZXVvf2Mxt5bd3dvf2CweHLRWnkkGTxSKWHZ8qEDyCpuZaQCeRQENfQNsfX8/89j1IxePoVk8S8EI6jHjAGdVGapz3C0Vik4pbuixjQxxSIsSQklt2SRU7NpmjiJao9wvvvUHM0hAizQRVquuQRHsZlZozAdN8L1WQUDamQ+gaGtEQlJfND53iU6MMcBBLU5HGc/X7REZDpSahbzpDqkfqtzcT//K6qQ6qXsajJNUQscWiIBVYx3j2NR5wCUyLiSGUSW5uxWxEJWXaZJM3IXx9iv8nrZLtXNhuo1ysXS3jyKFjdILOkIMqqIZuUB01EUOAHtATerburEfrxXpdtK5Yy5kj9APW2yfBwIzr</latexit>

+

<latexit sha1_base64="kgTh1K31HVgnQsbd24zroUmkL7s=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcxK4kZPES8eEzAPSJYwO5lNxsw+mJkVQsgXePGgiFc/yZt/42yygooWNBRV3XR3ebHgSmP8YeVWVtfWN/Kbha3tnd294v5BW0WJpKxFIxHJrkcUEzxkLc21YN1YMhJ4gnW8yXXqd+6ZVDwKb/U0Zm5ARiH3OSXaSM2rQbGEyxhXsINRSlIY4lSrTu0C2ZlSggyNQfG9P4xoErBQU0GU6tk41u6MSM2pYPNCP1EsJnRCRqxnaEgCptzZ4tA5OjHKEPmRNBVqtFC/T8xIoNQ08ExnQPRY/fZS8S+vl2i/5s54GCeahXS5yE8E0hFKv0ZDLhnVYmoIoZKbWxEdE0moNtkUTAhfn6L/SfusbJ+Xq81KqX6ZxZGHIziGU7DBgTrcQANaQIHBAzzBs3VnPVov1uuyNWdlM4fwA9bbJ93WjPs=</latexit>

A
<latexit sha1_base64="1/XSkSRO2aSteFFAxbWNhWoA8BE=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcxK4kZPQS8eEzAPSJYwO5lNxsw+mJkVQsgXePGgiFc/yZt/42yygooWNBRV3XR3ebHgSmP8YeVWVtfWN/Kbha3tnd294v5BW0WJpKxFIxHJrkcUEzxkLc21YN1YMhJ4gnW8yXXqd+6ZVDwKb/U0Zm5ARiH3OSXaSM2rQbGEyxhXsINRSlIY4lSrTu0C2ZlSggyNQfG9P4xoErBQU0GU6tk41u6MSM2pYPNCP1EsJnRCRqxnaEgCptzZ4tA5OjHKEPmRNBVqtFC/T8xIoNQ08ExnQPRY/fZS8S+vl2i/5s54GCeahXS5yE8E0hFKv0ZDLhnVYmoIoZKbWxEdE0moNtkUTAhfn6L/SfusbJ+Xq81KqX6ZxZGHIziGU7DBgTrcQANaQIHBAzzBs3VnPVov1uuyNWdlM4fwA9bbJ99ajPw=</latexit>

B
<latexit sha1_base64="HfmHukc61Gcismb2zXVsHl2hZXI=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcxK4kZPgVw8JmAekCxhdtKbjJl9MDMrhJAv8OJBEa9+kjf/xtlkBRUtaCiquunu8mLBlSbkw8qtrW9sbuW3Czu7e/sHxcOjjooSyaDNIhHJnkcVCB5CW3MtoBdLoIEnoOtNG6nfvQepeBTe6lkMbkDHIfc5o9pIrcawWCJlQirEITglKQxxqlWndoXtTCmhDM1h8X0wilgSQKiZoEr1bRJrd06l5kzAojBIFMSUTekY+oaGNADlzpeHLvCZUUbYj6SpUOOl+n1iTgOlZoFnOgOqJ+q3l4p/ef1E+zV3zsM40RCy1SI/EVhHOP0aj7gEpsXMEMokN7diNqGSMm2yKZgQvj7F/5PORdm+LFdblVL9Oosjj07QKTpHNnJQHd2gJmojhgA9oCf0bN1Zj9aL9bpqzVnZzDH6AevtE+DejP0=</latexit>

C

<latexit sha1_base64="NMMgUw/XD5r3znjNVaZKydKVgXM=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ0/ImHhQAl48JmAWSIbQ06lJ2vQsdPcIYcgXePGgiFc/yZt/Y2cRVPRBweO9Kqrq+YngShPyYa2srq1vbOa28ts7u3v7hYPDlopTyaDJYhHLjk8VCB5BU3MtoJNIoKEvoO2Pr2d++x6k4nF0qycJeCEdRjzgjGojNS77hSKxScUtXZSxIQ4pEWJIyS27pIodm8xRREvU+4X33iBmaQiRZoIq1XVIor2MSs2ZgGm+lypIKBvTIXQNjWgIysvmh07xqVEGOIilqUjjufp9IqOhUpPQN50h1SP125uJf3ndVAdVL+NRkmqI2GJRkAqsYzz7Gg+4BKbFxBDKJDe3YjaikjJtssmbEL4+xf+TVsl2zm23US7WrpZx5NAxOkFnyEEVVEM3qI6aiCFAD+gJPVt31qP1Yr0uWles5cwR+gHr7RPdCIz9</latexit>=
<latexit sha1_base64="Yh4H93ZUOv49Tg6shbRMRW4wf5Q=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARBGHpCxsSLBLx4TMAskAyhp1OTtOlZ6O4RwpAv8OJBEa9+kjf/xs4iqOiDgsd7VVTV8xPBlSbkw1pZXVvf2Mxt5bd3dvf2CweHLRWnkkGTxSKWHZ8qEDyCpuZaQCeRQENfQNsfX8/89j1IxePoVk8S8EI6jHjAGdVGapz3C0Vik4pbuixjQxxSIsSQklt2SRU7NpmjiJao9wvvvUHM0hAizQRVquuQRHsZlZozAdN8L1WQUDamQ+gaGtEQlJfND53iU6MMcBBLU5HGc/X7REZDpSahbzpDqkfqtzcT//K6qQ6qXsajJNUQscWiIBVYx3j2NR5wCUyLiSGUSW5uxWxEJWXaZJM3IXx9iv8nrZLtXNhuo1ysXS3jyKFjdILOkIMqqIZuUB01EUOAHtATerburEfrxXpdtK5Yy5kj9APW2yfBwIzr</latexit>

+<latexit sha1_base64="BmoI/UUJYU75OvD/W+EuyyMpYFw=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ2ZwbLuRghuXFewD2qFk0kwbm0mGJCOUof/gxoUibv0fd/6N6UNQ0QMXDufcy733RCln2iD04aysrq1vbBa2its7u3v7pYPDlpaZIrRJJJeqE2FNORO0aZjhtJMqipOI03Y0vpr57XuqNJPi1kxSGiZ4KFjMCDZWavUwT0e4Xyoj1/ODql+FyK2goFZDlnjIR34APRfNUQZLNPql995AkiyhwhCOte56KDVhjpVhhNNpsZdpmmIyxkPatVTghOown187hadWGcBYKlvCwLn6fSLHidaTJLKdCTYj/dubiX953czE1TBnIs0MFWSxKM44NBLOXocDpigxfGIJJorZWyEZYYWJsQEVbQhfn8L/Sct3vQs3uDkv1y+XcRTAMTgBZ8ADFVAH16ABmoCAO/AAnsCzI51H58V5XbSuOMuZI/ADztsn7YWPYA==</latexit>↵
<latexit sha1_base64="84UG/kzI3RCKtwG3drMU51VCxMc=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0hKm/YkBS8eK5i20Iay2W7bpZtN2J0IJfQ3ePGgiFd/kDf/jds2goo+GHi8N8PMvDARXIPjfFiFjc2t7Z3ibmlv/+DwqHx80tFxqijzaSxi1QuJZoJL5gMHwXqJYiQKBeuGs+ul371nSvNY3sE8YUFEJpKPOSVgJH8QMiDDcsWxa02v5jawYzsrGFJ3q57nYDdXKihHe1h+H4ximkZMAhVE677rJBBkRAGngi1Kg1SzhNAZmbC+oZJETAfZ6tgFvjDKCI9jZUoCXqnfJzISaT2PQtMZEZjq395S/MvrpzBuBhmXSQpM0vWicSowxHj5OR5xxSiIuSGEKm5uxXRKFKFg8imZEL4+xf+TTtV2Pbt+W6u0rvI4iugMnaNL5KIGaqEb1EY+ooijB/SEni1pPVov1uu6tWDlM6foB6y3Tw6vjtw=</latexit>

�

S(AB) + S(BC) � S(B) + S(ABC)
<latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit>

<latexit sha1_base64="kgTh1K31HVgnQsbd24zroUmkL7s=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcxK4kZPES8eEzAPSJYwO5lNxsw+mJkVQsgXePGgiFc/yZt/42yygooWNBRV3XR3ebHgSmP8YeVWVtfWN/Kbha3tnd294v5BW0WJpKxFIxHJrkcUEzxkLc21YN1YMhJ4gnW8yXXqd+6ZVDwKb/U0Zm5ARiH3OSXaSM2rQbGEyxhXsINRSlIY4lSrTu0C2ZlSggyNQfG9P4xoErBQU0GU6tk41u6MSM2pYPNCP1EsJnRCRqxnaEgCptzZ4tA5OjHKEPmRNBVqtFC/T8xIoNQ08ExnQPRY/fZS8S+vl2i/5s54GCeahXS5yE8E0hFKv0ZDLhnVYmoIoZKbWxEdE0moNtkUTAhfn6L/SfusbJ+Xq81KqX6ZxZGHIziGU7DBgTrcQANaQIHBAzzBs3VnPVov1uuyNWdlM4fwA9bbJ93WjPs=</latexit>

A
<latexit sha1_base64="1/XSkSRO2aSteFFAxbWNhWoA8BE=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcxK4kZPQS8eEzAPSJYwO5lNxsw+mJkVQsgXePGgiFc/yZt/42yygooWNBRV3XR3ebHgSmP8YeVWVtfWN/Kbha3tnd294v5BW0WJpKxFIxHJrkcUEzxkLc21YN1YMhJ4gnW8yXXqd+6ZVDwKb/U0Zm5ARiH3OSXaSM2rQbGEyxhXsINRSlIY4lSrTu0C2ZlSggyNQfG9P4xoErBQU0GU6tk41u6MSM2pYPNCP1EsJnRCRqxnaEgCptzZ4tA5OjHKEPmRNBVqtFC/T8xIoNQ08ExnQPRY/fZS8S+vl2i/5s54GCeahXS5yE8E0hFKv0ZDLhnVYmoIoZKbWxEdE0moNtkUTAhfn6L/SfusbJ+Xq81KqX6ZxZGHIziGU7DBgTrcQANaQIHBAzzBs3VnPVov1uuyNWdlM4fwA9bbJ99ajPw=</latexit>

B
<latexit sha1_base64="HfmHukc61Gcismb2zXVsHl2hZXI=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcxK4kZPgVw8JmAekCxhdtKbjJl9MDMrhJAv8OJBEa9+kjf/xtlkBRUtaCiquunu8mLBlSbkw8qtrW9sbuW3Czu7e/sHxcOjjooSyaDNIhHJnkcVCB5CW3MtoBdLoIEnoOtNG6nfvQepeBTe6lkMbkDHIfc5o9pIrcawWCJlQirEITglKQxxqlWndoXtTCmhDM1h8X0wilgSQKiZoEr1bRJrd06l5kzAojBIFMSUTekY+oaGNADlzpeHLvCZUUbYj6SpUOOl+n1iTgOlZoFnOgOqJ+q3l4p/ef1E+zV3zsM40RCy1SI/EVhHOP0aj7gEpsXMEMokN7diNqGSMm2yKZgQvj7F/5PORdm+LFdblVL9Oosjj07QKTpHNnJQHd2gJmojhgA9oCf0bN1Zj9aL9bpqzVnZzDH6AevtE+DejP0=</latexit>

C



Proof of Strong Subadditivity

strong subadditivity:

proof in static configurations  [Headrick&Takayanagi]   

bdy

bulk

<latexit sha1_base64="UTZuwxcnA09L59Tiz1ucnGocItQ=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0Wom5DE2sdGqm5cVjS20IYymU7aoZNJmJkIJfQb3LhQxK0f5M6/cdJWUNEDFw7n3Mu99/gxo1JZ1oeRW1peWV3Lrxc2Nre2d4q7e3cySgQmLo5YJDo+koRRTlxFFSOdWBAU+oy0/fFl5rfviZA04rdqEhMvRENOA4qR0pJ7Uz6/OO4XS5ZZq9iOY0PLtCo1u1HNyEndadjQNq0ZSmCBVr/43htEOAkJV5ghKbu2FSsvRUJRzMi00EskiREeoyHpaspRSKSXzo6dwiOtDGAQCV1cwZn6fSJFoZST0NedIVIj+dvLxL+8bqKCupdSHieKcDxfFCQMqghmn8MBFQQrNtEEYUH1rRCPkEBY6XwKOoSvT+H/5M4x7ap5el0pNc8WceTBATgEZWCDGmiCK9ACLsCAggfwBJ4NbjwaL8brvDVnLGb2wQ8Yb5/oeo4c</latexit>

S(AB)
<latexit sha1_base64="FBs8k4vYpBRAKkwcyjp6MfbxQRg=">AAAB7HicdVDLSgMxFM3UV62vqks3wSLUzZCp09pupNiNy4qOLbRDyaSZNjSTGZKMUEq/wY0LRdz6Qe78G9OHoKIHLhzOuZd77wkSzpRG6MPKrKyurW9kN3Nb2zu7e/n9gzsVp5JQj8Q8lu0AK8qZoJ5mmtN2IimOAk5bwagx81v3VCoWi1s9Tqgf4YFgISNYG8m7KV42Tnv5ArIdx624FYhsdFauIdeQWq3qlEvQsdEcBbBEs5d/7/ZjkkZUaMKxUh0HJdqfYKkZ4XSa66aKJpiM8IB2DBU4osqfzI+dwhOj9GEYS1NCw7n6fWKCI6XGUWA6I6yH6rc3E//yOqkOq/6EiSTVVJDFojDlUMdw9jnsM0mJ5mNDMJHM3ArJEEtMtMknZ0L4+hT+T+5KtlOxy9duoX6xjCMLjsAxKAIHnIM6uAJN4AECGHgAT+DZEtaj9WK9Lloz1nLmEPyA9fYJ+dSOKA==</latexit>

S(BC)
<latexit sha1_base64="Yh4H93ZUOv49Tg6shbRMRW4wf5Q=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARBGHpCxsSLBLx4TMAskAyhp1OTtOlZ6O4RwpAv8OJBEa9+kjf/xs4iqOiDgsd7VVTV8xPBlSbkw1pZXVvf2Mxt5bd3dvf2CweHLRWnkkGTxSKWHZ8qEDyCpuZaQCeRQENfQNsfX8/89j1IxePoVk8S8EI6jHjAGdVGapz3C0Vik4pbuixjQxxSIsSQklt2SRU7NpmjiJao9wvvvUHM0hAizQRVquuQRHsZlZozAdN8L1WQUDamQ+gaGtEQlJfND53iU6MMcBBLU5HGc/X7REZDpSahbzpDqkfqtzcT//K6qQ6qXsajJNUQscWiIBVYx3j2NR5wCUyLiSGUSW5uxWxEJWXaZJM3IXx9iv8nrZLtXNhuo1ysXS3jyKFjdILOkIMqqIZuUB01EUOAHtATerburEfrxXpdtK5Yy5kj9APW2yfBwIzr</latexit>

+

�

<latexit sha1_base64="n2eHTdPrwDQg67w2lVY+lV0g7RQ=">AAAB6nicdVDJSgNBEO1xjXGLevTSGARPQ0/ImHiRgBePEc0CyRB6OjWTJj0L3T1CGPIJXjwo4tUv8ubf2FkEFX1Q8Hiviqp6fiq40oR8WCura+sbm4Wt4vbO7t5+6eCwrZJMMmixRCSy61MFgsfQ0lwL6KYSaOQL6Pjjq5nfuQepeBLf6UkKXkTDmAecUW2k234Ig1KZ2KTmVi6q2BCHVAgxpOJWXVLHjk3mKKMlmoPSe3+YsCyCWDNBleo5JNVeTqXmTMC02M8UpJSNaQg9Q2MagfLy+alTfGqUIQ4SaSrWeK5+n8hppNQk8k1nRPVI/fZm4l9eL9NB3ct5nGYaYrZYFGQC6wTP/sZDLoFpMTGEMsnNrZiNqKRMm3SKJoSvT/H/pF2xnXPbvamWG5fLOAroGJ2gM+SgGmqga9RELcRQiB7QE3q2hPVovVivi9YVazlzhH7AevsEjDuN/A==</latexit>� <latexit sha1_base64="yNtCPWVqAnWCZA+X9PwUGdS2ASw=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzTDj9GE3UnTjsqJ9QDuUTJppQ5PMkGSEUvoLblwo4tYfcuffmGkrqOiBC4dz7uXee4KYUaUd58PKrKyurW9kN3Nb2zu7e/n9g5aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawfgq9dv3RCoaiTs9iYnP0VDQkGKkU+m2eHnazxcc26l5ZceDjl31aiWvYojrVd2aB13bmaMAlmj08++9QYQTToTGDCnVdZ1Y+1MkNcWMzHK9RJEY4TEakq6hAnGi/On81hk8McoAhpE0JTScq98npogrNeGB6eRIj9RvLxX/8rqJDs/9KRVxoonAi0VhwqCOYPo4HFBJsGYTQxCW1NwK8QhJhLWJJ2dC+PoU/k9aZ7Zbscs3pUL9YhlHFhyBY1AELqiCOrgGDdAEGIzAA3gCzxa3Hq0X63XRmrGWM4fgB6y3T20xjdo=</latexit>

S(B)
<latexit sha1_base64="MvQpkQYsRlTYA0q57d5jqMUGS+c=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUzTBTOtOupNqNy4q2FtqhZNJMG5tJhiQjlNJ/cONCEbf+jzv/xvQhqOiBkMM593LvPWHCqNKO82FlVlbX1jeym7mt7Z3dvfz+QUuJVGLSxIIJ2Q6RIoxy0tRUM9JOJEFxyMhtOKrP/Nt7IhUV/EaPExLEaMBpRDHSRmpdF88v6qe9fMGxPb9c8X3o2E7J/J4hXtV3Ky50bWeOAlii0cu/d/sCpzHhGjOkVMd1Eh1MkNQUMzLNdVNFEoRHaEA6hnIUExVM5ttO4YlR+jAS0jyu4Vz93jFBsVLjODSVMdJD9dubiX95nVRH1WBCeZJqwvFiUJQyqAWcnQ77VBKs2dgQhCU1u0I8RBJhbQLKmRC+LoX/k1bJdn3buyoXamfLOLLgCByDInBBBdTAJWiAJsDgDjyAJ/BsCevRerFeF6UZa9lzCH7AevsEkxWOfg==</latexit>

S(ABC)
<latexit sha1_base64="Yh4H93ZUOv49Tg6shbRMRW4wf5Q=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARBGHpCxsSLBLx4TMAskAyhp1OTtOlZ6O4RwpAv8OJBEa9+kjf/xs4iqOiDgsd7VVTV8xPBlSbkw1pZXVvf2Mxt5bd3dvf2CweHLRWnkkGTxSKWHZ8qEDyCpuZaQCeRQENfQNsfX8/89j1IxePoVk8S8EI6jHjAGdVGapz3C0Vik4pbuixjQxxSIsSQklt2SRU7NpmjiJao9wvvvUHM0hAizQRVquuQRHsZlZozAdN8L1WQUDamQ+gaGtEQlJfND53iU6MMcBBLU5HGc/X7REZDpSahbzpDqkfqtzcT//K6qQ6qXsajJNUQscWiIBVYx3j2NR5wCUyLiSGUSW5uxWxEJWXaZJM3IXx9iv8nrZLtXNhuo1ysXS3jyKFjdILOkIMqqIZuUB01EUOAHtATerburEfrxXpdtK5Yy5kj9APW2yfBwIzr</latexit>

+

<latexit sha1_base64="kgTh1K31HVgnQsbd24zroUmkL7s=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcxK4kZPES8eEzAPSJYwO5lNxsw+mJkVQsgXePGgiFc/yZt/42yygooWNBRV3XR3ebHgSmP8YeVWVtfWN/Kbha3tnd294v5BW0WJpKxFIxHJrkcUEzxkLc21YN1YMhJ4gnW8yXXqd+6ZVDwKb/U0Zm5ARiH3OSXaSM2rQbGEyxhXsINRSlIY4lSrTu0C2ZlSggyNQfG9P4xoErBQU0GU6tk41u6MSM2pYPNCP1EsJnRCRqxnaEgCptzZ4tA5OjHKEPmRNBVqtFC/T8xIoNQ08ExnQPRY/fZS8S+vl2i/5s54GCeahXS5yE8E0hFKv0ZDLhnVYmoIoZKbWxEdE0moNtkUTAhfn6L/SfusbJ+Xq81KqX6ZxZGHIziGU7DBgTrcQANaQIHBAzzBs3VnPVov1uuyNWdlM4fwA9bbJ93WjPs=</latexit>

A
<latexit sha1_base64="1/XSkSRO2aSteFFAxbWNhWoA8BE=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcxK4kZPQS8eEzAPSJYwO5lNxsw+mJkVQsgXePGgiFc/yZt/42yygooWNBRV3XR3ebHgSmP8YeVWVtfWN/Kbha3tnd294v5BW0WJpKxFIxHJrkcUEzxkLc21YN1YMhJ4gnW8yXXqd+6ZVDwKb/U0Zm5ARiH3OSXaSM2rQbGEyxhXsINRSlIY4lSrTu0C2ZlSggyNQfG9P4xoErBQU0GU6tk41u6MSM2pYPNCP1EsJnRCRqxnaEgCptzZ4tA5OjHKEPmRNBVqtFC/T8xIoNQ08ExnQPRY/fZS8S+vl2i/5s54GCeahXS5yE8E0hFKv0ZDLhnVYmoIoZKbWxEdE0moNtkUTAhfn6L/SfusbJ+Xq81KqX6ZxZGHIziGU7DBgTrcQANaQIHBAzzBs3VnPVov1uuyNWdlM4fwA9bbJ99ajPw=</latexit>

B
<latexit sha1_base64="HfmHukc61Gcismb2zXVsHl2hZXI=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcxK4kZPgVw8JmAekCxhdtKbjJl9MDMrhJAv8OJBEa9+kjf/xtlkBRUtaCiquunu8mLBlSbkw8qtrW9sbuW3Czu7e/sHxcOjjooSyaDNIhHJnkcVCB5CW3MtoBdLoIEnoOtNG6nfvQepeBTe6lkMbkDHIfc5o9pIrcawWCJlQirEITglKQxxqlWndoXtTCmhDM1h8X0wilgSQKiZoEr1bRJrd06l5kzAojBIFMSUTekY+oaGNADlzpeHLvCZUUbYj6SpUOOl+n1iTgOlZoFnOgOqJ+q3l4p/ef1E+zV3zsM40RCy1SI/EVhHOP0aj7gEpsXMEMokN7diNqGSMm2yKZgQvj7F/5PORdm+LFdblVL9Oosjj07QKTpHNnJQHd2gJmojhgA9oCf0bN1Zj9aL9bpqzVnZzDH6AevtE+DejP0=</latexit>

C

<latexit sha1_base64="NMMgUw/XD5r3znjNVaZKydKVgXM=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ0/ImHhQAl48JmAWSIbQ06lJ2vQsdPcIYcgXePGgiFc/yZt/Y2cRVPRBweO9Kqrq+YngShPyYa2srq1vbOa28ts7u3v7hYPDlopTyaDJYhHLjk8VCB5BU3MtoJNIoKEvoO2Pr2d++x6k4nF0qycJeCEdRjzgjGojNS77hSKxScUtXZSxIQ4pEWJIyS27pIodm8xRREvU+4X33iBmaQiRZoIq1XVIor2MSs2ZgGm+lypIKBvTIXQNjWgIysvmh07xqVEGOIilqUjjufp9IqOhUpPQN50h1SP125uJf3ndVAdVL+NRkmqI2GJRkAqsYzz7Gg+4BKbFxBDKJDe3YjaikjJtssmbEL4+xf+TVsl2zm23US7WrpZx5NAxOkFnyEEVVEM3qI6aiCFAD+gJPVt31qP1Yr0uWles5cwR+gHr7RPdCIz9</latexit>=
<latexit sha1_base64="Yh4H93ZUOv49Tg6shbRMRW4wf5Q=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARBGHpCxsSLBLx4TMAskAyhp1OTtOlZ6O4RwpAv8OJBEa9+kjf/xs4iqOiDgsd7VVTV8xPBlSbkw1pZXVvf2Mxt5bd3dvf2CweHLRWnkkGTxSKWHZ8qEDyCpuZaQCeRQENfQNsfX8/89j1IxePoVk8S8EI6jHjAGdVGapz3C0Vik4pbuixjQxxSIsSQklt2SRU7NpmjiJao9wvvvUHM0hAizQRVquuQRHsZlZozAdN8L1WQUDamQ+gaGtEQlJfND53iU6MMcBBLU5HGc/X7REZDpSahbzpDqkfqtzcT//K6qQ6qXsajJNUQscWiIBVYx3j2NR5wCUyLiSGUSW5uxWxEJWXaZJM3IXx9iv8nrZLtXNhuo1ysXS3jyKFjdILOkIMqqIZuUB01EUOAHtATerburEfrxXpdtK5Yy5kj9APW2yfBwIzr</latexit>

+<latexit sha1_base64="BmoI/UUJYU75OvD/W+EuyyMpYFw=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ2ZwbLuRghuXFewD2qFk0kwbm0mGJCOUof/gxoUibv0fd/6N6UNQ0QMXDufcy733RCln2iD04aysrq1vbBa2its7u3v7pYPDlpaZIrRJJJeqE2FNORO0aZjhtJMqipOI03Y0vpr57XuqNJPi1kxSGiZ4KFjMCDZWavUwT0e4Xyoj1/ODql+FyK2goFZDlnjIR34APRfNUQZLNPql995AkiyhwhCOte56KDVhjpVhhNNpsZdpmmIyxkPatVTghOown187hadWGcBYKlvCwLn6fSLHidaTJLKdCTYj/dubiX953czE1TBnIs0MFWSxKM44NBLOXocDpigxfGIJJorZWyEZYYWJsQEVbQhfn8L/Sct3vQs3uDkv1y+XcRTAMTgBZ8ADFVAH16ABmoCAO/AAnsCzI51H58V5XbSuOMuZI/ADztsn7YWPYA==</latexit>↵
<latexit sha1_base64="84UG/kzI3RCKtwG3drMU51VCxMc=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0hKm/YkBS8eK5i20Iay2W7bpZtN2J0IJfQ3ePGgiFd/kDf/jds2goo+GHi8N8PMvDARXIPjfFiFjc2t7Z3ibmlv/+DwqHx80tFxqijzaSxi1QuJZoJL5gMHwXqJYiQKBeuGs+ul371nSvNY3sE8YUFEJpKPOSVgJH8QMiDDcsWxa02v5jawYzsrGFJ3q57nYDdXKihHe1h+H4ximkZMAhVE677rJBBkRAGngi1Kg1SzhNAZmbC+oZJETAfZ6tgFvjDKCI9jZUoCXqnfJzISaT2PQtMZEZjq395S/MvrpzBuBhmXSQpM0vWicSowxHj5OR5xxSiIuSGEKm5uxXRKFKFg8imZEL4+xf+TTtV2Pbt+W6u0rvI4iugMnaNL5KIGaqEb1EY+ooijB/SEni1pPVov1uu6tWDlM6foB6y3Tw6vjtw=</latexit>

�

S(AB) + S(BC) � S(B) + S(ABC)
<latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit>

<latexit sha1_base64="kgTh1K31HVgnQsbd24zroUmkL7s=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcxK4kZPES8eEzAPSJYwO5lNxsw+mJkVQsgXePGgiFc/yZt/42yygooWNBRV3XR3ebHgSmP8YeVWVtfWN/Kbha3tnd294v5BW0WJpKxFIxHJrkcUEzxkLc21YN1YMhJ4gnW8yXXqd+6ZVDwKb/U0Zm5ARiH3OSXaSM2rQbGEyxhXsINRSlIY4lSrTu0C2ZlSggyNQfG9P4xoErBQU0GU6tk41u6MSM2pYPNCP1EsJnRCRqxnaEgCptzZ4tA5OjHKEPmRNBVqtFC/T8xIoNQ08ExnQPRY/fZS8S+vl2i/5s54GCeahXS5yE8E0hFKv0ZDLhnVYmoIoZKbWxEdE0moNtkUTAhfn6L/SfusbJ+Xq81KqX6ZxZGHIziGU7DBgTrcQANaQIHBAzzBs3VnPVov1uuyNWdlM4fwA9bbJ93WjPs=</latexit>

A
<latexit sha1_base64="1/XSkSRO2aSteFFAxbWNhWoA8BE=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcxK4kZPQS8eEzAPSJYwO5lNxsw+mJkVQsgXePGgiFc/yZt/42yygooWNBRV3XR3ebHgSmP8YeVWVtfWN/Kbha3tnd294v5BW0WJpKxFIxHJrkcUEzxkLc21YN1YMhJ4gnW8yXXqd+6ZVDwKb/U0Zm5ARiH3OSXaSM2rQbGEyxhXsINRSlIY4lSrTu0C2ZlSggyNQfG9P4xoErBQU0GU6tk41u6MSM2pYPNCP1EsJnRCRqxnaEgCptzZ4tA5OjHKEPmRNBVqtFC/T8xIoNQ08ExnQPRY/fZS8S+vl2i/5s54GCeahXS5yE8E0hFKv0ZDLhnVYmoIoZKbWxEdE0moNtkUTAhfn6L/SfusbJ+Xq81KqX6ZxZGHIziGU7DBgTrcQANaQIHBAzzBs3VnPVov1uuyNWdlM4fwA9bbJ99ajPw=</latexit>

B
<latexit sha1_base64="HfmHukc61Gcismb2zXVsHl2hZXI=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcxK4kZPgVw8JmAekCxhdtKbjJl9MDMrhJAv8OJBEa9+kjf/xtlkBRUtaCiquunu8mLBlSbkw8qtrW9sbuW3Czu7e/sHxcOjjooSyaDNIhHJnkcVCB5CW3MtoBdLoIEnoOtNG6nfvQepeBTe6lkMbkDHIfc5o9pIrcawWCJlQirEITglKQxxqlWndoXtTCmhDM1h8X0wilgSQKiZoEr1bRJrd06l5kzAojBIFMSUTekY+oaGNADlzpeHLvCZUUbYj6SpUOOl+n1iTgOlZoFnOgOqJ+q3l4p/ef1E+zV3zsM40RCy1SI/EVhHOP0aj7gEpsXMEMokN7diNqGSMm2yKZgQvj7F/5PORdm+LFdblVL9Oosjj07QKTpHNnJQHd2gJmojhgA9oCf0bN1Zj9aL9bpqzVnZzDH6AevtE+DejP0=</latexit>

C

proof in time-dependent setting uses maximin prescription  [Wall]   



Entropy cone

{All physically allowed entropy vectors} = convex cone in entropy space
2 useful characterizations of a polyhedral cone:

convex hull of extreme rays
intersection of half-spaces
delineated by entropy inequalities (facets)

S(B)
<latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit>

S(AB)
<latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit>

S(A)
<latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit>

S(A)
<latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit>
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eg. at N=2:



Entropy cone

{All physically allowed entropy vectors} = convex cone in entropy space
2 useful characterizations of a polyhedral cone:

convex hull of extreme rays
intersection of half-spaces
delineated by entropy inequalities (facets)
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<latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit>

S(AB)
<latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit>

S(B)
<latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit>

when restricted to geometric states in holography ⤳ holographic entropy cone (HEC)
[Bao, Nezami, Ooguri, Stoica, Sully, Walter ’15]

eg. at N=2:



Hierarchy of cones in entropy space

Consider entropy space for fixed N
holographic entropy cone:  HEC = { holographically realizable     }
quantum entropy cone:  QEC = { physically realizable     }
subadditivity cone:  SAC = {      compatible with all instances of SA }

<latexit sha1_base64="VyLbYoI/P9WCDz27EU44x3zQ14U=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMaB6QLGF20kmGzM6uM7OBsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlZtoeISMPk06x5JbdGcgy8TJSggzVTvGr3Y1YEqI0TFCtW54bGz+lynAmcFJoJxpjyoa0jy1LJQ1R++ns3gk5sUqX9CJlSxoyU39PpDTUehwGtjOkZqAXvan4n9dKTO/aT7mME4OSzRf1EkFMRKbPky5XyIwYW0KZ4vZWwgZUUWZsRAUbgrf48jKpn5W9y/LF/XmpcpPFkYcjOIZT8OAKKnAHVagBAwHP8ApvzpPz4rw7H/PWnJPNHMIfOJ8/082P1Q==</latexit>

~S
<latexit sha1_base64="VyLbYoI/P9WCDz27EU44x3zQ14U=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMaB6QLGF20kmGzM6uM7OBsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlZtoeISMPk06x5JbdGcgy8TJSggzVTvGr3Y1YEqI0TFCtW54bGz+lynAmcFJoJxpjyoa0jy1LJQ1R++ns3gk5sUqX9CJlSxoyU39PpDTUehwGtjOkZqAXvan4n9dKTO/aT7mME4OSzRf1EkFMRKbPky5XyIwYW0KZ4vZWwgZUUWZsRAUbgrf48jKpn5W9y/LF/XmpcpPFkYcjOIZT8OAKKnAHVagBAwHP8ApvzpPz4rw7H/PWnJPNHMIfOJ8/082P1Q==</latexit>

~S
<latexit sha1_base64="VyLbYoI/P9WCDz27EU44x3zQ14U=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMaB6QLGF20kmGzM6uM7OBsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlZtoeISMPk06x5JbdGcgy8TJSggzVTvGr3Y1YEqI0TFCtW54bGz+lynAmcFJoJxpjyoa0jy1LJQ1R++ns3gk5sUqX9CJlSxoyU39PpDTUehwGtjOkZqAXvan4n9dKTO/aT7mME4OSzRf1EkFMRKbPky5XyIwYW0KZ4vZWwgZUUWZsRAUbgrf48jKpn5W9y/LF/XmpcpPFkYcjOIZT8OAKKnAHVagBAwHP8ApvzpPz4rw7H/PWnJPNHMIfOJ8/082P1Q==</latexit>

~S

These are nested convex sets: 

SAC
QEC

HEC

SAC QEC HEC⊃ ⊃



Hierarchy of cones in entropy space

Consider entropy space for fixed N
holographic entropy cone:  HEC = { holographically realizable     }
quantum entropy cone:  QEC = { physically realizable     }
subadditivity cone:  SAC = {      compatible with all instances of SA }

<latexit sha1_base64="VyLbYoI/P9WCDz27EU44x3zQ14U=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMaB6QLGF20kmGzM6uM7OBsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlZtoeISMPk06x5JbdGcgy8TJSggzVTvGr3Y1YEqI0TFCtW54bGz+lynAmcFJoJxpjyoa0jy1LJQ1R++ns3gk5sUqX9CJlSxoyU39PpDTUehwGtjOkZqAXvan4n9dKTO/aT7mME4OSzRf1EkFMRKbPky5XyIwYW0KZ4vZWwgZUUWZsRAUbgrf48jKpn5W9y/LF/XmpcpPFkYcjOIZT8OAKKnAHVagBAwHP8ApvzpPz4rw7H/PWnJPNHMIfOJ8/082P1Q==</latexit>

~S
<latexit sha1_base64="VyLbYoI/P9WCDz27EU44x3zQ14U=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMaB6QLGF20kmGzM6uM7OBsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlZtoeISMPk06x5JbdGcgy8TJSggzVTvGr3Y1YEqI0TFCtW54bGz+lynAmcFJoJxpjyoa0jy1LJQ1R++ns3gk5sUqX9CJlSxoyU39PpDTUehwGtjOkZqAXvan4n9dKTO/aT7mME4OSzRf1EkFMRKbPky5XyIwYW0KZ4vZWwgZUUWZsRAUbgrf48jKpn5W9y/LF/XmpcpPFkYcjOIZT8OAKKnAHVagBAwHP8ApvzpPz4rw7H/PWnJPNHMIfOJ8/082P1Q==</latexit>

~S
<latexit sha1_base64="VyLbYoI/P9WCDz27EU44x3zQ14U=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMaB6QLGF20kmGzM6uM7OBsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlZtoeISMPk06x5JbdGcgy8TJSggzVTvGr3Y1YEqI0TFCtW54bGz+lynAmcFJoJxpjyoa0jy1LJQ1R++ns3gk5sUqX9CJlSxoyU39PpDTUehwGtjOkZqAXvan4n9dKTO/aT7mME4OSzRf1EkFMRKbPky5XyIwYW0KZ4vZWwgZUUWZsRAUbgrf48jKpn5W9y/LF/XmpcpPFkYcjOIZT8OAKKnAHVagBAwHP8ApvzpPz4rw7H/PWnJPNHMIfOJ8/082P1Q==</latexit>

~S

These are nested convex sets: 

SAC
QEC

HEC

Many more...

<latexit sha1_base64="VyLbYoI/P9WCDz27EU44x3zQ14U=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMaB6QLGF20kmGzM6uM7OBsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlZtoeISMPk06x5JbdGcgy8TJSggzVTvGr3Y1YEqI0TFCtW54bGz+lynAmcFJoJxpjyoa0jy1LJQ1R++ns3gk5sUqX9CJlSxoyU39PpDTUehwGtjOkZqAXvan4n9dKTO/aT7mME4OSzRf1EkFMRKbPky5XyIwYW0KZ4vZWwgZUUWZsRAUbgrf48jKpn5W9y/LF/XmpcpPFkYcjOIZT8OAKKnAHVagBAwHP8ApvzpPz4rw7H/PWnJPNHMIfOJ8/082P1Q==</latexit>

~S{    compatible w/ SA & SSA }

convex hull of SAC ERs in HEC

SAC QEC HEC⊃ ⊃



Hierarchy of cones in entropy space

Consider entropy space for fixed N
holographic entropy cone:  HEC = { holographically realizable     }
quantum entropy cone:  QEC = { physically realizable     }
subadditivity cone:  SAC = {      compatible with all instances of SA }

<latexit sha1_base64="VyLbYoI/P9WCDz27EU44x3zQ14U=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMaB6QLGF20kmGzM6uM7OBsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlZtoeISMPk06x5JbdGcgy8TJSggzVTvGr3Y1YEqI0TFCtW54bGz+lynAmcFJoJxpjyoa0jy1LJQ1R++ns3gk5sUqX9CJlSxoyU39PpDTUehwGtjOkZqAXvan4n9dKTO/aT7mME4OSzRf1EkFMRKbPky5XyIwYW0KZ4vZWwgZUUWZsRAUbgrf48jKpn5W9y/LF/XmpcpPFkYcjOIZT8OAKKnAHVagBAwHP8ApvzpPz4rw7H/PWnJPNHMIfOJ8/082P1Q==</latexit>

~S
<latexit sha1_base64="VyLbYoI/P9WCDz27EU44x3zQ14U=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMaB6QLGF20kmGzM6uM7OBsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlZtoeISMPk06x5JbdGcgy8TJSggzVTvGr3Y1YEqI0TFCtW54bGz+lynAmcFJoJxpjyoa0jy1LJQ1R++ns3gk5sUqX9CJlSxoyU39PpDTUehwGtjOkZqAXvan4n9dKTO/aT7mME4OSzRf1EkFMRKbPky5XyIwYW0KZ4vZWwgZUUWZsRAUbgrf48jKpn5W9y/LF/XmpcpPFkYcjOIZT8OAKKnAHVagBAwHP8ApvzpPz4rw7H/PWnJPNHMIfOJ8/082P1Q==</latexit>

~S
<latexit sha1_base64="VyLbYoI/P9WCDz27EU44x3zQ14U=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMaB6QLGF20kmGzM6uM7OBsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlZtoeISMPk06x5JbdGcgy8TJSggzVTvGr3Y1YEqI0TFCtW54bGz+lynAmcFJoJxpjyoa0jy1LJQ1R++ns3gk5sUqX9CJlSxoyU39PpDTUehwGtjOkZqAXvan4n9dKTO/aT7mME4OSzRf1EkFMRKbPky5XyIwYW0KZ4vZWwgZUUWZsRAUbgrf48jKpn5W9y/LF/XmpcpPFkYcjOIZT8OAKKnAHVagBAwHP8ApvzpPz4rw7H/PWnJPNHMIfOJ8/082P1Q==</latexit>

~S

These are nested convex sets: 

SAC
QEC

HEC

Many more...

<latexit sha1_base64="VyLbYoI/P9WCDz27EU44x3zQ14U=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMaB6QLGF20kmGzM6uM7OBsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlZtoeISMPk06x5JbdGcgy8TJSggzVTvGr3Y1YEqI0TFCtW54bGz+lynAmcFJoJxpjyoa0jy1LJQ1R++ns3gk5sUqX9CJlSxoyU39PpDTUehwGtjOkZqAXvan4n9dKTO/aT7mME4OSzRf1EkFMRKbPky5XyIwYW0KZ4vZWwgZUUWZsRAUbgrf48jKpn5W9y/LF/XmpcpPFkYcjOIZT8OAKKnAHVagBAwHP8ApvzpPz4rw7H/PWnJPNHMIfOJ8/082P1Q==</latexit>

~S{    compatible w/ SA & SSA }

convex hull of SAC ERs in HEC

SAC QEC HEC⊃ ⊃

At N=2 all these cones in ℝ3 coincide,  at N>2 they are strictly nested



N=3 example

cartoon of 3-d cross-section of ℝ7 (not including the origin)

{SA, MMI}{SA, SSA}{SA}

SAC QEC HEC

delimited by:

analogous to
for N=2

S(B)
<latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit>

S(AB)
<latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit>

S(A)
<latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit>



Entropy relations for N=3

True in holography:
Monogamy of mutual information (MMI)

S(AB) + S(BC) + S(CA) � S(A) + S(B) + S(C) + S(ABC)
<latexit sha1_base64="c9GAknGDapaQ5RYuv27kBvYDcLw=">AAACE3icdZDLSgMxFIYz9VbrbdSlm2ARWoUy4xTaZS8bl5XaC7RDyaSZNjRzIckIZeg7uPFV3LhQxK0bd76NmWkFFT2Q8PP955Cc3wkZFdIwPrTM2vrG5lZ2O7ezu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmTUTv3dLuKCBfyPnIbE9NPGpSzGSCo3083ah3ihetAuNZnI368XhhEAFU5ai5Kore6TnjZKRFlSiXLEsU4mqYVmGBc2VlQerao309+E4wJFHfIkZEmJgGqG0Y8QlxYwscsNIkBDhGZqQgZI+8oiw43SnBTxTZAzdgKvjS5jS7xMx8oSYe47q9JCcit9eAv/yBpF0q3ZM/TCSxMfLh9yIQRnAJCA4ppxgyeZKIMyp+ivEU8QRlirGnArha1P4v+helkyjZF6X87XqKo4sOAGnoABMUAE1cAVaoAMwuAMP4Ak8a/fao/aivS5bM9pq5hj8KO3tE0eXmBs=</latexit><latexit sha1_base64="c9GAknGDapaQ5RYuv27kBvYDcLw=">AAACE3icdZDLSgMxFIYz9VbrbdSlm2ARWoUy4xTaZS8bl5XaC7RDyaSZNjRzIckIZeg7uPFV3LhQxK0bd76NmWkFFT2Q8PP955Cc3wkZFdIwPrTM2vrG5lZ2O7ezu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmTUTv3dLuKCBfyPnIbE9NPGpSzGSCo3083ah3ihetAuNZnI368XhhEAFU5ai5Kore6TnjZKRFlSiXLEsU4mqYVmGBc2VlQerao309+E4wJFHfIkZEmJgGqG0Y8QlxYwscsNIkBDhGZqQgZI+8oiw43SnBTxTZAzdgKvjS5jS7xMx8oSYe47q9JCcit9eAv/yBpF0q3ZM/TCSxMfLh9yIQRnAJCA4ppxgyeZKIMyp+ivEU8QRlirGnArha1P4v+helkyjZF6X87XqKo4sOAGnoABMUAE1cAVaoAMwuAMP4Ak8a/fao/aivS5bM9pq5hj8KO3tE0eXmBs=</latexit><latexit sha1_base64="c9GAknGDapaQ5RYuv27kBvYDcLw=">AAACE3icdZDLSgMxFIYz9VbrbdSlm2ARWoUy4xTaZS8bl5XaC7RDyaSZNjRzIckIZeg7uPFV3LhQxK0bd76NmWkFFT2Q8PP955Cc3wkZFdIwPrTM2vrG5lZ2O7ezu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmTUTv3dLuKCBfyPnIbE9NPGpSzGSCo3083ah3ihetAuNZnI368XhhEAFU5ai5Kore6TnjZKRFlSiXLEsU4mqYVmGBc2VlQerao309+E4wJFHfIkZEmJgGqG0Y8QlxYwscsNIkBDhGZqQgZI+8oiw43SnBTxTZAzdgKvjS5jS7xMx8oSYe47q9JCcit9eAv/yBpF0q3ZM/TCSxMfLh9yIQRnAJCA4ppxgyeZKIMyp+ivEU8QRlirGnArha1P4v+helkyjZF6X87XqKo4sOAGnoABMUAE1cAVaoAMwuAMP4Ak8a/fao/aivS5bM9pq5hj8KO3tE0eXmBs=</latexit><latexit sha1_base64="c9GAknGDapaQ5RYuv27kBvYDcLw=">AAACE3icdZDLSgMxFIYz9VbrbdSlm2ARWoUy4xTaZS8bl5XaC7RDyaSZNjRzIckIZeg7uPFV3LhQxK0bd76NmWkFFT2Q8PP955Cc3wkZFdIwPrTM2vrG5lZ2O7ezu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmTUTv3dLuKCBfyPnIbE9NPGpSzGSCo3083ah3ihetAuNZnI368XhhEAFU5ai5Kore6TnjZKRFlSiXLEsU4mqYVmGBc2VlQerao309+E4wJFHfIkZEmJgGqG0Y8QlxYwscsNIkBDhGZqQgZI+8oiw43SnBTxTZAzdgKvjS5jS7xMx8oSYe47q9JCcit9eAv/yBpF0q3ZM/TCSxMfLh9yIQRnAJCA4ppxgyeZKIMyp+ivEU8QRlirGnArha1P4v+helkyjZF6X87XqKo4sOAGnoABMUAE1cAVaoAMwuAMP4Ak8a/fao/aivS5bM9pq5hj8KO3tE0eXmBs=</latexit>

⇨ Tripartite information I3(A : B : C) ⌘ I(A : B) + I(A : C)� I(A : BC)  0
<latexit sha1_base64="P28K5ZmHrGK306BJdT9xtzI7g9s="></latexit>

Recall:

Sub-additivity (SA)

⇨ Mutual information positivity 

Strong sub-additivity (SSA)

I(A : B) ⌘ S(A) + S(B)� S(AB) � 0
<latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit>

⇨ Mutual information monotonicity 

Universal:

<latexit sha1_base64="vWNdbedgISeyCKOdtj1q6JimESo="></latexit>

I(A : B|C) ⌘ I(A : BC)� I(A : C) � 0

Note:  SSA becomes redundant since SSA = SA + MMI

<latexit sha1_base64="jrGZ1g4RVGGYc1uc8u+ygfEzSSs=">AAACA3icdVDLSgMxFM34rPU16k43wSK0CEOmtE6Xrd24rNQ+oB1KJk3b0MyDJCOUoeDGX3HjQhG3/oQ7/8b0IajogcC559zLzT1exJlUCH0YK6tr6xubqa309s7u3r55cNiUYSwIbZCQh6LtYUk5C2hDMcVpOxIU+x6nLW9cnfmtWyokC4MbNYmo6+NhwAaMYKWlnnlcz1aqufN69rKa6w4prGfnVUWXPTODLOQ4DnIgsgpFVHTymiDbLuUL0LbQHBmwRK1nvnf7IYl9GijCsZQdG0XKTbBQjHA6TXdjSSNMxnhIO5oG2KfSTeY3TOGZVvpwEAr9AgXn6veJBPtSTnxPd/pYjeRvbyb+5XViNSi5CQuiWNGALBYNYg5VCGeBwD4TlCg+0QQTwfRfIRlhgYnSsaV1CF+Xwv9JM2/ZF1bxupApl5ZxpMAJOAVZYAMHlMEVqIEGIOAOPIAn8GzcG4/Gi/G6aF0xljNH4AeMt09wgpQy</latexit>

S(AC) + S(BC) � S(C) + S(ABC)

<latexit sha1_base64="EY30o4eVO5YjSDqPjE1uLZSi5sk=">AAAB+3icdVDLSgMxFM3UV62vWpdugkVoEYZM393VunFZqX1AO5RMmmlDMw+SjFhKf8WNC0Xc+iPu/BvTh6CiBy6cnHMvufc4IWdSIfRhxDY2t7Z34ruJvf2Dw6Pkcaotg0gQ2iIBD0TXwZJy5tOWYorTbigo9hxOO87kauF37qiQLPBv1TSktodHPnMZwUpLg2SqmbnMXjQz9Wx/RKF+1LODZBqZxXypXChDZKJqtWShJcmVUR5aJloiDdZoDJLv/WFAIo/6inAsZc9CobJnWChGOJ0n+pGkISYTPKI9TX3sUWnPlrvP4blWhtANhC5fwaX6fWKGPSmnnqM7PazG8re3EP/yepFyK/aM+WGkqE9WH7kRhyqAiyDgkAlKFJ9qgolgeldIxlhgonRcCR3C16Xwf9LOmVbJLN4U0rXKOo44OAVnIAMsUAY1cA0aoAUIuAcP4Ak8G3Pj0XgxXletMWM9cwJ+wHj7BFzukhI=</latexit>

S(A) + S(B) � S(AB)



OUTLINE

HEC in terms of facets
previously-known results:  N≤5
rewriting in tripartite form
new holographic entropy inequalities for N=6
no-go for correlation measures

HEC in terms of extreme rays
previously-known results:  N≤5
HEC from SAC and marginal independence
new extreme rays for N=6 
gap between holographic and quantum SAC ERs

Summary & future directions

S(B)
<latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit>

S(AB)
<latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit>

S(A)
<latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit>

S(A)
<latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit>

S(AB)
<latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit>

S(B)
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OUTLINE

HEC in terms of facets
previously-known results:  N≤5
rewriting in tripartite form
new holographic entropy inequalities for N=6
no-go for correlation measures

HEC in terms of extreme rays
previously-known results:  N≤5
HEC from SAC and marginal independence
new extreme rays for N=6 
gap between holographic and quantum SAC ERs

Summary & future directions
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HEC for N≤5

0  �SAB � SBC � SCD � SDE � SEA � SABCDE + SABC + SBCD + SCDE + SDEA + SEAB

Another type of structural relation is illustrated by the following triplet:

Q6 [82]

{8,6,1} = �I3(AF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)
Q6 [85]

{8,6,1} = �I3(BF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)
Q6 [130]

{9,8,2} = �I3(ABF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)
(5.2) {{eq:compact_compadd}}{{eq:compact_compadd}}

The only di↵erence between these three expressions is in the first argument of the first term,

where F gets augmented by A, B, and AB, respectively. (Note that the first two expres-

sions, while having the same number of I-basis terms, belong to distinct orbits, since A

and B play di↵erent roles in the remaining terms, as F is singled out by being conditioned

on.) On the other hand, this type of combination does not need to work a priori. For ex-

ample, while there is a structurally analogous companion to Q6 [67]

{7,6,1} (cf. eq. (5.1)), namely

Q6 [66]

{7,6,1} = �I3(AC:E:F)�I3(AD:B:EF)�I3(A:B:C|F), the summed version �I3(ACD:E:F)�
I3(AD:B:EF)� I3(A:B:C|F), while indeed a valid holographic inequality, it does not define a

facet (in this case, it is redundant already with respect to uplifts of N = 5 HEIs).

Uplifting and augmentations: We expect that this structural feature can be utilized to

systematize a solution-generating technique for higher-N HEIs, by bootstrapping this succes-

sive augmentation. To build up further insight, observe that this type of pattern is in fact

present already in the pure MMI class. Start with the original MMI (uplifted from N = 3),

Q3 [2]

{1,0,0} = �IA:B:C . We can augment one argument, say C ! CF, to get a fine-grained

version of MMI,23 which is in fact Q4 [3]

{2,1,0} = �I3(A:B:CF). Using eq. (2.19), this can be

recast as Q4 [3]

{2,1,0} = �I3(A:B:F) � I3(A:B:C|F). Now, we can view this as the starting point

and augment the first argument in the first term, A ! AD. (Note that this is no longer a

mere fine-graining, since other occurrences of A which appear elsewhere in the quantity are

left unaugmented.) Although such an augmentation was not a-priori guaranteed to lead to

a valid HEI, nevertheless, it is indeed one, namely Q5 [4]

{3,2,0} = �I3(AD:B:F) � I3(A:B:C|F).
Since E does not appear, this is intrinsically an N = 5 HEI. However, we can also augment

two of the I3 arguments by di↵erent subsystems, resulting in a genuine N = 6 HEI, namely

Q6 [17]

{5,5,1} = �I3(AD:BE:F)� I3(A:B:C|F). Note that had we merely fine-grained B ! BE in

Q5 [4]

{3,2,0}, we would have obtained an uplift of Q5 [4]

{3,2,0} which in our search for N = 6 HEIs

indeed showed up as Q5 [16]

{5,5,1} = �I3(AD:BE:F)� I3(A:BE:C|F).

6 Discussion
{sec:discuss}

Our main result is that the non-negative information quantities associated to HEIs cannot

at face value be understood as measures of correlations, as they lack the basic property of

and the remaining freedom in permuting is used to obtain as much similarity as possible on the other terms.
23 Equivalently, we can obtain this by considering the original MMI at N = 4, using eq. (B.19) to replace

one argument by complement of the union of the original ones, uplifting to N = 6, and permuting to get the

desired form.
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label N = 5 HEI information quantities

Q
5 [4]

{3,2}
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ABCD
� S

ACDE
� S

AB
� S

AD
� S

DE
� S

C

S
ABC

+ S
ABD

+ S
ACD

+ S
ADE

+ S
CDE

I
ABCD

+ I
ACDE

� I
ACD

� I
ACE

� I
BCD

�I3(AB:C:D)� I3(A:C:E|D)

Q
5 [5]

{4,2}
�S

ABCD
� S

BCDE
� S

ABE
� S

BC
� S

BD
� S

A
� S

C
� S

D
� S

E

S
ABC

+ S
ABD

+ S
BCD

+ S
BCE

+ S
BDE

+ S
AE

+ S
CD

I
ABCD

+ I
BCDE

� I
ABE

� I
ACD

� I
BCD

� I
CDE

�I3(AB:C:D)� I3(A:B:E)� I3(C:D:E|B)
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ADE

+ S
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+ S
BCE

+ 2S
CDE

I
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Q
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{8,6}
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ABC
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ACE
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ADE
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BCD

+ S
BCE

+ S
BDE

+ S
CDE

2I
ABCD

+ I
ABCE

+ 2I
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+ I
ACDE

� I
ABD

� 2I
ABE

� 2I
ACD

� I
ACE

� I
BCD

� I
BDE
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Table 1. HEI information quantities for N = 5 in the S basis (white background), I basis (blue
background), and the more compact form (pink background). We label the information quantities
in the form QN [n]

{k#}, where n is the identifier in the ancillary files, and the {k#} lists the non-zero
entries of {#I3,#I4,#I5,#I6}. The notational shorthand, explained in section 2.1, is such that e.g.
S

ABCD
:= S(ABCD) and I

ABCD
:= I4(A:B:C:D). {tab:HEI_N5}

5.3 Structural relations {ss:structure}
Compactness: Evidently, the compact form has many fewer terms than the I-basis (or

S-basis) form. A priori, this was not guaranteed (– one can certainly cook up information

quantities for which this is not the case), so the very fact is intriguing. Moreover, we can see

that many N = 6 HEIs are in fact simpler than some N = 5 HEIs, a feature we expect to

prevail at higher N. The original hope was that the recasting into the tripartite form would

be su�ciently suggestive to explicate the operational meaning of these HEIs, however this

hope has not yet been realized. We therefore leave it as a challenge for the future.

Structural relations: There are structural similarities between distinct HEI orbits, which

is suggestive of a common origin, in the sense of upgrading the same lower-N HEI in combina-

torially distinct ways. For example, let us compare the compact form for Q5 [5]

{4,2,0}, Q6 [15]

{5,3,0},

Q6 [32]

{6,5,1}, and Q6 [67]

{7,6,1} (the first from table 1 and the other three from table 2, for convenience

– 22 –

0 ≤



N=4 HEC still consists of only {SA, MMI} (gives 20 independent inequalities)

N=5 HEC has 5 further inequalities 
specified in 
& proved to be the complete set in  [Hernández-Cuenca, ’19]

[Bao, Nezami, Ooguri, Stoica, Sully, Walter, '15]

⤳ N=5 HEC has 8 orbits of facets (total 372)

?:  How do we find HEC systematically & understand its meaning / implications?

While QECN is known only up to N=3,  HECN is known up to N=5. 
⤳  Important open problem in Quantum Information Science: QECN

HEC for N≤5

0  �SAB � SBC � SCD � SDE � SEA � SABCDE + SABC + SBCD + SCDE + SDEA + SEAB

Another type of structural relation is illustrated by the following triplet:

Q6 [82]

{8,6,1} = �I3(AF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)
Q6 [85]

{8,6,1} = �I3(BF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)
Q6 [130]

{9,8,2} = �I3(ABF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)
(5.2) {{eq:compact_compadd}}{{eq:compact_compadd}}

The only di↵erence between these three expressions is in the first argument of the first term,

where F gets augmented by A, B, and AB, respectively. (Note that the first two expres-

sions, while having the same number of I-basis terms, belong to distinct orbits, since A

and B play di↵erent roles in the remaining terms, as F is singled out by being conditioned

on.) On the other hand, this type of combination does not need to work a priori. For ex-

ample, while there is a structurally analogous companion to Q6 [67]

{7,6,1} (cf. eq. (5.1)), namely

Q6 [66]

{7,6,1} = �I3(AC:E:F)�I3(AD:B:EF)�I3(A:B:C|F), the summed version �I3(ACD:E:F)�
I3(AD:B:EF)� I3(A:B:C|F), while indeed a valid holographic inequality, it does not define a

facet (in this case, it is redundant already with respect to uplifts of N = 5 HEIs).

Uplifting and augmentations: We expect that this structural feature can be utilized to

systematize a solution-generating technique for higher-N HEIs, by bootstrapping this succes-

sive augmentation. To build up further insight, observe that this type of pattern is in fact

present already in the pure MMI class. Start with the original MMI (uplifted from N = 3),

Q3 [2]

{1,0,0} = �IA:B:C . We can augment one argument, say C ! CF, to get a fine-grained

version of MMI,23 which is in fact Q4 [3]

{2,1,0} = �I3(A:B:CF). Using eq. (2.19), this can be

recast as Q4 [3]

{2,1,0} = �I3(A:B:F) � I3(A:B:C|F). Now, we can view this as the starting point

and augment the first argument in the first term, A ! AD. (Note that this is no longer a

mere fine-graining, since other occurrences of A which appear elsewhere in the quantity are

left unaugmented.) Although such an augmentation was not a-priori guaranteed to lead to

a valid HEI, nevertheless, it is indeed one, namely Q5 [4]

{3,2,0} = �I3(AD:B:F) � I3(A:B:C|F).
Since E does not appear, this is intrinsically an N = 5 HEI. However, we can also augment

two of the I3 arguments by di↵erent subsystems, resulting in a genuine N = 6 HEI, namely

Q6 [17]

{5,5,1} = �I3(AD:BE:F)� I3(A:B:C|F). Note that had we merely fine-grained B ! BE in

Q5 [4]

{3,2,0}, we would have obtained an uplift of Q5 [4]

{3,2,0} which in our search for N = 6 HEIs

indeed showed up as Q5 [16]

{5,5,1} = �I3(AD:BE:F)� I3(A:BE:C|F).

6 Discussion
{sec:discuss}

Our main result is that the non-negative information quantities associated to HEIs cannot

at face value be understood as measures of correlations, as they lack the basic property of

and the remaining freedom in permuting is used to obtain as much similarity as possible on the other terms.
23 Equivalently, we can obtain this by considering the original MMI at N = 4, using eq. (B.19) to replace

one argument by complement of the union of the original ones, uplifting to N = 6, and permuting to get the

desired form.
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e.g.:

label N = 5 HEI information quantities

Q
5 [4]

{3,2}
�S

ABCD
� S

ACDE
� S

AB
� S

AD
� S

DE
� S

C

S
ABC

+ S
ABD

+ S
ACD

+ S
ADE

+ S
CDE

I
ABCD

+ I
ACDE

� I
ACD

� I
ACE

� I
BCD

�I3(AB:C:D)� I3(A:C:E|D)

Q
5 [5]

{4,2}
�S

ABCD
� S

BCDE
� S

ABE
� S

BC
� S

BD
� S

A
� S

C
� S

D
� S

E

S
ABC

+ S
ABD

+ S
BCD

+ S
BCE

+ S
BDE

+ S
AE

+ S
CD

I
ABCD

+ I
BCDE

� I
ABE

� I
ACD

� I
BCD

� I
CDE

�I3(AB:C:D)� I3(A:B:E)� I3(C:D:E|B)

Q
5 [7]

{4,3}
�S

ABCD
� S

ACDE
� S

BCDE
� S

AB
� S

AD
� S

BC
� S

CD
� S

CE
� S

DE

S
ABC

+ S
ABD

+ S
ACD

+ S
ADE

+ S
BCD

+ S
BCE

+ 2S
CDE

I
ABCD

+ I
ACDE

+ I
BCDE

� I
ACD

� I
ACE

� I
BCD

� I
BDE

�I3(AB:C:D)� I3(B:D:E|C)� I3(A:C:E|D)

Q
5 [6]

{4,3}
�S

ABCE
� S

ACDE
� S

BCDE
� S

ABD
� S

AC
� S

AE
� S

BC
� S

BE
� S

CD
� S

DE

S
ABC

+ S
ABE

+ S
ACD

+ S
ACE

+ S
ADE

+ S
BCD

+ S
BCE

+ S
BDE

+ S
CDE

I
ABCE

+ I
ACDE

+ I
BCDE

� I
ABD

� I
ACE

� I
BCE

� I
CDE

�I3(A:B:D)� I3(B:C:E|A)� I3(C:D:E|B)� I3(A:C:E|D)

Q
5 [71]

{8,6}
�2S

ABCD
� S

ABCE
� 2S

ABDE
� S

ACDE
� 2S

AB
� S

AC
� 2S

AD
� S

AE
� 2S

BC
� S

BD
� S

CE
� 2S

DE

3S
ABC

+ 3S
ABD

+ S
ABE

+ S
ACD

+ S
ACE

+ 3S
ADE

+ S
BCD

+ S
BCE

+ S
BDE

+ S
CDE

2I
ABCD

+ I
ABCE

+ 2I
ABDE

+ I
ACDE

� I
ABD

� 2I
ABE

� 2I
ACD

� I
ACE

� I
BCD

� I
BDE

�I3(AB:C:D)� I3(AE:B:D)� I3(A:B:E|C)� I3(A:B:E|D)� I3(A:C:D|B)� I3(A:C:E|D)

Table 1. HEI information quantities for N = 5 in the S basis (white background), I basis (blue
background), and the more compact form (pink background). We label the information quantities
in the form QN [n]

{k#}, where n is the identifier in the ancillary files, and the {k#} lists the non-zero
entries of {#I3,#I4,#I5,#I6}. The notational shorthand, explained in section 2.1, is such that e.g.
S

ABCD
:= S(ABCD) and I

ABCD
:= I4(A:B:C:D). {tab:HEI_N5}

5.3 Structural relations {ss:structure}
Compactness: Evidently, the compact form has many fewer terms than the I-basis (or

S-basis) form. A priori, this was not guaranteed (– one can certainly cook up information

quantities for which this is not the case), so the very fact is intriguing. Moreover, we can see

that many N = 6 HEIs are in fact simpler than some N = 5 HEIs, a feature we expect to

prevail at higher N. The original hope was that the recasting into the tripartite form would

be su�ciently suggestive to explicate the operational meaning of these HEIs, however this

hope has not yet been realized. We therefore leave it as a challenge for the future.

Structural relations: There are structural similarities between distinct HEI orbits, which

is suggestive of a common origin, in the sense of upgrading the same lower-N HEI in combina-

torially distinct ways. For example, let us compare the compact form for Q5 [5]

{4,2,0}, Q6 [15]

{5,3,0},

Q6 [32]

{6,5,1}, and Q6 [67]

{7,6,1} (the first from table 1 and the other three from table 2, for convenience
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HEI in terms of In

Re-write in terms of more compact expressions 
Multipartite informations with 'singleton' arguments form a basis

<latexit sha1_base64="Z/IlYx9ksDPYyrg8ARXKVuAjlVc="></latexit>

{I1(A), . . . , I2(A : B), . . . , I3(A : B : C), . . . , IN(A : B : . . .)}
where the usual sign convention is fixed so as to keep the singleton coe�cients positive. For

example, for the tripartite information this would give

I3(A:B:C) = SA + SB + SC � SAB � SAC � SBC + SABC (2.3) {eq:IfromS}

and so forth. Once written out in the form eq. (2.2), we can straightforwardly replace the

monochromatic arguments by polychromatic ones, e.g.

I3(A:B:CD) = SA + SB + SCD � SAB � SACD � SBCD + SABCD (2.4)

(Note the change of font on the I3 indicates that this is no longer a singleton multipartite

information.)

In basis: Let us consider the set of all singleton multipartite informations II (i.e. those with

only monochromatic arguments). There are precisely D of them, the same as the number of

independent entropies, and hence the dimensionality of the entropy space. Indeed, as argued

in [1, 10], the set of all II’s form a basis for the entropy space, referred to as the “I-basis”, to

distinguish it from the “S-basis” representation in terms of the entropies. This means that

we can express any information quantity in terms of these multipartite informations. For

example, the entropies themselves are obtained very simply by inverting eq. (2.2), which is

in fact captured by an involutory matrix:

SI =
X

K✓I

(�1)|K|+1
IK . (2.5) {{eq:SfromI}}{{eq:SfromI}}

In in terms of other Im’s: It will be useful to express the multipartite information with

polychromatic arguments in the I-basis as well, and conversely, to express In in terms of Im’s

with smaller m but polychromatic arguments. To obtain such relations, we will make use of

the underlying symmetries of multipartite information. From eq. (2.2) we can easily see that

any II is symmetric under permuting its arguments. In fact it has a much larger symmetry

since all the coe�cients are ±1 depending on the parity of the size of the term. Indeed, this

has an iterative structure which is manifest in a “notationally-factorized” form presented in

appendix A. This notation enables us to obtain the following relations straightforwardly.

First of all, we can build up higher multipartite informations, say In+1, from a com-

bination of lower ones, say In’s, but at the cost of invoking polychromatic arguments. In

particular, using the shorthand notation indicated above in eq. (2.1) with I. comprising n� 1

singletons distinct from A or B, we have, for any n,

In+1(A : B : I.) = In(A : I.) + In(B : I.)� In(AB : I.) (2.6) {{eq:Inadditivitysplit}}{{eq:Inadditivitysplit}}

which by permutation symmetry on the arguments of In applies for any positions of A and B.

We can furthermore “fine-grain” any singleton(s) into polychromatic subsystem(s), to obtain

In+1 in terms of In’s. We can then iterate eq. (2.6) further, to express any In in terms of

a collection of Im’s for any smaller m, so in particular there is a multitude of ways we can
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is the fact that SI = S[N+1]rI for all I, namely, that by purity of the full state, the entropy of

a subsystem and that of its complement are identical.

The permutation symmetries that the HEC enjoys will be relevant to the study of gen-

eral information quantities as well. For N parties, the HEC is obviously symmetric under

permutations of the party labels in [N], which are captured by the symmetric group SymN.

These are referred to as the permutation symmetry of the HEC. In addition, by the purity

property mentioned above, the full symmetry group of the HEC gets enhanced to SymN+1

for permutations of [N+ 1] under the identification SI = S[N+1]rI for all complementary sub-

systems. The set of permutations involving N+1 are referred to as the purification symmetry

of the HEC. Canonically, we will always use the purification symmetry to label entropies by

the 2N � 1 subsets ? 6= I ✓ [N] which do not involve N+ 1.

When referring to multipartite information with n arguments, we write this abstractly

as In; to indicate the explicit arguments, it is conventional to write them out explicitly

as in In(X1 : X2 : . . . : Xn) where the Xi’s are mutually disjoint subsystems which can

be monochromatic or polychromatic. When considering a collection of just monochromatic

arguments, it will be notationally convenient to compress them into a single (decorated)

polychromatic subsystem, which we will denote by an underdot like I. or a dotted underline

as in . . . .AB. A further special case is when all the In arguments are monochromatic; since this is

a important construct, we will use a dedicated notation and terminology for this case: we will

call such an In a singleton multipartite information and emphasize this feature by a special

font In. Moreover if we want to specify the actual arguments, we can now use the combined

polychromatic system as an index, in which case we drop the underdots and write simply II.

(Note that in the latter case we can leave the number of arguments n = |I| implicit.) So for

instance we can write interchangeably

I4(A:B:C:D) = IABCD = I4(. . . .AB:C:D) = I4(A: . . . . . .BCD) (2.1) {{eq:Innotations}}{{eq:Innotations}}

Although redundant, allowing ourselves this notational flexibility will enable us to present

the arguments and HEI tables more cleanly.

2.2 Multipartite information
{ss:In}

We now review the various salient properties of the multipartite information In. We start

with the definition and structural aspects of these information quantities, and then proceed

to discuss the values they can evaluate to for given classes of configurations.

In in terms of entropies: Using the notation established in section 2.1, we can now write

the multipartite information in terms of entanglement entropies quite compactly. Let us first

specialize to the case where all the arguments are monochromatic. If the arguments comprise

the polychromatic system I, we can write the singleton multipartite information as

II =
X

K✓I

(�1)|K|+1
SK , (2.2) {{eq:IfromS}}{{eq:IfromS}}
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w/ tripartite information:

& more generally, multipartite information:



HEI in terms of In

Re-write in terms of more compact expressions 
Multipartite informations with 'singleton' arguments form a basis

<latexit sha1_base64="Z/IlYx9ksDPYyrg8ARXKVuAjlVc="></latexit>

{I1(A), . . . , I2(A : B), . . . , I3(A : B : C), . . . , IN(A : B : . . .)}
where the usual sign convention is fixed so as to keep the singleton coe�cients positive. For

example, for the tripartite information this would give

I3(A:B:C) = SA + SB + SC � SAB � SAC � SBC + SABC (2.3) {eq:IfromS}

and so forth. Once written out in the form eq. (2.2), we can straightforwardly replace the

monochromatic arguments by polychromatic ones, e.g.

I3(A:B:CD) = SA + SB + SCD � SAB � SACD � SBCD + SABCD (2.4)

(Note the change of font on the I3 indicates that this is no longer a singleton multipartite

information.)

In basis: Let us consider the set of all singleton multipartite informations II (i.e. those with

only monochromatic arguments). There are precisely D of them, the same as the number of

independent entropies, and hence the dimensionality of the entropy space. Indeed, as argued

in [1, 10], the set of all II’s form a basis for the entropy space, referred to as the “I-basis”, to

distinguish it from the “S-basis” representation in terms of the entropies. This means that

we can express any information quantity in terms of these multipartite informations. For

example, the entropies themselves are obtained very simply by inverting eq. (2.2), which is

in fact captured by an involutory matrix:

SI =
X

K✓I

(�1)|K|+1
IK . (2.5) {{eq:SfromI}}{{eq:SfromI}}

In in terms of other Im’s: It will be useful to express the multipartite information with

polychromatic arguments in the I-basis as well, and conversely, to express In in terms of Im’s

with smaller m but polychromatic arguments. To obtain such relations, we will make use of

the underlying symmetries of multipartite information. From eq. (2.2) we can easily see that

any II is symmetric under permuting its arguments. In fact it has a much larger symmetry

since all the coe�cients are ±1 depending on the parity of the size of the term. Indeed, this

has an iterative structure which is manifest in a “notationally-factorized” form presented in

appendix A. This notation enables us to obtain the following relations straightforwardly.

First of all, we can build up higher multipartite informations, say In+1, from a com-

bination of lower ones, say In’s, but at the cost of invoking polychromatic arguments. In

particular, using the shorthand notation indicated above in eq. (2.1) with I. comprising n� 1

singletons distinct from A or B, we have, for any n,

In+1(A : B : I.) = In(A : I.) + In(B : I.)� In(AB : I.) (2.6) {{eq:Inadditivitysplit}}{{eq:Inadditivitysplit}}

which by permutation symmetry on the arguments of In applies for any positions of A and B.

We can furthermore “fine-grain” any singleton(s) into polychromatic subsystem(s), to obtain

In+1 in terms of In’s. We can then iterate eq. (2.6) further, to express any In in terms of

a collection of Im’s for any smaller m, so in particular there is a multitude of ways we can
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is the fact that SI = S[N+1]rI for all I, namely, that by purity of the full state, the entropy of

a subsystem and that of its complement are identical.

The permutation symmetries that the HEC enjoys will be relevant to the study of gen-

eral information quantities as well. For N parties, the HEC is obviously symmetric under

permutations of the party labels in [N], which are captured by the symmetric group SymN.

These are referred to as the permutation symmetry of the HEC. In addition, by the purity

property mentioned above, the full symmetry group of the HEC gets enhanced to SymN+1

for permutations of [N+ 1] under the identification SI = S[N+1]rI for all complementary sub-

systems. The set of permutations involving N+1 are referred to as the purification symmetry

of the HEC. Canonically, we will always use the purification symmetry to label entropies by

the 2N � 1 subsets ? 6= I ✓ [N] which do not involve N+ 1.

When referring to multipartite information with n arguments, we write this abstractly

as In; to indicate the explicit arguments, it is conventional to write them out explicitly

as in In(X1 : X2 : . . . : Xn) where the Xi’s are mutually disjoint subsystems which can

be monochromatic or polychromatic. When considering a collection of just monochromatic

arguments, it will be notationally convenient to compress them into a single (decorated)

polychromatic subsystem, which we will denote by an underdot like I. or a dotted underline

as in . . . .AB. A further special case is when all the In arguments are monochromatic; since this is

a important construct, we will use a dedicated notation and terminology for this case: we will

call such an In a singleton multipartite information and emphasize this feature by a special

font In. Moreover if we want to specify the actual arguments, we can now use the combined

polychromatic system as an index, in which case we drop the underdots and write simply II.

(Note that in the latter case we can leave the number of arguments n = |I| implicit.) So for

instance we can write interchangeably

I4(A:B:C:D) = IABCD = I4(. . . .AB:C:D) = I4(A: . . . . . .BCD) (2.1) {{eq:Innotations}}{{eq:Innotations}}

Although redundant, allowing ourselves this notational flexibility will enable us to present

the arguments and HEI tables more cleanly.

2.2 Multipartite information
{ss:In}

We now review the various salient properties of the multipartite information In. We start

with the definition and structural aspects of these information quantities, and then proceed

to discuss the values they can evaluate to for given classes of configurations.

In in terms of entropies: Using the notation established in section 2.1, we can now write

the multipartite information in terms of entanglement entropies quite compactly. Let us first

specialize to the case where all the arguments are monochromatic. If the arguments comprise

the polychromatic system I, we can write the singleton multipartite information as

II =
X

K✓I

(�1)|K|+1
SK , (2.2) {{eq:IfromS}}{{eq:IfromS}}
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w/ tripartite information:

& more generally, multipartite information:

Multipartite informations with composite arguments:

where the usual sign convention is fixed so as to keep the singleton coe�cients positive. For

example, for the tripartite information this would give

I3(A:B:C) = SA + SB + SC � SAB � SAC � SBC + SABC (2.3) {eq:IfromS}

and so forth. Once written out in the form eq. (2.2), we can straightforwardly replace the

monochromatic arguments by polychromatic ones, e.g.

I3(A:B:CD) = SA + SB + SCD � SAB � SACD � SBCD + SABCD (2.4)

(Note the change of font on the I3 indicates that this is no longer a singleton multipartite

information.)

In basis: Let us consider the set of all singleton multipartite informations II (i.e. those with

only monochromatic arguments). There are precisely D of them, the same as the number of

independent entropies, and hence the dimensionality of the entropy space. Indeed, as argued

in [1, 10], the set of all II’s form a basis for the entropy space, referred to as the “I-basis”, to

distinguish it from the “S-basis” representation in terms of the entropies. This means that

we can express any information quantity in terms of these multipartite informations. For

example, the entropies themselves are obtained very simply by inverting eq. (2.2), which is

in fact captured by an involutory matrix:

SI =
X

K✓I

(�1)|K|+1
IK . (2.5) {{eq:SfromI}}{{eq:SfromI}}

In in terms of other Im’s: It will be useful to express the multipartite information with

polychromatic arguments in the I-basis as well, and conversely, to express In in terms of Im’s

with smaller m but polychromatic arguments. To obtain such relations, we will make use of

the underlying symmetries of multipartite information. From eq. (2.2) we can easily see that

any II is symmetric under permuting its arguments. In fact it has a much larger symmetry

since all the coe�cients are ±1 depending on the parity of the size of the term. Indeed, this

has an iterative structure which is manifest in a “notationally-factorized” form presented in

appendix A. This notation enables us to obtain the following relations straightforwardly.

First of all, we can build up higher multipartite informations, say In+1, from a com-

bination of lower ones, say In’s, but at the cost of invoking polychromatic arguments. In

particular, using the shorthand notation indicated above in eq. (2.1) with I. comprising n� 1

singletons distinct from A or B, we have, for any n,

In+1(A : B : I.) = In(A : I.) + In(B : I.)� In(AB : I.) (2.6) {{eq:Inadditivitysplit}}{{eq:Inadditivitysplit}}

which by permutation symmetry on the arguments of In applies for any positions of A and B.

We can furthermore “fine-grain” any singleton(s) into polychromatic subsystem(s), to obtain

In+1 in terms of In’s. We can then iterate eq. (2.6) further, to express any In in terms of

a collection of Im’s for any smaller m, so in particular there is a multitude of ways we can
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e.g.



Tripartite form of HEIs

In the I-basis, HEIs are simpler  [He, Headrick, VH],  
but not simple enough...

label N = 5 HEI information quantities

Q
5 [4]

{3,2}
�S

ABCD
� S

ACDE
� S

AB
� S

AD
� S

DE
� S

C

S
ABC

+ S
ABD

+ S
ACD

+ S
ADE

+ S
CDE

I
ABCD

+ I
ACDE

� I
ACD

� I
ACE

� I
BCD

�I3(AB:C:D)� I3(A:C:E|D)

Q
5 [5]

{4,2}
�S

ABCD
� S

BCDE
� S

ABE
� S

BC
� S

BD
� S

A
� S

C
� S

D
� S

E

S
ABC

+ S
ABD

+ S
BCD

+ S
BCE

+ S
BDE

+ S
AE

+ S
CD

I
ABCD

+ I
BCDE

� I
ABE

� I
ACD

� I
BCD

� I
CDE

�I3(AB:C:D)� I3(A:B:E)� I3(C:D:E|B)

Q
5 [7]

{4,3}
�S

ABCD
� S

ACDE
� S

BCDE
� S

AB
� S

AD
� S

BC
� S

CD
� S

CE
� S

DE

S
ABC

+ S
ABD

+ S
ACD

+ S
ADE

+ S
BCD

+ S
BCE

+ 2S
CDE

I
ABCD

+ I
ACDE

+ I
BCDE

� I
ACD

� I
ACE

� I
BCD

� I
BDE

�I3(AB:C:D)� I3(B:D:E|C)� I3(A:C:E|D)

Q
5 [6]

{4,3}
�S

ABCE
� S

ACDE
� S

BCDE
� S

ABD
� S

AC
� S

AE
� S

BC
� S

BE
� S

CD
� S

DE

S
ABC

+ S
ABE

+ S
ACD

+ S
ACE

+ S
ADE

+ S
BCD

+ S
BCE

+ S
BDE

+ S
CDE

I
ABCE

+ I
ACDE

+ I
BCDE

� I
ABD

� I
ACE

� I
BCE

� I
CDE

�I3(A:B:D)� I3(B:C:E|A)� I3(C:D:E|B)� I3(A:C:E|D)

Q
5 [71]

{8,6}
�2S

ABCD
� S

ABCE
� 2S

ABDE
� S

ACDE
� 2S

AB
� S

AC
� 2S

AD
� S

AE
� 2S

BC
� S

BD
� S

CE
� 2S

DE

3S
ABC

+ 3S
ABD

+ S
ABE

+ S
ACD

+ S
ACE

+ 3S
ADE

+ S
BCD

+ S
BCE

+ S
BDE

+ S
CDE

2I
ABCD

+ I
ABCE

+ 2I
ABDE

+ I
ACDE

� I
ABD

� 2I
ABE

� 2I
ACD

� I
ACE

� I
BCD

� I
BDE

�I3(AB:C:D)� I3(AE:B:D)� I3(A:B:E|C)� I3(A:B:E|D)� I3(A:C:D|B)� I3(A:C:E|D)

Table 1. HEI information quantities for N = 5 in the S basis (white background), I basis (blue
background), and the more compact form (pink background). We label the information quantities
in the form QN [n]

{k#}, where n is the identifier in the ancillary files, and the {k#} lists the non-zero
entries of {#I3,#I4,#I5,#I6}. The notational shorthand, explained in section 2.1, is such that e.g.
S

ABCD
:= S(ABCD) and I

ABCD
:= I4(A:B:C:D). {tab:HEI_N5}

5.3 Structural relations {ss:structure}
Compactness: Evidently, the compact form has many fewer terms than the I-basis (or

S-basis) form. A priori, this was not guaranteed (– one can certainly cook up information

quantities for which this is not the case), so the very fact is intriguing. Moreover, we can see

that many N = 6 HEIs are in fact simpler than some N = 5 HEIs, a feature we expect to

prevail at higher N. The original hope was that the recasting into the tripartite form would

be su�ciently suggestive to explicate the operational meaning of these HEIs, however this

hope has not yet been realized. We therefore leave it as a challenge for the future.

Structural relations: There are structural similarities between distinct HEI orbits, which

is suggestive of a common origin, in the sense of upgrading the same lower-N HEI in combina-

torially distinct ways. For example, let us compare the compact form for Q5 [5]

{4,2,0}, Q6 [15]

{5,3,0},

Q6 [32]

{6,5,1}, and Q6 [67]

{7,6,1} (the first from table 1 and the other three from table 2, for convenience
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Tripartite form of HEIs

In the I-basis, HEIs are simpler  [He, Headrick, VH],  
but not simple enough...

label N = 5 HEI information quantities

Q
5 [4]

{3,2}
�S

ABCD
� S

ACDE
� S

AB
� S

AD
� S

DE
� S

C

S
ABC

+ S
ABD

+ S
ACD

+ S
ADE

+ S
CDE

I
ABCD

+ I
ACDE

� I
ACD

� I
ACE

� I
BCD

�I3(AB:C:D)� I3(A:C:E|D)

Q
5 [5]

{4,2}
�S

ABCD
� S

BCDE
� S

ABE
� S

BC
� S

BD
� S

A
� S

C
� S

D
� S

E

S
ABC

+ S
ABD

+ S
BCD

+ S
BCE

+ S
BDE

+ S
AE

+ S
CD

I
ABCD

+ I
BCDE

� I
ABE

� I
ACD

� I
BCD

� I
CDE

�I3(AB:C:D)� I3(A:B:E)� I3(C:D:E|B)

Q
5 [7]

{4,3}
�S

ABCD
� S

ACDE
� S

BCDE
� S

AB
� S

AD
� S

BC
� S

CD
� S

CE
� S

DE

S
ABC

+ S
ABD

+ S
ACD

+ S
ADE

+ S
BCD

+ S
BCE

+ 2S
CDE

I
ABCD

+ I
ACDE

+ I
BCDE

� I
ACD

� I
ACE

� I
BCD

� I
BDE

�I3(AB:C:D)� I3(B:D:E|C)� I3(A:C:E|D)

Q
5 [6]

{4,3}
�S

ABCE
� S

ACDE
� S

BCDE
� S

ABD
� S

AC
� S

AE
� S

BC
� S

BE
� S

CD
� S

DE

S
ABC

+ S
ABE

+ S
ACD

+ S
ACE

+ S
ADE

+ S
BCD

+ S
BCE

+ S
BDE

+ S
CDE

I
ABCE

+ I
ACDE

+ I
BCDE

� I
ABD

� I
ACE

� I
BCE

� I
CDE

�I3(A:B:D)� I3(B:C:E|A)� I3(C:D:E|B)� I3(A:C:E|D)

Q
5 [71]

{8,6}
�2S

ABCD
� S

ABCE
� 2S

ABDE
� S

ACDE
� 2S

AB
� S

AC
� 2S

AD
� S

AE
� 2S

BC
� S

BD
� S

CE
� 2S

DE

3S
ABC

+ 3S
ABD

+ S
ABE

+ S
ACD

+ S
ACE

+ 3S
ADE

+ S
BCD

+ S
BCE

+ S
BDE

+ S
CDE

2I
ABCD

+ I
ABCE

+ 2I
ABDE

+ I
ACDE

� I
ABD

� 2I
ABE

� 2I
ACD

� I
ACE

� I
BCD

� I
BDE

�I3(AB:C:D)� I3(AE:B:D)� I3(A:B:E|C)� I3(A:B:E|D)� I3(A:C:D|B)� I3(A:C:E|D)

Table 1. HEI information quantities for N = 5 in the S basis (white background), I basis (blue
background), and the more compact form (pink background). We label the information quantities
in the form QN [n]

{k#}, where n is the identifier in the ancillary files, and the {k#} lists the non-zero
entries of {#I3,#I4,#I5,#I6}. The notational shorthand, explained in section 2.1, is such that e.g.
S

ABCD
:= S(ABCD) and I

ABCD
:= I4(A:B:C:D). {tab:HEI_N5}

5.3 Structural relations {ss:structure}
Compactness: Evidently, the compact form has many fewer terms than the I-basis (or

S-basis) form. A priori, this was not guaranteed (– one can certainly cook up information

quantities for which this is not the case), so the very fact is intriguing. Moreover, we can see

that many N = 6 HEIs are in fact simpler than some N = 5 HEIs, a feature we expect to

prevail at higher N. The original hope was that the recasting into the tripartite form would

be su�ciently suggestive to explicate the operational meaning of these HEIs, however this

hope has not yet been realized. We therefore leave it as a challenge for the future.

Structural relations: There are structural similarities between distinct HEI orbits, which

is suggestive of a common origin, in the sense of upgrading the same lower-N HEI in combina-

torially distinct ways. For example, let us compare the compact form for Q5 [5]

{4,2,0}, Q6 [15]

{5,3,0},

Q6 [32]

{6,5,1}, and Q6 [67]

{7,6,1} (the first from table 1 and the other three from table 2, for convenience
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I3However, written in terms of      and its conditional form, w/ composite 
arguments, and all signs negative   ≡ "tripartite form": 
 
 
 
HEIs become more compact  [WIP: Hernández-Cuenca, VH, Jia]: 

by lemma 4 as desired.19 With these building blocks, it is also nicely straightforward to

implement the desired sign-alternation property, by requiring that not just the I3’s, but also

their conditional versions, must all come with a negative sign, independently of the argument

size. This motivates the following ansatz for the form of information quantities corresponding

to HEIs, which we dub the tripartite form.

Definition 2 (tripartite form). An information quantity Q is said to be in the tripartite form

if it can be expressed as

Q =
X

i

�I3(Xi : Yi : Zi |Wi) (5.1) {{eq:ctform}}{{eq:ctform}}

where the arguments Xi,Yi, Zi,Wi ⇢ [N + 1] are disjoint subsystems, but we allow for the

conditioning to trivialize, Wi = ?, in which case I3(Xi : Yi : Zi |?) := I3(Xi : Yi : Zi).

The index i in eq. (5.1) labels the separate terms, and its range depends on the specific

HEI. In particular, the collections {Xi,Yi, Zi,Wi} do not exhaust all the possibilities, nor do

they in principle need to be distinct.20 Each term in eq. (5.1) can be characterized as either

tripartite information (when Wi = ?) or conditional tripartite information (when Wi 6= ?),

which we will abbreviate as I and C, respectively. It will then be convenient to summarize the

structural form of the HEI by a “word” made of I’s and C’s, one letter for each term, such as

I, IC, IIC, etc.. The requirement of non-redundancy dictates that apart from SA and MMI,

all higher HEIs must consist of at least two terms (since the single term C by itself is not

sign-definite) and that at least one of the terms must be a C (because I itself is sign-definite,

so multiple I’s yield a redundant quantity). The minimal such expression would then be IC,

i.e. consist of a single I3 term and a single conditional I3 term. And indeed, we find that

there are HEIs of this form; cf. Q5 [4]

{3,2,0} of table 1 and Q6 [17]

{5,5,1} in table 2.

This is encouraging, and inspires a systematic method of looking for new HEIs: posit the

requisite tripartite form, by specifying how many I’s and C’s a given information quantity

should have, and then test all possible combinations of arguments {Xi,Yi, Zi,Wi} (up to

permutation symmetry between {Xi,Yi, Zi} for each i and overall permutation and purification

symmetry).21 In appendix C we elaborate on how we accomplished this search exhaustively

to find all HEIs which admit a tripartite form with four or fewer terms; there are 330 such

HEIs22, listed explicitly in the ancillary files, with a representative set exemplified below in

table 2.
19 Of course, one could use eq. (2.20) to rewrite I4 as a di↵erence between I3 and conditional I3 in any

information quantity, and similarly for higher In, but in general this would spoil the automatic In sign

alternation, so it is non-trivial that such wrong-sign terms cancel out in the full expression for the HEIs as

required by proposition 3.
20 Hence the tripartite form can account for arbitrary negative integer coe�cients by simply repeating terms,

though in practice they turn out to be distinct for all the HEIs we have found.
21 [comment on purifier in arguments of I vs. C here?] [Perhaps not here - leave these nuances to appendix

C?]
22Of these, 9 are among the 11 lifts from N = 5; the other two lifts are SA (which is not superbalanced) and

the last inequality in table 1, which requires more terms in tripartite form.
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permutation symmetry between {Xi,Yi, Zi} for each i and overall permutation and purification

symmetry).21 In appendix C we elaborate on how we accomplished this search exhaustively

to find all HEIs which admit a tripartite form with four or fewer terms; there are 330 such
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table 2.
19 Of course, one could use eq. (2.20) to rewrite I4 as a di↵erence between I3 and conditional I3 in any

information quantity, and similarly for higher In, but in general this would spoil the automatic In sign

alternation, so it is non-trivial that such wrong-sign terms cancel out in the full expression for the HEIs as
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Tripartite form of HEIs

In the I-basis, HEIs are simpler  [He, Headrick, VH],  
but not simple enough...

label N = 5 HEI information quantities

Q
5 [4]

{3,2}
�S

ABCD
� S

ACDE
� S

AB
� S

AD
� S

DE
� S

C

S
ABC

+ S
ABD

+ S
ACD

+ S
ADE

+ S
CDE

I
ABCD

+ I
ACDE

� I
ACD

� I
ACE

� I
BCD

�I3(AB:C:D)� I3(A:C:E|D)

Q
5 [5]

{4,2}
�S

ABCD
� S

BCDE
� S

ABE
� S

BC
� S

BD
� S

A
� S

C
� S

D
� S

E

S
ABC

+ S
ABD

+ S
BCD

+ S
BCE

+ S
BDE

+ S
AE

+ S
CD

I
ABCD

+ I
BCDE

� I
ABE

� I
ACD

� I
BCD

� I
CDE

�I3(AB:C:D)� I3(A:B:E)� I3(C:D:E|B)

Q
5 [7]

{4,3}
�S

ABCD
� S

ACDE
� S

BCDE
� S

AB
� S

AD
� S

BC
� S

CD
� S

CE
� S

DE

S
ABC

+ S
ABD

+ S
ACD

+ S
ADE

+ S
BCD

+ S
BCE

+ 2S
CDE

I
ABCD

+ I
ACDE

+ I
BCDE

� I
ACD

� I
ACE

� I
BCD

� I
BDE

�I3(AB:C:D)� I3(B:D:E|C)� I3(A:C:E|D)

Q
5 [6]

{4,3}
�S

ABCE
� S

ACDE
� S

BCDE
� S

ABD
� S

AC
� S

AE
� S

BC
� S

BE
� S

CD
� S

DE

S
ABC

+ S
ABE

+ S
ACD

+ S
ACE

+ S
ADE

+ S
BCD

+ S
BCE

+ S
BDE

+ S
CDE

I
ABCE

+ I
ACDE

+ I
BCDE

� I
ABD

� I
ACE

� I
BCE

� I
CDE

�I3(A:B:D)� I3(B:C:E|A)� I3(C:D:E|B)� I3(A:C:E|D)

Q
5 [71]

{8,6}
�2S

ABCD
� S

ABCE
� 2S

ABDE
� S

ACDE
� 2S

AB
� S

AC
� 2S

AD
� S

AE
� 2S

BC
� S

BD
� S

CE
� 2S

DE

3S
ABC

+ 3S
ABD

+ S
ABE

+ S
ACD

+ S
ACE

+ 3S
ADE

+ S
BCD

+ S
BCE

+ S
BDE

+ S
CDE

2I
ABCD

+ I
ABCE

+ 2I
ABDE

+ I
ACDE

� I
ABD

� 2I
ABE

� 2I
ACD

� I
ACE

� I
BCD

� I
BDE

�I3(AB:C:D)� I3(AE:B:D)� I3(A:B:E|C)� I3(A:B:E|D)� I3(A:C:D|B)� I3(A:C:E|D)

Table 1. HEI information quantities for N = 5 in the S basis (white background), I basis (blue
background), and the more compact form (pink background). We label the information quantities
in the form QN [n]

{k#}, where n is the identifier in the ancillary files, and the {k#} lists the non-zero
entries of {#I3,#I4,#I5,#I6}. The notational shorthand, explained in section 2.1, is such that e.g.
S

ABCD
:= S(ABCD) and I

ABCD
:= I4(A:B:C:D). {tab:HEI_N5}

5.3 Structural relations {ss:structure}
Compactness: Evidently, the compact form has many fewer terms than the I-basis (or

S-basis) form. A priori, this was not guaranteed (– one can certainly cook up information

quantities for which this is not the case), so the very fact is intriguing. Moreover, we can see

that many N = 6 HEIs are in fact simpler than some N = 5 HEIs, a feature we expect to

prevail at higher N. The original hope was that the recasting into the tripartite form would

be su�ciently suggestive to explicate the operational meaning of these HEIs, however this

hope has not yet been realized. We therefore leave it as a challenge for the future.

Structural relations: There are structural similarities between distinct HEI orbits, which

is suggestive of a common origin, in the sense of upgrading the same lower-N HEI in combina-

torially distinct ways. For example, let us compare the compact form for Q5 [5]

{4,2,0}, Q6 [15]

{5,3,0},

Q6 [32]

{6,5,1}, and Q6 [67]

{7,6,1} (the first from table 1 and the other three from table 2, for convenience

– 22 –

e.g.: 0 ≤ Q =

vs.  Q =
+
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I3However, written in terms of      and its conditional form, w/ composite 
arguments, and all signs negative   ≡ "tripartite form": 
 
 
 
HEIs become more compact  [WIP: Hernández-Cuenca, VH, Jia]: 

by lemma 4 as desired.19 With these building blocks, it is also nicely straightforward to

implement the desired sign-alternation property, by requiring that not just the I3’s, but also

their conditional versions, must all come with a negative sign, independently of the argument

size. This motivates the following ansatz for the form of information quantities corresponding

to HEIs, which we dub the tripartite form.

Definition 2 (tripartite form). An information quantity Q is said to be in the tripartite form

if it can be expressed as

Q =
X

i

�I3(Xi : Yi : Zi |Wi) (5.1) {{eq:ctform}}{{eq:ctform}}

where the arguments Xi,Yi, Zi,Wi ⇢ [N + 1] are disjoint subsystems, but we allow for the

conditioning to trivialize, Wi = ?, in which case I3(Xi : Yi : Zi |?) := I3(Xi : Yi : Zi).

The index i in eq. (5.1) labels the separate terms, and its range depends on the specific

HEI. In particular, the collections {Xi,Yi, Zi,Wi} do not exhaust all the possibilities, nor do

they in principle need to be distinct.20 Each term in eq. (5.1) can be characterized as either

tripartite information (when Wi = ?) or conditional tripartite information (when Wi 6= ?),

which we will abbreviate as I and C, respectively. It will then be convenient to summarize the

structural form of the HEI by a “word” made of I’s and C’s, one letter for each term, such as

I, IC, IIC, etc.. The requirement of non-redundancy dictates that apart from SA and MMI,

all higher HEIs must consist of at least two terms (since the single term C by itself is not

sign-definite) and that at least one of the terms must be a C (because I itself is sign-definite,

so multiple I’s yield a redundant quantity). The minimal such expression would then be IC,

i.e. consist of a single I3 term and a single conditional I3 term. And indeed, we find that

there are HEIs of this form; cf. Q5 [4]

{3,2,0} of table 1 and Q6 [17]

{5,5,1} in table 2.

This is encouraging, and inspires a systematic method of looking for new HEIs: posit the

requisite tripartite form, by specifying how many I’s and C’s a given information quantity

should have, and then test all possible combinations of arguments {Xi,Yi, Zi,Wi} (up to

permutation symmetry between {Xi,Yi, Zi} for each i and overall permutation and purification

symmetry).21 In appendix C we elaborate on how we accomplished this search exhaustively

to find all HEIs which admit a tripartite form with four or fewer terms; there are 330 such

HEIs22, listed explicitly in the ancillary files, with a representative set exemplified below in

table 2.
19 Of course, one could use eq. (2.20) to rewrite I4 as a di↵erence between I3 and conditional I3 in any

information quantity, and similarly for higher In, but in general this would spoil the automatic In sign

alternation, so it is non-trivial that such wrong-sign terms cancel out in the full expression for the HEIs as

required by proposition 3.
20 Hence the tripartite form can account for arbitrary negative integer coe�cients by simply repeating terms,

though in practice they turn out to be distinct for all the HEIs we have found.
21 [comment on purifier in arguments of I vs. C here?] [Perhaps not here - leave these nuances to appendix

C?]
22Of these, 9 are among the 11 lifts from N = 5; the other two lifts are SA (which is not superbalanced) and

the last inequality in table 1, which requires more terms in tripartite form.
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size. This motivates the following ansatz for the form of information quantities corresponding

to HEIs, which we dub the tripartite form.

Definition 2 (tripartite form). An information quantity Q is said to be in the tripartite form

if it can be expressed as

Q =
X

i

�I3(Xi : Yi : Zi |Wi) (5.1) {{eq:ctform}}{{eq:ctform}}

where the arguments Xi,Yi, Zi,Wi ⇢ [N + 1] are disjoint subsystems, but we allow for the

conditioning to trivialize, Wi = ?, in which case I3(Xi : Yi : Zi |?) := I3(Xi : Yi : Zi).

The index i in eq. (5.1) labels the separate terms, and its range depends on the specific

HEI. In particular, the collections {Xi,Yi,Zi,Wi} do not exhaust all the possibilities, nor do
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This is encouraging, and inspires a systematic method of looking for new HEIs: posit the

requisite tripartite form, by specifying how many I’s and C’s a given information quantity

should have, and then test all possible combinations of arguments {Xi,Yi, Zi,Wi} (up to

permutation symmetry between {Xi,Yi, Zi} for each i and overall permutation and purification

symmetry).21 In appendix C we elaborate on how we accomplished this search exhaustively

to find all HEIs which admit a tripartite form with four or fewer terms; there are 330 such

HEIs22, listed explicitly in the ancillary files, with a representative set exemplified below in

table 2.
19 Of course, one could use eq. (2.20) to rewrite I4 as a di↵erence between I3 and conditional I3 in any

information quantity, and similarly for higher In, but in general this would spoil the automatic In sign

alternation, so it is non-trivial that such wrong-sign terms cancel out in the full expression for the HEIs as

required by proposition 3.
20 Hence the tripartite form can account for arbitrary negative integer coe�cients by simply repeating terms,

though in practice they turn out to be distinct for all the HEIs we have found.
21 [comment on purifier in arguments of I vs. C here?] [Perhaps not here - leave these nuances to appendix

C?]
22Of these, 9 are among the 11 lifts from N = 5; the other two lifts are SA (which is not superbalanced) and

the last inequality in table 1, which requires more terms in tripartite form.
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Table 1. HEI information quantities for N = 5 in the S basis (white background), I basis (blue
background), and the more compact form (pink background). We label the information quantities
in the form QN [n]

{k#}, where n is the identifier in the ancillary files, and the {k#} lists the non-zero
entries of {#I3,#I4,#I5,#I6}. The notational shorthand, explained in section 2.1, is such that e.g.
S

ABCD
:= S(ABCD) and I

ABCD
:= I4(A:B:C:D). {tab:HEI_N5}

5.3 Structural relations {ss:structure}
Compactness: Evidently, the compact form has many fewer terms than the I-basis (or

S-basis) form. A priori, this was not guaranteed (– one can certainly cook up information

quantities for which this is not the case), so the very fact is intriguing. Moreover, we can see

that many N = 6 HEIs are in fact simpler than some N = 5 HEIs, a feature we expect to

prevail at higher N. The original hope was that the recasting into the tripartite form would

be su�ciently suggestive to explicate the operational meaning of these HEIs, however this

hope has not yet been realized. We therefore leave it as a challenge for the future.

Structural relations: There are structural similarities between distinct HEI orbits, which

is suggestive of a common origin, in the sense of upgrading the same lower-N HEI in combina-

torially distinct ways. For example, let us compare the compact form for Q5 [5]

{4,2,0}, Q6 [15]

{5,3,0},

Q6 [32]

{6,5,1}, and Q6 [67]

{7,6,1} (the first from table 1 and the other three from table 2, for convenience

– 22 –

vs.  Q =



Tripartite form of HEIs

In the I-basis, HEIs are simpler  [He, Headrick, VH],  
but not simple enough...

in other examples, 2 terms instead of 11 in I-basis or 13 in S-basis
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Table 1. HEI information quantities for N = 5 in the S basis (white background), I basis (blue
background), and the more compact form (pink background). We label the information quantities
in the form QN [n]

{k#}, where n is the identifier in the ancillary files, and the {k#} lists the non-zero
entries of {#I3,#I4,#I5,#I6}. The notational shorthand, explained in section 2.1, is such that e.g.
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be su�ciently suggestive to explicate the operational meaning of these HEIs, however this

hope has not yet been realized. We therefore leave it as a challenge for the future.

Structural relations: There are structural similarities between distinct HEI orbits, which

is suggestive of a common origin, in the sense of upgrading the same lower-N HEI in combina-

torially distinct ways. For example, let us compare the compact form for Q5 [5]

{4,2,0}, Q6 [15]
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e.g.: 0 ≤ Q =

vs.  Q =
+

<latexit sha1_base64="bgWYTCZgtX56gOOPRKMcLAVT+LQ=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiTWtF1JwY3uKtoHtKFMppN26OTBzEQooZ/gxoUibv0id/6Nk7SCih64cDjnXu69x4s5k8qyPozCyura+kZxs7S1vbO7V94/6MgoEYS2ScQj0fOwpJyFtK2Y4rQXC4oDj9OuN73M/O49FZJF4Z2axdQN8DhkPiNYaen2elgdliuWWW04jl1HGbFrDSsnjarjINu0clRgidaw/D4YRSQJaKgIx1L2bStWboqFYoTTeWmQSBpjMsVj2tc0xAGVbpqfOkcnWhkhPxK6QoVy9ftEigMpZ4GnOwOsJvK3l4l/ef1E+Q03ZWGcKBqSxSI/4UhFKPsbjZigRPGZJpgIpm9FZIIFJkqnU9IhfH2K/iedM9Oumc7NeaV5sYyjCEdwDKdgQx2acAUtaAOBMTzAEzwb3Hg0XozXRWvBWM4cwg8Yb59HAI3Q</latexit>

I3However, written in terms of      and its conditional form, w/ composite 
arguments, and all signs negative   ≡ "tripartite form": 
 
 
 
HEIs become more compact  [WIP: Hernández-Cuenca, VH, Jia]: 

by lemma 4 as desired.19 With these building blocks, it is also nicely straightforward to

implement the desired sign-alternation property, by requiring that not just the I3’s, but also

their conditional versions, must all come with a negative sign, independently of the argument

size. This motivates the following ansatz for the form of information quantities corresponding

to HEIs, which we dub the tripartite form.

Definition 2 (tripartite form). An information quantity Q is said to be in the tripartite form

if it can be expressed as

Q =
X

i

�I3(Xi : Yi : Zi |Wi) (5.1) {{eq:ctform}}{{eq:ctform}}

where the arguments Xi,Yi, Zi,Wi ⇢ [N + 1] are disjoint subsystems, but we allow for the

conditioning to trivialize, Wi = ?, in which case I3(Xi : Yi : Zi |?) := I3(Xi : Yi : Zi).

The index i in eq. (5.1) labels the separate terms, and its range depends on the specific

HEI. In particular, the collections {Xi,Yi, Zi,Wi} do not exhaust all the possibilities, nor do

they in principle need to be distinct.20 Each term in eq. (5.1) can be characterized as either

tripartite information (when Wi = ?) or conditional tripartite information (when Wi 6= ?),

which we will abbreviate as I and C, respectively. It will then be convenient to summarize the

structural form of the HEI by a “word” made of I’s and C’s, one letter for each term, such as

I, IC, IIC, etc.. The requirement of non-redundancy dictates that apart from SA and MMI,

all higher HEIs must consist of at least two terms (since the single term C by itself is not

sign-definite) and that at least one of the terms must be a C (because I itself is sign-definite,

so multiple I’s yield a redundant quantity). The minimal such expression would then be IC,

i.e. consist of a single I3 term and a single conditional I3 term. And indeed, we find that

there are HEIs of this form; cf. Q5 [4]

{3,2,0} of table 1 and Q6 [17]

{5,5,1} in table 2.

This is encouraging, and inspires a systematic method of looking for new HEIs: posit the

requisite tripartite form, by specifying how many I’s and C’s a given information quantity

should have, and then test all possible combinations of arguments {Xi,Yi, Zi,Wi} (up to

permutation symmetry between {Xi,Yi, Zi} for each i and overall permutation and purification

symmetry).21 In appendix C we elaborate on how we accomplished this search exhaustively

to find all HEIs which admit a tripartite form with four or fewer terms; there are 330 such

HEIs22, listed explicitly in the ancillary files, with a representative set exemplified below in

table 2.
19 Of course, one could use eq. (2.20) to rewrite I4 as a di↵erence between I3 and conditional I3 in any

information quantity, and similarly for higher In, but in general this would spoil the automatic In sign

alternation, so it is non-trivial that such wrong-sign terms cancel out in the full expression for the HEIs as

required by proposition 3.
20 Hence the tripartite form can account for arbitrary negative integer coe�cients by simply repeating terms,

though in practice they turn out to be distinct for all the HEIs we have found.
21 [comment on purifier in arguments of I vs. C here?] [Perhaps not here - leave these nuances to appendix

C?]
22Of these, 9 are among the 11 lifts from N = 5; the other two lifts are SA (which is not superbalanced) and

the last inequality in table 1, which requires more terms in tripartite form.
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Table 1. HEI information quantities for N = 5 in the S basis (white background), I basis (blue
background), and the more compact form (pink background). We label the information quantities
in the form QN [n]

{k#}, where n is the identifier in the ancillary files, and the {k#} lists the non-zero
entries of {#I3,#I4,#I5,#I6}. The notational shorthand, explained in section 2.1, is such that e.g.
S

ABCD
:= S(ABCD) and I

ABCD
:= I4(A:B:C:D). {tab:HEI_N5}

5.3 Structural relations {ss:structure}
Compactness: Evidently, the compact form has many fewer terms than the I-basis (or

S-basis) form. A priori, this was not guaranteed (– one can certainly cook up information

quantities for which this is not the case), so the very fact is intriguing. Moreover, we can see

that many N = 6 HEIs are in fact simpler than some N = 5 HEIs, a feature we expect to

prevail at higher N. The original hope was that the recasting into the tripartite form would

be su�ciently suggestive to explicate the operational meaning of these HEIs, however this

hope has not yet been realized. We therefore leave it as a challenge for the future.

Structural relations: There are structural similarities between distinct HEI orbits, which

is suggestive of a common origin, in the sense of upgrading the same lower-N HEI in combina-

torially distinct ways. For example, let us compare the compact form for Q5 [5]

{4,2,0}, Q6 [15]
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{7,6,1} (the first from table 1 and the other three from table 2, for convenience
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HEIs for N=5
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BCDE

� I
ACD

� I
ACE

� I
BCD

� I
BDE

�I3(AB:C:D)� I3(B:D:E|C)� I3(A:C:E|D)

Q
5 [6]

{4,3}
�S

ABCE
� S

ACDE
� S

BCDE
� S

ABD
� S

AC
� S

AE
� S

BC
� S

BE
� S

CD
� S

DE

S
ABC

+ S
ABE

+ S
ACD

+ S
ACE

+ S
ADE

+ S
BCD

+ S
BCE

+ S
BDE

+ S
CDE

I
ABCE

+ I
ACDE

+ I
BCDE

� I
ABD

� I
ACE

� I
BCE

� I
CDE

�I3(A:B:D)� I3(B:C:E|A)� I3(C:D:E|B)� I3(A:C:E|D)

Q
5 [71]

{8,6}
�2S

ABCD
� S

ABCE
� 2S

ABDE
� S

ACDE
� 2S

AB
� S

AC
� 2S

AD
� S

AE
� 2S

BC
� S

BD
� S

CE
� 2S

DE

3S
ABC

+ 3S
ABD

+ S
ABE

+ S
ACD

+ S
ACE

+ 3S
ADE

+ S
BCD

+ S
BCE

+ S
BDE

+ S
CDE

2I
ABCD

+ I
ABCE

+ 2I
ABDE

+ I
ACDE

� I
ABD

� 2I
ABE

� 2I
ACD

� I
ACE

� I
BCD

� I
BDE

�I3(AB:C:D)� I3(AE:B:D)� I3(A:B:E|C)� I3(A:B:E|D)� I3(A:C:D|B)� I3(A:C:E|D)

Table 1. HEI information quantities for N = 5 in the S basis (white background), I basis (blue
background), and the more compact form (pink background). We label the information quantities
in the form QN [n]

{k#}, where n is the identifier in the ancillary files, and the {k#} lists the non-zero
entries of {#I3,#I4,#I5,#I6}. The notational shorthand, explained in section 2.1, is such that e.g.
S

ABCD
:= S(ABCD) and I

ABCD
:= I4(A:B:C:D). {tab:HEI_N5}

5.3 Structural relations {ss:structure}
Compactness: Evidently, the compact form has many fewer terms than the I-basis (or

S-basis) form. A priori, this was not guaranteed (– one can certainly cook up information

quantities for which this is not the case), so the very fact is intriguing. Moreover, we can see

that many N = 6 HEIs are in fact simpler than some N = 5 HEIs, a feature we expect to

prevail at higher N. The original hope was that the recasting into the tripartite form would

be su�ciently suggestive to explicate the operational meaning of these HEIs, however this

hope has not yet been realized. We therefore leave it as a challenge for the future.

Structural relations: There are structural similarities between distinct HEI orbits, which

is suggestive of a common origin, in the sense of upgrading the same lower-N HEI in combina-

torially distinct ways. For example, let us compare the compact form for Q5 [5]

{4,2,0}, Q6 [15]

{5,3,0},

Q6 [32]

{6,5,1}, and Q6 [67]

{7,6,1} (the first from table 1 and the other three from table 2, for convenience
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[WIP: Hernández-Cuenca, VH, Jia]This provides a useful HEI generating technique:
Posit form,
check if true ineq. (via contraction map) vs. not sign definite (via explicit evaluation),
if true, check if non-redundant (spanned by D-1 l.i. hol. entropy vectors) or sum of facets



New HEIs for N=6

[WIP: Hernández-Cuenca, VH, Jia]This provides a useful HEI generating technique:
Posit form,
check if true ineq. (via contraction map) vs. not sign definite (via explicit evaluation),
if true, check if non-redundant (spanned by D-1 l.i. hol. entropy vectors) or sum of facets

For N=6 we obtained >300 new orbits of HEIs 
So far at least 384 orbits for N=6 
e.g.:

label Selected N = 6 HEI information quantities

Q
6 [17]

{5,5,1}
�S

ABDEF
� S

ABCF
� S

AD
� S

AF
� S

BE
� S

BF
� S

CF

S
ABDE

+ S
ABF

+ S
ACF

+ S
ADF

+ S
BCF

+ S
BEF

�I
ABDEF

+ I
ABCF

+ I
ABDF

+ I
ABEF

+ I
ADEF

+ I
BDEF

� I
ABC

� I
ABF

� I
AEF

� I
BDF

� I
DEF

�I3(AD:BE:F)� I3(A:B:C|F)

Q
6 [8]

{4,3}
�S

ABCF
� S

ABDF
� S

ABEF
� S

AB
� S

AD
� S

AF
� S

BE
� S

BF
� S

CF

S
ABD

+ S
ABE

+ 2S
ABF

+ S
ACF

+ S
ADF

+ S
BCF

+ S
BEF

I
ABCF

+ I
ABDF

+ I
ABEF

� I
ABC

� I
ABF

� I
AEF

� I
BDF

�I3(AD:B:F)� I3(A:E:F|B)� I3(A:B:C|F)

Q
6 [15]

{5,3}
�S

ABCF
� S

ABEF
� S

CDEF
� S

AF
� S

BF
� S

CD
� S

CF
� S

A
� S

B
� S

E

S
ABF

+ S
ACF

+ S
AEF

+ S
BCF

+ S
BEF

+ S
CDE

+ S
CDF

+ S
AB

I
ABCF

+ I
ABEF

+ I
CDEF

� I
ABC

� I
ABE

� I
ABF

� I
CEF

� I
DEF

�I3(CD:E:F)� I3(A:B:EF)� I3(A:B:C|F)

Q
6 [32]

{6,5,1}
�S

ABDEF
� S

ABCF
� S

CEF
� S

AD
� S

AF
� S

BF
� S

B
� S

C
� S

E

S
ADEF

+ S
ABD

+ S
ABF

+ S
ACF

+ S
BCF

+ S
BEF

+ S
CE

�I
ABDEF

+ I
ABCF

+ I
ABDE

+ I
ABDF

+ I
ABEF

+ I
BDEF

� I
ABC

� I
ABE

� I
ABF

� I
BDE

� I
BDF

� I
CEF

�I3(C:E:F)� I3(AD:B:EF)� I3(A:B:C|F)

Q
6 [67]

{7,6,1}
�S

ABDEF
� S

ABCF
� S

CDEF
� S

AD
� S

AF
� S

BF
� S

CD
� S

CF
� S

B
� S

E

S
ADEF

+ S
ABD

+ S
ABF

+ S
ACF

+ S
BCF

+ S
BEF

+ S
CDE

+ S
CDF

�I
ABDEF

+ I
ABCF

+ I
ABDE

+ I
ABDF

+ I
ABEF

+ I
BDEF

+ I
CDEF

�I
ABC

� I
ABE

� I
ABF

� I
BDE

� I
BDF

� I
CEF

� I
DEF

�I3(CD:E:F)� I3(AD:B:EF)� I3(A:B:C|F)

Q
6 [69]

{7,6,1}
�S

ABCDF
� S

ABDEF
� S

BCDEF
� S

BCE
� S

CDF
� S

AD
� S

AF
� S

BE
� S

BF
� S

D
� S

F

S
ABDE

+ S
ACDF

+ S
BCDE

+ S
BCDF

+ S
BCEF

+ S
ABF

+ S
ADF

+ S
BEF

+ S
DF

�I
ABCDF

� I
ABDEF

� I
BCDEF

+ I
ABCD

+ I
ABCF

+ 2I
ABDF

+ I
ABEF

+ I
ADEF

+ I
BCDF

+ 2I
BDEF

+I
CDEF

� I
ABC

� I
ABD

� I
ABF

� I
AEF

� 2I
BDF

� I
CDF

� 2I
DEF

�I3(BCE:D:F)� I3(AD:BE:F)� I3(A:B:CD|F)

Q
6 [115]

{8,8,2}
�S

ABCDF
� S

ABDEF
� S

CDF
� S

AD
� S

AF
� S

BC
� S

BE
� S

BF
� S

D
� S

F

S
ABDE

+ S
ACDF

+ S
ABF

+ S
ADF

+ S
BCD

+ S
BCF

+ S
BEF

+ S
DF

�I
ABCDF

� I
ABDEF

+ I
ABCD

+ I
ABCF

+ 2I
ABDF

+ I
ABEF

+ I
ADEF

+ I
BCDF

+ I
BDEF

�I
ABC

� I
ABD

� I
ABF

� I
AEF

� 2I
BDF

� I
CDF

� I
DEF

�I3(BC:D:F)� I3(AD:BE:F)� I3(A:B:CD|F)

Q
6 [146]

{9,9,2}
�S

ABCDE
� S

ABCDF
� S

ABDEF
� S

CDF
� S

AD
� S

AF
� S

BC
� S

BE
� S

BF
� S

DE
� S

A

S
ABDE

+ S
ACDF

+ S
BCDE

+ S
BCDF

+ S
ABC

+ S
ABF

+ S
ADE

+ S
ADF

+ S
BEF

�I
ABCDE

� I
ABCDF

� I
ABDEF

+ 2I
ABCD

+ I
ABCE

+ I
ABCF

+ I
ABDE

+ 2I
ABDF

+ I
ABEF

+ I
ACDE

+I
ADEF

+ I
BDEF

� I
ABC

� 2I
ABD

� I
ABE

� I
ABF

� I
ACD

� I
ACE

� I
AEF

� I
BDF

� I
DEF

�I3(A:BC:DE)� I3(AD:BE:F)� I3(A:B:CD|F)

Q
6 [26]

{6,4}
�S

ABCF
� S

ABDE
� S

ABEF
� S

CDEF
� S

AE
� S

AF
� S

BE
� S

BF
� S

CD
� S

CF
� S

DE
� S

A
� S

B

S
ABE

+ S
ABF

+ S
ACF

+ S
ADE

+ S
AEF

+ S
BCF

+ S
BDE

+ S
BEF

+ S
CDE

+ S
CDF

+ S
AB

I
ABCF

+ I
ABDE

+ I
ABEF

+ I
CDEF

� I
ABC

� I
ABD

� I
ABE

� I
ABF

� I
CEF

� I
DEF

�I3(CD:E:F)� I3(A:B:EF)� I3(A:B:D|E)� I3(A:B:C|F)

Q
6 [82]

{8,6,1}
�S

ABCDF
� S

ACEF
� S

BDEF
� S

CDF
� 2S

AF
� S

DE
� S

EF
� S

A
� S

B
� 2S

C
� S

D

S
BCDF

+ S
ABF

+ S
ACF

+ S
ADF

+ S
AEF

+ S
BDE

+ S
CEF

+ S
DEF

+ S
AC

+ S
CD

�I
ABCDF

+ I
ABCD

+ I
ABCF

+ I
ABDF

+ I
ACDF

+ I
ACEF

+ I
BDEF

�I
ABC

� I
ABD

� I
ACD

� I
ACE

� I
ACF

� I
BDF

� I
BEF

� I
CDF

�I3(AF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)

Q
6 [130]

{9,8,2}
�2S

ABCDF
� S

ACEF
� S

BDEF
� S

CDF
� S

AF
� S

DE
� S

EF
� S

A
� S

B
� 2S

C
� S

D

S
ABCF

+ S
ABDF

+ S
ACDF

+ S
BCDF

+ S
AEF

+ S
BDE

+ S
CEF

+ S
DEF

+ S
AC

+ S
CD

�2I
ABCDF

+ 2I
ABCD

+ I
ABCF

+ I
ABDF

+ I
ACDF

+ I
ACEF

+ I
BCDF

+ I
BDEF

�I
ABC

� I
ABD

� I
ACD

� I
ACE

� I
ACF

� I
BCD

� I
BDF

� I
BEF

� I
CDF

�I3(ABF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)

Table 2. HEI information quantities for N = 6, with the same notational conventions as in table 1.
[Added new entries: 8, 26; commented out: 66, 70] {tab:HEI_N6}
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e.g.: 



Structural relations

Advantage of tripartite form
much more compact
easier to see structural relations
may suggest how to "bootstrap" to higher N

reproduced here):

Q[5]

{4,2,0} = �I3(C:E:F)� I3(A:B:EF)� I3(A:B:C|F)
Q[6]

{5,3,0} = �I3(CD:E:F)� I3(A:B:EF)� I3(A:B:C|F)
Q[6]

{6,5,1} = �I3(C:E:F)� I3(AD:B:EF)� I3(A:B:C|F)
Q[6]

{7,6,1} = �I3(CD:E:F)� I3(AD:B:EF)� I3(A:B:C|F)

(5.2) {{eq:compact_compare}}{{eq:compact_compare}}

We see that all three N = 6 quantities build up on the N = 5 one by augmenting a single

argument in, respectively, the first, second, and both, I3 terms, by a new party D which did

not appear in the N = 5 quantity. Since the two I3 terms in the N = 5 quantity had arguments

with di↵erent cardinalities, all four quantities have di↵erent number of terms when expanded

in the I-basis (as indicated by the subscripts). Hence the structural relation between these

four expressions would have been di�cult to discover without the compact form. Moreover,

the originally obtained quantities might be in di↵erent orbits, making their the relations even

more obscure. On the other hand, in the tripartite form with only a few terms, and especially

when the arguments have di↵erent cardinalities, it is much easier to obtain a permutation

with aligns the quantities for direct comparison as above.26

Another type of structural relation is illustrated by the following triplet:

Q6 [82]

{8,6,1} = �I3(AF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)
Q6 [85]

{8,6,1} = �I3(BF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)
Q6 [130]

{9,8,2} = �I3(ABF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)
(5.3) {{eq:compact_compadd}}{{eq:compact_compadd}}

The only di↵erence between these three expressions is in the first argument of the first term,

where F gets augmented by A, B, and AB, respectively. (Note that the first two expres-

sions, while having the same number of I-basis terms, belong to distinct orbits, since A

and B play di↵erent roles in the remaining terms, as F is singled out by being conditioned

on.) On the other hand, this type of combination does not need to work a priori. For ex-

ample, while there is a structurally analogous companion to Q6 [67]

{7,6,1} (cf. eq. (5.2)), namely

Q6 [66]

{7,6,1} = �I3(AC:E:F)�I3(AD:B:EF)�I3(A:B:C|F), the summed version �I3(ACD:E:F)�
I3(AD:B:EF)� I3(A:B:C|F), while indeed a valid holographic inequality, it does not define a

facet (in this case, it is redundant already with respect to uplifts of N = 5 HEIs).

Uplifting and augmentations: We expect that this structural feature can be utilized to

systematize a solution-generating technique for higher-N HEIs, by bootstrapping this succes-

sive augmentation. To build up further insight, observe that this type of pattern is in fact

present already in the pure MMI class. Start with the original MMI (uplifted from N = 3),

Q3 [2]

{1,0,0} = �IA:B:C . We can augment one argument, say C ! CF, to get a fine-grained

26 Indeed, the specific instance of each permutation orbit was chosen precisely so as to render the compact

expressions conveniently aligned. In particular, we condition on F, with the last term always being I3(A:B:C|F),
and the remaining freedom in permuting is used to obtain as much similarity as possible on the other terms.
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N

label N = 5 HEI information quantities

Q
5 [4]

{3,2}
�S

ABCD
� S

ACDE
� S

AB
� S

AD
� S

DE
� S

C

S
ABC

+ S
ABD

+ S
ACD

+ S
ADE

+ S
CDE

I
ABCD

+ I
ACDE

� I
ACD

� I
ACE

� I
BCD

�I3(AB:C:D)� I3(A:C:E|D)

Q
5 [5]

{4,2}
�S

ABCD
� S

BCDE
� S

ABE
� S

BC
� S

BD
� S

A
� S

C
� S

D
� S

E

S
ABC

+ S
ABD

+ S
BCD

+ S
BCE

+ S
BDE

+ S
AE

+ S
CD

I
ABCD

+ I
BCDE

� I
ABE

� I
ACD

� I
BCD

� I
CDE

�I3(AB:C:D)� I3(A:B:E)� I3(C:D:E|B)

Q
5 [7]

{4,3}
�S

ABCD
� S

ACDE
� S

BCDE
� S

AB
� S

AD
� S

BC
� S

CD
� S

CE
� S

DE

S
ABC

+ S
ABD

+ S
ACD

+ S
ADE

+ S
BCD

+ S
BCE

+ 2S
CDE

I
ABCD

+ I
ACDE

+ I
BCDE

� I
ACD

� I
ACE

� I
BCD

� I
BDE

�I3(AB:C:D)� I3(B:D:E|C)� I3(A:C:E|D)

Q
5 [6]

{4,3}
�S

ABCE
� S

ACDE
� S

BCDE
� S

ABD
� S

AC
� S

AE
� S

BC
� S

BE
� S

CD
� S

DE

S
ABC

+ S
ABE

+ S
ACD

+ S
ACE

+ S
ADE

+ S
BCD

+ S
BCE

+ S
BDE

+ S
CDE

I
ABCE

+ I
ACDE

+ I
BCDE

� I
ABD

� I
ACE

� I
BCE

� I
CDE

�I3(A:B:D)� I3(B:C:E|A)� I3(C:D:E|B)� I3(A:C:E|D)

Q
5 [71]

{8,6}
�2S

ABCD
� S

ABCE
� 2S

ABDE
� S

ACDE
� 2S

AB
� S

AC
� 2S

AD
� S

AE
� 2S

BC
� S

BD
� S

CE
� 2S

DE

3S
ABC

+ 3S
ABD

+ S
ABE

+ S
ACD

+ S
ACE

+ 3S
ADE

+ S
BCD

+ S
BCE

+ S
BDE

+ S
CDE

2I
ABCD

+ I
ABCE

+ 2I
ABDE

+ I
ACDE

� I
ABD

� 2I
ABE

� 2I
ACD

� I
ACE

� I
BCD

� I
BDE

�I3(AB:C:D)� I3(AE:B:D)� I3(A:B:E|C)� I3(A:B:E|D)� I3(A:C:D|B)� I3(A:C:E|D)

Table 1. HEI information quantities for N = 5 in the S basis (white background), I basis (blue
background), and the more compact form (pink background). We label the information quantities
in the form QN [n]

{k#}, where n is the identifier in the ancillary files, and the {k#} lists the non-zero
entries of {#I3,#I4,#I5}. The notational shorthand, explained in section 2.1, is such that e.g.
S

ABCD
:= S(ABCD) and I

ABCD
:= I4(A:B:C:D). {tab:HEI_N5}

5.3 Structural relations {ss:structure}
Compactness: Evidently, the compact form has many fewer terms than the I-basis (or

S-basis) form. A priori, this was not guaranteed (– one can certainly cook up information

quantities for which this is not the case), so the very fact is intriguing. Moreover, we can see

that many N = 6 HEIs are in fact simpler than some N = 5 HEIs, a feature we expect to

prevail at higher N. The original hope was that the recasting into the tripartite form would

be su�ciently suggestive to explicate the operational meaning of these HEIs, however this

hope has not yet been realized. We therefore leave it as a challenge for the future.

Structural relations: There are structural similarities between distinct HEI orbits, which

is suggestive of a common origin, in the sense of upgrading the same lower-N HEI in combina-

torially distinct ways. For example, let us compare the compact form for Q5 [5]

{4,2,0}, Q6 [15]

{5,3,0},

Q6 [32]

{6,5,1}, and Q6 [67]

{7,6,1} (the first from table 1 and the other three from table 2, for convenience
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Structural relations

Advantage of tripartite form
much more compact
easier to see structural relations
may suggest how to "bootstrap" to higher N

reproduced here):

Q[5]

{4,2,0} = �I3(C:E:F)� I3(A:B:EF)� I3(A:B:C|F)
Q[6]

{5,3,0} = �I3(CD:E:F)� I3(A:B:EF)� I3(A:B:C|F)
Q[6]

{6,5,1} = �I3(C:E:F)� I3(AD:B:EF)� I3(A:B:C|F)
Q[6]

{7,6,1} = �I3(CD:E:F)� I3(AD:B:EF)� I3(A:B:C|F)

(5.2) {{eq:compact_compare}}{{eq:compact_compare}}

We see that all three N = 6 quantities build up on the N = 5 one by augmenting a single

argument in, respectively, the first, second, and both, I3 terms, by a new party D which did

not appear in the N = 5 quantity. Since the two I3 terms in the N = 5 quantity had arguments

with di↵erent cardinalities, all four quantities have di↵erent number of terms when expanded

in the I-basis (as indicated by the subscripts). Hence the structural relation between these

four expressions would have been di�cult to discover without the compact form. Moreover,

the originally obtained quantities might be in di↵erent orbits, making their the relations even

more obscure. On the other hand, in the tripartite form with only a few terms, and especially

when the arguments have di↵erent cardinalities, it is much easier to obtain a permutation

with aligns the quantities for direct comparison as above.26

Another type of structural relation is illustrated by the following triplet:

Q6 [82]

{8,6,1} = �I3(AF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)
Q6 [85]

{8,6,1} = �I3(BF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)
Q6 [130]

{9,8,2} = �I3(ABF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)
(5.3) {{eq:compact_compadd}}{{eq:compact_compadd}}

The only di↵erence between these three expressions is in the first argument of the first term,

where F gets augmented by A, B, and AB, respectively. (Note that the first two expres-

sions, while having the same number of I-basis terms, belong to distinct orbits, since A

and B play di↵erent roles in the remaining terms, as F is singled out by being conditioned

on.) On the other hand, this type of combination does not need to work a priori. For ex-

ample, while there is a structurally analogous companion to Q6 [67]

{7,6,1} (cf. eq. (5.2)), namely

Q6 [66]

{7,6,1} = �I3(AC:E:F)�I3(AD:B:EF)�I3(A:B:C|F), the summed version �I3(ACD:E:F)�
I3(AD:B:EF)� I3(A:B:C|F), while indeed a valid holographic inequality, it does not define a

facet (in this case, it is redundant already with respect to uplifts of N = 5 HEIs).

Uplifting and augmentations: We expect that this structural feature can be utilized to

systematize a solution-generating technique for higher-N HEIs, by bootstrapping this succes-

sive augmentation. To build up further insight, observe that this type of pattern is in fact

present already in the pure MMI class. Start with the original MMI (uplifted from N = 3),

Q3 [2]

{1,0,0} = �IA:B:C . We can augment one argument, say C ! CF, to get a fine-grained

26 Indeed, the specific instance of each permutation orbit was chosen precisely so as to render the compact

expressions conveniently aligned. In particular, we condition on F, with the last term always being I3(A:B:C|F),
and the remaining freedom in permuting is used to obtain as much similarity as possible on the other terms.
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N

label N = 5 HEI information quantities

Q
5 [4]

{3,2}
�S

ABCD
� S

ACDE
� S

AB
� S

AD
� S

DE
� S

C

S
ABC

+ S
ABD

+ S
ACD

+ S
ADE

+ S
CDE

I
ABCD

+ I
ACDE

� I
ACD

� I
ACE

� I
BCD

�I3(AB:C:D)� I3(A:C:E|D)

Q
5 [5]

{4,2}
�S

ABCD
� S

BCDE
� S

ABE
� S

BC
� S

BD
� S

A
� S

C
� S

D
� S

E

S
ABC

+ S
ABD

+ S
BCD

+ S
BCE

+ S
BDE

+ S
AE

+ S
CD

I
ABCD

+ I
BCDE

� I
ABE

� I
ACD

� I
BCD

� I
CDE

�I3(AB:C:D)� I3(A:B:E)� I3(C:D:E|B)

Q
5 [7]

{4,3}
�S

ABCD
� S

ACDE
� S

BCDE
� S

AB
� S

AD
� S

BC
� S

CD
� S

CE
� S

DE

S
ABC

+ S
ABD

+ S
ACD

+ S
ADE

+ S
BCD

+ S
BCE

+ 2S
CDE

I
ABCD

+ I
ACDE

+ I
BCDE

� I
ACD

� I
ACE

� I
BCD

� I
BDE

�I3(AB:C:D)� I3(B:D:E|C)� I3(A:C:E|D)

Q
5 [6]

{4,3}
�S

ABCE
� S

ACDE
� S

BCDE
� S

ABD
� S

AC
� S

AE
� S

BC
� S

BE
� S

CD
� S

DE

S
ABC

+ S
ABE

+ S
ACD

+ S
ACE

+ S
ADE

+ S
BCD

+ S
BCE

+ S
BDE

+ S
CDE

I
ABCE

+ I
ACDE

+ I
BCDE

� I
ABD

� I
ACE

� I
BCE

� I
CDE

�I3(A:B:D)� I3(B:C:E|A)� I3(C:D:E|B)� I3(A:C:E|D)

Q
5 [71]

{8,6}
�2S

ABCD
� S

ABCE
� 2S

ABDE
� S

ACDE
� 2S

AB
� S

AC
� 2S

AD
� S

AE
� 2S

BC
� S

BD
� S

CE
� 2S

DE

3S
ABC

+ 3S
ABD

+ S
ABE

+ S
ACD

+ S
ACE

+ 3S
ADE

+ S
BCD

+ S
BCE

+ S
BDE

+ S
CDE

2I
ABCD

+ I
ABCE

+ 2I
ABDE

+ I
ACDE

� I
ABD

� 2I
ABE

� 2I
ACD

� I
ACE

� I
BCD

� I
BDE

�I3(AB:C:D)� I3(AE:B:D)� I3(A:B:E|C)� I3(A:B:E|D)� I3(A:C:D|B)� I3(A:C:E|D)

Table 1. HEI information quantities for N = 5 in the S basis (white background), I basis (blue
background), and the more compact form (pink background). We label the information quantities
in the form QN [n]

{k#}, where n is the identifier in the ancillary files, and the {k#} lists the non-zero
entries of {#I3,#I4,#I5}. The notational shorthand, explained in section 2.1, is such that e.g.
S

ABCD
:= S(ABCD) and I

ABCD
:= I4(A:B:C:D). {tab:HEI_N5}

5.3 Structural relations {ss:structure}
Compactness: Evidently, the compact form has many fewer terms than the I-basis (or

S-basis) form. A priori, this was not guaranteed (– one can certainly cook up information

quantities for which this is not the case), so the very fact is intriguing. Moreover, we can see

that many N = 6 HEIs are in fact simpler than some N = 5 HEIs, a feature we expect to

prevail at higher N. The original hope was that the recasting into the tripartite form would

be su�ciently suggestive to explicate the operational meaning of these HEIs, however this

hope has not yet been realized. We therefore leave it as a challenge for the future.

Structural relations: There are structural similarities between distinct HEI orbits, which

is suggestive of a common origin, in the sense of upgrading the same lower-N HEI in combina-

torially distinct ways. For example, let us compare the compact form for Q5 [5]

{4,2,0}, Q6 [15]

{5,3,0},

Q6 [32]

{6,5,1}, and Q6 [67]

{7,6,1} (the first from table 1 and the other three from table 2, for convenience
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e.g.: 

Compactness: Evidently, the compact form has many fewer terms than the I-basis (or

S-basis) form. A priori, this was not guaranteed (– one can certainly cook up information

quantities for which this is not the case), so the very fact is intriguing. Moreover, we can see

that many N = 6 HEIs are in fact simpler than some N = 5 HEIs, a feature we expect to

prevail at higher N. The original hope was that the recasting into the tripartite form would

be su�ciently suggestive to explicate the operational meaning of these HEIs, however this

hope has not yet been realized. We therefore leave it as a challenge for the future.

Structural relations: There are structural similarities between distinct HEI orbits, which

is suggestive of a common origin, in the sense of upgrading the same lower-N HEI in combina-

torially distinct ways. For example, let us compare the compact form for Q5 [5]

{4,2,0}, Q6 [15]

{5,3,0},

Q6 [32]

{6,5,1}, and Q6 [67]

{7,6,1} (the first from table 1 and the other three from table 2, for convenience

reproduced here):

Q5 [5]

{4,2,0} = �I3(C:E:F)� I3(A:B:EF)� I3(A:B:C|F)
Q6 [15]

{5,3,0} = �I3(CD:E:F)� I3(A:B:EF)� I3(A:B:C|F)
Q6 [32]

{6,5,1} = �I3(C:E:F)� I3(AD:B:EF)� I3(A:B:C|F)
Q6 [67]

{7,6,1} = �I3(CD:E:F)� I3(AD:B:EF)� I3(A:B:C|F)

(5.1) {{eq:compact_compare}}{{eq:compact_compare}}

We see that all three N = 6 quantities build up on the N = 5 one by augmenting a single

argument in, respectively, the first, second, and both, I3 terms, by a new party D which did

not appear in the N = 5 quantity. Since the two I3 terms in the N = 5 quantity had arguments

with di↵erent cardinalities, all four quantities have di↵erent number of terms when expanded

in the I-basis (as indicated by the subscripts). Hence the structural relation between these

four expressions would have been di�cult to discover without the compact form. Moreover,

the originally obtained quantities might be in di↵erent orbits, making their the relations even

more obscure. On the other hand, in the tripartite form with only a few terms, and especially

when the arguments have di↵erent cardinalities, it is much easier to obtain a permutation

with aligns the quantities for direct comparison as above.25

Another type of structural relation is illustrated by the following triplet:

Q[6]

{8,6,1} = �I3(AF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)
Q[6]

{8,6,1} = �I3(BF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)
Q[6]

{9,8,2} = �I3(ABF:C:D)� I3(B:DE:F)� I3(A:C:EF)� I3(A:B:CD|F)
(5.2) {{eq:compact_compadd}}{{eq:compact_compadd}}

The only di↵erence between these three expressions is in the first argument of the first term,

where F gets augmented by A, B, and AB, respectively. (Note that the first two expres-

sions, while having the same number of I-basis terms, belong to distinct orbits, since A

25 Indeed, the specific instance of each permutation orbit was chosen precisely so as to render the compact

expressions conveniently aligned. In particular, we condition on F, with the last term always being I3(A:B:C|F),
and the remaining freedom in permuting is used to obtain as much similarity as possible on the other terms.
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Higher HEIs & correlation measures

Correlation measure:
Non-negative
Monotonically increasing under inclusion



Higher HEIs & correlation measures

Correlation measure:
Non-negative
Monotonically increasing under inclusion

cf. mutual information:
SA:
SSA:

I(A : B) ⌘ S(A) + S(B)� S(AB) � 0
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cf. mutual information:
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I(A : B|C) ⌘ I(A : BC)� I(A : C) � 0

[WIP: Hernández-Cuenca, VH, Jia]

Higher HEIs are superbalanced 
finite on any configuration 
in I-basis, contain only       for 
⇒ not monotonic under inclusion

[He, VH, Rangamani] 

• for N=3 the set of join-irreducible elements is isomorphic to the MI-poset (with-

out entropies). This suggests that the lattice of K-PMIs could be obtained as

the lattice of closed sets of a closure operator on the MI-poset that satisfy

Finkbeiner’s conditions [check they are not just for semimodular lattices]

Applications to quantum gravity (holography): Our main motivation for the

analysis of the

• because of recent results, focus in particular on 1-dimensional PMIs

• extraction of these elements?

• notice that these are necessarily coatoms, but it is unclear if all coatoms are

1-dimensional

• interesting direction to explore for their construction is the generalization of

viii) in theorem 3

• interesting to explore if they are all consistent with SSA for arbitrary N and

explore the realizability by graph models

• the point is to determine if all 1d coatoms that can be realized by quantum

states can also be realized by graph models, and if true one could hope to show

this by an explict construciton by graph models of all 1d KC PMIs

• R,R
SSA

,R
Q
,R

H
,R

KC

=) R6 /2 R
H

=) R6 2 R
Q

R6 =) R
H
6= R

Q

In n � 3

Unrestricted N:

• drop the N-dependence and work with infinite MI-poset and lattices?

• interesting question, can it be that meet irreducible elements become meets of

coatoms one the lattice is embedded into larger N?

• we have used the finiteness in many places but perhaps can generalize proofs?

• more general embeddings of N into N’, structure of all embeddings, lattice

decomposition?

• this is interesting in particular for quantum field theory and holography in

particular, “infinite resolution”
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Higher HEI quantities are not a correlation measures
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OUTLINE

HEC in terms of facets
previously-known results:  N≤5
rewriting in tripartite form
new holographic entropy inequalities for N=6
no-go for correlation measures

HEC in terms of extreme rays
previously-known results:  N≤5
HEC from SAC and marginal independence
new extreme rays for N=6 
gap between holographic and quantum SAC ERs

Summary & future directions

S(B)
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<latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit>

S(A)
<latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit>

S(A)
<latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit>

S(AB)
<latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit>

S(B)
<latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit>



HEC in terms of ERs

ERs correspond to special/extreme states
HEC = convex hull of ERs
Simultaneously saturate (D-1) independent HEIs
Holographically correspond to multi-boundary wormholes

Useful toolkit:
Holographic graph model
Pattern of marginal independence (PMI)
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from spacetime
<latexit sha1_base64="Gf/xfID/RyaxmZIVwvUE01kMu70=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHaND44kXjxilEcCGzI7NDBhdnadmSUhG37CiweN8ervePNvHGAPClbSSaWqO91dQSy4Nq777eTW1jc2t/LbhZ3dvf2D4uFRQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj25nfHKPSPJKPZhKjH9KB5H3OqLFSK+2MkZGHabdYcsvuHGSVeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOC10Eo0xZSM6wLalkoao/XR+75ScWaVH+pGyJQ2Zq78nUhpqPQkD2xlSM9TL3kz8z2snpl/xUy7jxKBki0X9RBATkdnzpMcVMiMmllCmuL2VsCFVlBkbUcGG4C2/vEoaF2Xvunx1f1mqVrI48nACp3AOHtxAFe6gBnVgIOAZXuHNeXJenHfnY9Gac7KZY/gD5/MH0f+Pzw==</latexit>

~S

entanglement structure from
<latexit sha1_base64="Gf/xfID/RyaxmZIVwvUE01kMu70=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHaND44kXjxilEcCGzI7NDBhdnadmSUhG37CiweN8ervePNvHGAPClbSSaWqO91dQSy4Nq777eTW1jc2t/LbhZ3dvf2D4uFRQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj25nfHKPSPJKPZhKjH9KB5H3OqLFSK+2MkZGHabdYcsvuHGSVeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOC10Eo0xZSM6wLalkoao/XR+75ScWaVH+pGyJQ2Zq78nUhpqPQkD2xlSM9TL3kz8z2snpl/xUy7jxKBki0X9RBATkdnzpMcVMiMmllCmuL2VsCFVlBkbUcGG4C2/vEoaF2Xvunx1f1mqVrI48nACp3AOHtxAFe6gBnVgIOAZXuHNeXJenHfnY9Gac7KZY/gD5/MH0f+Pzw==</latexit>

~S
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~S

entanglement structure from
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~S

These will lead us to study the ERs of the SAC.



Holographic graph models

Distill the discrete elements from a holographic configuration
vertices = cells in RT surface network 
edges = pieces of RT surfaces separating neighboring regions, with 
weight = corresponding area
EE = min-cut

A
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B
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A
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A
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<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit>

OO

O

O

cf. [Bao, Nezami, Ooguri, Stoica, Sully, Walter]



Holographic graph models

Distill the discrete elements from a holographic configuration
vertices = cells in RT surface network 
edges = pieces of RT surfaces separating neighboring regions, with 
weight = corresponding area
EE = min-cut

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit> B

<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

B
<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit> B

<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit> B

<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit> A

<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit>

OO

O

O min-cut structure specified by cut edges

cf. [Bao, Nezami, Ooguri, Stoica, Sully, Walter]



Holographic graph models

Distill the discrete elements from a holographic configuration
vertices = cells in RT surface network 
edges = pieces of RT surfaces separating neighboring regions, with 
weight = corresponding area
EE = min-cut

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit> B

<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

B
<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit> B

<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit> B

<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit> A

<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit>

OO

O

O min-cut structure specified by cut edges

cf. [Bao, Nezami, Ooguri, Stoica, Sully, Walter]

first phase incorporated by
selecting alternate mincut



Holographic graph models

Graphs can get complicated...Graph model for"A¥¥×:
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Holographic graph models

Graphs can get complicated...Graph model for"A¥¥×:
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÷÷÷
÷

÷i÷÷
±÷÷÷
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C.

I[a

Graphs 5 of 5

has 43 vertices & 88 edges

e.g. graph model for

A

B

C

D

But graph cone = HEC         [Bao, Nezami, Ooguri, Stoica, Sully, Walter]



Graph representation of HEC ERs

S(A)
<latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit>

S(AB)
<latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit>

S(B)
<latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit>

N=2 HEC has 3 extreme rays  (1 orbit)

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit> B

<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit>

<latexit sha1_base64="HhNFveADYDLQFSj7dK+VMrfwnaQ=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZKapHVXcOPOFuwD2lAm00k7djIJMxOhhH6BGxeKuPWT3Pk3TtoKKnrgwuGce7n3niBhVCrL+jAKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRS9AkjDKSVtRxUgvEQRFASPdYHqV+917IiSN+a2aJcSP0JjTkGKktNS6GZYrlulUvYtaFWriepeukxPHc1wb2qa1QAWs0ByW3wejGKcR4QozJGXfthLlZ0goihmZlwapJAnCUzQmfU05ioj0s8Whc3imlREMY6GLK7hQv09kKJJyFgW6M0JqIn97ufiX109VWPczypNUEY6Xi8KUQRXD/Gs4ooJgxWaaICyovhXiCRIIK51NSYfw9Sn8n3Sqpu2ZbsupNOqrOIrgBJyCc2CDGmiAa9AEbYABAQ/gCTwbd8aj8WK8LlsLxmrmGPyA8fYJHaGNJA==</latexit>

O

B
<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

<latexit sha1_base64="HhNFveADYDLQFSj7dK+VMrfwnaQ=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZKapHVXcOPOFuwD2lAm00k7djIJMxOhhH6BGxeKuPWT3Pk3TtoKKnrgwuGce7n3niBhVCrL+jAKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRS9AkjDKSVtRxUgvEQRFASPdYHqV+917IiSN+a2aJcSP0JjTkGKktNS6GZYrlulUvYtaFWriepeukxPHc1wb2qa1QAWs0ByW3wejGKcR4QozJGXfthLlZ0goihmZlwapJAnCUzQmfU05ioj0s8Whc3imlREMY6GLK7hQv09kKJJyFgW6M0JqIn97ufiX109VWPczypNUEY6Xi8KUQRXD/Gs4ooJgxWaaICyovhXiCRIIK51NSYfw9Sn8n3Sqpu2ZbsupNOqrOIrgBJyCc2CDGmiAa9AEbYABAQ/gCTwbd8aj8WK8LlsLxmrmGPyA8fYJHaGNJA==</latexit>

O



Graph representation of HEC ERs

S(A)
<latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit>

S(AB)
<latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit>

S(B)
<latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit>

N=2 HEC has 3 extreme rays  (1 orbit)

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit> B

<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit>

<latexit sha1_base64="HhNFveADYDLQFSj7dK+VMrfwnaQ=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZKapHVXcOPOFuwD2lAm00k7djIJMxOhhH6BGxeKuPWT3Pk3TtoKKnrgwuGce7n3niBhVCrL+jAKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRS9AkjDKSVtRxUgvEQRFASPdYHqV+917IiSN+a2aJcSP0JjTkGKktNS6GZYrlulUvYtaFWriepeukxPHc1wb2qa1QAWs0ByW3wejGKcR4QozJGXfthLlZ0goihmZlwapJAnCUzQmfU05ioj0s8Whc3imlREMY6GLK7hQv09kKJJyFgW6M0JqIn97ufiX109VWPczypNUEY6Xi8KUQRXD/Gs4ooJgxWaaICyovhXiCRIIK51NSYfw9Sn8n3Sqpu2ZbsupNOqrOIrgBJyCc2CDGmiAa9AEbYABAQ/gCTwbd8aj8WK8LlsLxmrmGPyA8fYJHaGNJA==</latexit>

O

B
<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

<latexit sha1_base64="HhNFveADYDLQFSj7dK+VMrfwnaQ=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZKapHVXcOPOFuwD2lAm00k7djIJMxOhhH6BGxeKuPWT3Pk3TtoKKnrgwuGce7n3niBhVCrL+jAKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRS9AkjDKSVtRxUgvEQRFASPdYHqV+917IiSN+a2aJcSP0JjTkGKktNS6GZYrlulUvYtaFWriepeukxPHc1wb2qa1QAWs0ByW3wejGKcR4QozJGXfthLlZ0goihmZlwapJAnCUzQmfU05ioj0s8Whc3imlREMY6GLK7hQv09kKJJyFgW6M0JqIn97ufiX109VWPczypNUEY6Xi8KUQRXD/Gs4ooJgxWaaICyovhXiCRIIK51NSYfw9Sn8n3Sqpu2ZbsupNOqrOIrgBJyCc2CDGmiAa9AEbYABAQ/gCTwbd8aj8WK8LlsLxmrmGPyA8fYJHaGNJA==</latexit>

O

N=3 HEC has 7 extreme rays  (2 orbits)

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit>

B
<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

<latexit sha1_base64="HhNFveADYDLQFSj7dK+VMrfwnaQ=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZKapHVXcOPOFuwD2lAm00k7djIJMxOhhH6BGxeKuPWT3Pk3TtoKKnrgwuGce7n3niBhVCrL+jAKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRS9AkjDKSVtRxUgvEQRFASPdYHqV+917IiSN+a2aJcSP0JjTkGKktNS6GZYrlulUvYtaFWriepeukxPHc1wb2qa1QAWs0ByW3wejGKcR4QozJGXfthLlZ0goihmZlwapJAnCUzQmfU05ioj0s8Whc3imlREMY6GLK7hQv09kKJJyFgW6M0JqIn97ufiX109VWPczypNUEY6Xi8KUQRXD/Gs4ooJgxWaaICyovhXiCRIIK51NSYfw9Sn8n3Sqpu2ZbsupNOqrOIrgBJyCc2CDGmiAa9AEbYABAQ/gCTwbd8aj8WK8LlsLxmrmGPyA8fYJHaGNJA==</latexit>

O

<latexit sha1_base64="i/Cq5wP6D+LLddnCpOy4JqA6M4I=">AAAB6HicbVDLSsNAFL3xWeur6tLNYBFchaQ0NctCNy5bsA9oQ5lMJ+3YyYOZiVBCv8CNC0Xc+knu/BsnbRZaPXDhcM693HuPn3AmlWV9GVvbO7t7+6WD8uHR8clp5ey8J+NUENolMY/FwMeSchbRrmKK00EiKA59Tvv+vJX7/UcqJIuje7VIqBfiacQCRrDSUqc1rlQts+bWnUYNWWbddVwnJ9YKyC5IFQq0x5XP0SQmaUgjRTiWcmhbifIyLBQjnC7Lo1TSBJM5ntKhphEOqfSy1aFLdK2VCQpioStSaKX+nMhwKOUi9HVniNVMbnq5+J83TFXgehmLklTRiKwXBSlHKkb512jCBCWKLzTBRDB9KyIzLDBROpuyDsHefPkv6dVMu2E6nXq16RZxlOASruAGbLiFJtxBG7pAgMITvMCr8WA8G2/G+7p1yyhmLuAXjI9v7ISNAg==</latexit>

C



Graph representation of HEC ERs

S(A)
<latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit>

S(AB)
<latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit>

S(B)
<latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit>

N=2 HEC has 3 extreme rays  (1 orbit)

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit> B

<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit>

<latexit sha1_base64="HhNFveADYDLQFSj7dK+VMrfwnaQ=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZKapHVXcOPOFuwD2lAm00k7djIJMxOhhH6BGxeKuPWT3Pk3TtoKKnrgwuGce7n3niBhVCrL+jAKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRS9AkjDKSVtRxUgvEQRFASPdYHqV+917IiSN+a2aJcSP0JjTkGKktNS6GZYrlulUvYtaFWriepeukxPHc1wb2qa1QAWs0ByW3wejGKcR4QozJGXfthLlZ0goihmZlwapJAnCUzQmfU05ioj0s8Whc3imlREMY6GLK7hQv09kKJJyFgW6M0JqIn97ufiX109VWPczypNUEY6Xi8KUQRXD/Gs4ooJgxWaaICyovhXiCRIIK51NSYfw9Sn8n3Sqpu2ZbsupNOqrOIrgBJyCc2CDGmiAa9AEbYABAQ/gCTwbd8aj8WK8LlsLxmrmGPyA8fYJHaGNJA==</latexit>

O

B
<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

<latexit sha1_base64="HhNFveADYDLQFSj7dK+VMrfwnaQ=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZKapHVXcOPOFuwD2lAm00k7djIJMxOhhH6BGxeKuPWT3Pk3TtoKKnrgwuGce7n3niBhVCrL+jAKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRS9AkjDKSVtRxUgvEQRFASPdYHqV+917IiSN+a2aJcSP0JjTkGKktNS6GZYrlulUvYtaFWriepeukxPHc1wb2qa1QAWs0ByW3wejGKcR4QozJGXfthLlZ0goihmZlwapJAnCUzQmfU05ioj0s8Whc3imlREMY6GLK7hQv09kKJJyFgW6M0JqIn97ufiX109VWPczypNUEY6Xi8KUQRXD/Gs4ooJgxWaaICyovhXiCRIIK51NSYfw9Sn8n3Sqpu2ZbsupNOqrOIrgBJyCc2CDGmiAa9AEbYABAQ/gCTwbd8aj8WK8LlsLxmrmGPyA8fYJHaGNJA==</latexit>

O

N=3 HEC has 7 extreme rays  (2 orbits)

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit>

B
<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

<latexit sha1_base64="HhNFveADYDLQFSj7dK+VMrfwnaQ=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZKapHVXcOPOFuwD2lAm00k7djIJMxOhhH6BGxeKuPWT3Pk3TtoKKnrgwuGce7n3niBhVCrL+jAKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRS9AkjDKSVtRxUgvEQRFASPdYHqV+917IiSN+a2aJcSP0JjTkGKktNS6GZYrlulUvYtaFWriepeukxPHc1wb2qa1QAWs0ByW3wejGKcR4QozJGXfthLlZ0goihmZlwapJAnCUzQmfU05ioj0s8Whc3imlREMY6GLK7hQv09kKJJyFgW6M0JqIn97ufiX109VWPczypNUEY6Xi8KUQRXD/Gs4ooJgxWaaICyovhXiCRIIK51NSYfw9Sn8n3Sqpu2ZbsupNOqrOIrgBJyCc2CDGmiAa9AEbYABAQ/gCTwbd8aj8WK8LlsLxmrmGPyA8fYJHaGNJA==</latexit>

O

<latexit sha1_base64="i/Cq5wP6D+LLddnCpOy4JqA6M4I=">AAAB6HicbVDLSsNAFL3xWeur6tLNYBFchaQ0NctCNy5bsA9oQ5lMJ+3YyYOZiVBCv8CNC0Xc+knu/BsnbRZaPXDhcM693HuPn3AmlWV9GVvbO7t7+6WD8uHR8clp5ey8J+NUENolMY/FwMeSchbRrmKK00EiKA59Tvv+vJX7/UcqJIuje7VIqBfiacQCRrDSUqc1rlQts+bWnUYNWWbddVwnJ9YKyC5IFQq0x5XP0SQmaUgjRTiWcmhbifIyLBQjnC7Lo1TSBJM5ntKhphEOqfSy1aFLdK2VCQpioStSaKX+nMhwKOUi9HVniNVMbnq5+J83TFXgehmLklTRiKwXBSlHKkb512jCBCWKLzTBRDB9KyIzLDBROpuyDsHefPkv6dVMu2E6nXq16RZxlOASruAGbLiFJtxBG7pAgMITvMCr8WA8G2/G+7p1yyhmLuAXjI9v7ISNAg==</latexit>

C

N=4 HEC has 20 extreme rays  (3 orbits) adds



Graph representation of HEC ERs

S(A)
<latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit>

S(AB)
<latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit>

S(B)
<latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit>

N=2 HEC has 3 extreme rays  (1 orbit)

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit> B

<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

A
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N=4 HEC has 20 extreme rays  (3 orbits) adds

N=5 HEC has 2267 extreme rays  (19 orbits) adds

and:



Graph representation of HEC5 ERs
[Hernández-Cuenca, ’19]
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Figure 12. The first and third columns show graph realizations of the extreme rays of
the HEC5 which cannot be realized by simple trees. Rather than their original form from
[28], here we show the graphs of minimal number of vertices obtained by [32]. To the right
of each graph, we provide a non-simple tree realization of the same extreme ray, obtained
through repeated application of the graph operations described in appendix A.

dimensional. If this is the case, these graph models then realize extreme rays of the

SACN0 for some N0
� 6.

At the time of writing, a total of 4122 distinct (orbits of) extreme rays have

been discovered. Although only 24 of these can be realized by simple trees, it turns

out that as many as 3905 of the others can be realized by graph models that can be

immediately turned into non-simple trees by just splitting their boundary vertices

(as explained before for the N = 5 case). In other words, only 193 extreme rays

are realized by graph models that contain cycles involving only bulk vertices, which

can thus not be broken by splitting boundary vertices. However, most of these

just contain a single bulk 3-cycle, which is straightforward to break as we show

in appendix A. Ultimately, there only remain 14 graphs models which cannot be
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Figure 12. The first and third columns show graph realizations of the extreme rays of
the HEC5 which cannot be realized by simple trees. Rather than their original form from
[28], here we show the graphs of minimal number of vertices obtained by [32]. To the right
of each graph, we provide a non-simple tree realization of the same extreme ray, obtained
through repeated application of the graph operations described in appendix A.

dimensional. If this is the case, these graph models then realize extreme rays of the

SACN0 for some N0
� 6.

At the time of writing, a total of 4122 distinct (orbits of) extreme rays have

been discovered. Although only 24 of these can be realized by simple trees, it turns

out that as many as 3905 of the others can be realized by graph models that can be

immediately turned into non-simple trees by just splitting their boundary vertices

(as explained before for the N = 5 case). In other words, only 193 extreme rays

are realized by graph models that contain cycles involving only bulk vertices, which

can thus not be broken by splitting boundary vertices. However, most of these

just contain a single bulk 3-cycle, which is straightforward to break as we show

in appendix A. Ultimately, there only remain 14 graphs models which cannot be
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Figure 12. The first and third columns show graph realizations of the extreme rays of
the HEC5 which cannot be realized by simple trees. Rather than their original form from
[28], here we show the graphs of minimal number of vertices obtained by [32]. To the right
of each graph, we provide a non-simple tree realization of the same extreme ray, obtained
through repeated application of the graph operations described in appendix A.

dimensional. If this is the case, these graph models then realize extreme rays of the

SACN0 for some N0
� 6.

At the time of writing, a total of 4122 distinct (orbits of) extreme rays have

been discovered. Although only 24 of these can be realized by simple trees, it turns

out that as many as 3905 of the others can be realized by graph models that can be

immediately turned into non-simple trees by just splitting their boundary vertices

(as explained before for the N = 5 case). In other words, only 193 extreme rays

are realized by graph models that contain cycles involving only bulk vertices, which

can thus not be broken by splitting boundary vertices. However, most of these

just contain a single bulk 3-cycle, which is straightforward to break as we show

in appendix A. Ultimately, there only remain 14 graphs models which cannot be
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Figure 12. The first and third columns show graph realizations of the extreme rays of
the HEC5 which cannot be realized by simple trees. Rather than their original form from
[28], here we show the graphs of minimal number of vertices obtained by [32]. To the right
of each graph, we provide a non-simple tree realization of the same extreme ray, obtained
through repeated application of the graph operations described in appendix A.

dimensional. If this is the case, these graph models then realize extreme rays of the

SACN0 for some N0
� 6.

At the time of writing, a total of 4122 distinct (orbits of) extreme rays have

been discovered. Although only 24 of these can be realized by simple trees, it turns

out that as many as 3905 of the others can be realized by graph models that can be

immediately turned into non-simple trees by just splitting their boundary vertices

(as explained before for the N = 5 case). In other words, only 193 extreme rays

are realized by graph models that contain cycles involving only bulk vertices, which

can thus not be broken by splitting boundary vertices. However, most of these

just contain a single bulk 3-cycle, which is straightforward to break as we show

in appendix A. Ultimately, there only remain 14 graphs models which cannot be
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Figure 12. The first and third columns show graph realizations of the extreme rays of
the HEC5 which cannot be realized by simple trees. Rather than their original form from
[28], here we show the graphs of minimal number of vertices obtained by [32]. To the right
of each graph, we provide a non-simple tree realization of the same extreme ray, obtained
through repeated application of the graph operations described in appendix A.

dimensional. If this is the case, these graph models then realize extreme rays of the

SACN0 for some N0
� 6.

At the time of writing, a total of 4122 distinct (orbits of) extreme rays have

been discovered. Although only 24 of these can be realized by simple trees, it turns

out that as many as 3905 of the others can be realized by graph models that can be

immediately turned into non-simple trees by just splitting their boundary vertices

(as explained before for the N = 5 case). In other words, only 193 extreme rays

are realized by graph models that contain cycles involving only bulk vertices, which

can thus not be broken by splitting boundary vertices. However, most of these

just contain a single bulk 3-cycle, which is straightforward to break as we show

in appendix A. Ultimately, there only remain 14 graphs models which cannot be
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Figure 12. The first and third columns show graph realizations of the extreme rays of
the HEC5 which cannot be realized by simple trees. Rather than their original form from
[28], here we show the graphs of minimal number of vertices obtained by [32]. To the right
of each graph, we provide a non-simple tree realization of the same extreme ray, obtained
through repeated application of the graph operations described in appendix A.

dimensional. If this is the case, these graph models then realize extreme rays of the

SACN0 for some N0
� 6.

At the time of writing, a total of 4122 distinct (orbits of) extreme rays have

been discovered. Although only 24 of these can be realized by simple trees, it turns

out that as many as 3905 of the others can be realized by graph models that can be

immediately turned into non-simple trees by just splitting their boundary vertices

(as explained before for the N = 5 case). In other words, only 193 extreme rays

are realized by graph models that contain cycles involving only bulk vertices, which

can thus not be broken by splitting boundary vertices. However, most of these

just contain a single bulk 3-cycle, which is straightforward to break as we show

in appendix A. Ultimately, there only remain 14 graphs models which cannot be
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PMI

Def:  Pattern of Marginal Independence (PMI) is a specification of 
full set of subsystems { X , Y } for which I(X:Y) = 0.

marginals = reduced density matrices
independent if factorized structure

Meaning & Utility
holographically: bdy region pairs, s.t. the joint entanglement wedge is 
disconnected (since connected XY ent. wedge ⟹  I(X:Y) > 0)
every entropy vector      has a unique PMI
linear subspace of entropy space
= intersection of all saturated SA or AL hyperplanes
⇒ discrete structure 

for physical    , PMI = span of a face of the SAC
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HEC from SAC

Utilize graph model 
ER graph has maximal min-cut degeneracy (cf. phase transition of RT surfaces) 
Conjecture:  ERs can be rendered as tree graphs (has strong evidence) 

Thm:  Assuming Conjecture, every ER of HECN is obtained as a 
projection of ER of a subadditivity cone SACN' (for some N' ≥ N) 

[Hernández-Cuenca, VH, Rota]



Cartoon of HEC vs. SAC

N = 8

N = 6
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Figure 15. A schematic cartoon of a cross-section of the SACN and the HECN for di↵erent
values of N. The extreme rays of the SACN are represented by the green and blue vertices.
The green ones are also extreme rays of the HECN, and their conical hull is the darkest
shaded region. The blue ones are outside of the HECN. The boundary of the HECN is
highlighted in orange, and the orange vertices represent extreme rays of the HECN which
are not extreme rays of the SACN. The arrows indicate color-projections associated with
coarse-grainings that implement the reconstruction, mapping the green vertices to the
orange. For N = 5 the figure shows two extreme rays S1 and S2 that are not extreme
rays of the SAC5 and need to be reconstructed. While N = 6 is su�cient to obtain S1 as
S1 = �6!5R1, it is not su�cient to reconstruct S2. On the other hand, N = 8 is su�cient
to reconstruct both rays, S1 = �0

8!5R
0

1 and S2 = �8!5R2. To avoid clutter, we are
suppressing all irrelevant projections/lifts of other extreme rays. The shapes of the cone
cross-sections (as well as the numbers of facets and extreme rays of various kinds) are not
meant to be taken literally.
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HEC from SAC

Utilize graph model 
ER graph has maximal min-cut degeneracy (cf. phase transition of RT surfaces) 
Conjecture:  ERs can be rendered as tree graphs (has large evidence) 

Thm:  Assuming Conjecture, every ER of HECN is obtained as a 
projection of ER of a subadditivity cone SACN' (for some N' ≥ N) 

This in principle allows us to construct the full HECN for any N
In practice complicated: requires correct set of ERs of SACN' for all N', 
projecting, taking convex hull, extracting ERs, and constructing facets...
But conceptually demystifies the HEC (and entanglement structure of 
holographic states)

[Hernández-Cuenca, VH, Rota]



HEC from SAC

Utilize graph model 
ER graph has maximal min-cut degeneracy (cf. phase transition of RT surfaces) 
Conjecture:  ERs can be rendered as tree graphs (has large evidence) 

Thm:  Assuming Conjecture, every ER of HECN is obtained as a 
projection of ER of a subadditivity cone SACN' (for some N' ≥ N) 

This in principle allows us to construct the full HECN for any N
In practice complicated: requires correct set of ERs of SACN' for all N', 
projecting, taking convex hull, extracting ERs, and constructing facets...
But conceptually demystifies the HEC (and entanglement structure of 
holographic states)

[Hernández-Cuenca, VH, Rota]

Crux:  how can we characterize the requisite set of SAC ERs? 
Formulate in terms of PMIs
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Marginal Independence Problem

Not all marginal independence bipartitions are possible, due to:
mathematical inconsistency

physical inconsistency

e.g.  violates the identity

• What are the constraints from linear dependence?

• How are weak inequalities implemented in the matroid language?

8.6 Linear dependence between MI hyperplanes
ss:lindep

Since the MIs form a redundant set of information quantities, there is a structural dependence

(in the form of algebraic identities) between them which leads to non-trivial constraints on

realizable PMIs. For example, writing I3(A : B : C) in di↵erent ways as superadditivity of

mutual information,

I3(A : B : C) = I2(A : B) + I2(A : C)� I2(A : BC)

= I2(A : B) + I2(B : C)� I2(B : AC)

= I2(A : C) + I2(B : C)� I2(C : AB)

(8.7) {eq:TIasMIs}

gives the relations (alternately obtainable directly from symmetry of conditional mutual

information)

I2(A : BC) + I2(B : C) = I2(B : AC) + I2(A : C) = I2(C : AB) + I2(A : B) (8.8) {eq:MIrelns}

which holds for any N. We get a seemingly di↵erent set of algebraic identities by expressing a

given entropy as a sum of SA and AL, for example 2S(A) = I2(A : X) + I2(A : AX) for any

disjoint subsystem X, but these actually turn out to be equivalent to the I3 identities once we

utilize (uplifts of) purification symmetry of I3 at N = 3.51

Each of the above equalities is a relation between 4 I2’s, so clearly if 3 of them vanish,

so must the fourth. We get a larger set of constraints by further exploiting SA: if both of

the terms in any of the sums in (8.8) vanish, then so must all of the individual terms in

(8.8). In particular, if e.g. I2(A : BC) = 0 and I2(B : C) = 0, then I2(A : B) = I2(A : C) =

I2(B : AC) = I2(C : AB) = 0. In words, if A is decorrelated from BC and B is decorrelated

from C, then all three subsystems A,B,C are decorrelated from each other, as are all their

non-overlapping combinations. It would therefore be useful to characterize the full set of such

structural + SA constraints.

8.7 Matriod framework
ss:matroids

One convenient framework to accomplish the task of characterizing dependencies amongst

MI hyperplanes (and the faces of the SA cone) is by oriented matroids. A matroid � can

be defined in a number of ways. In the language of partially ordered sets, a finite matroid is

equivalent to a geometric lattice �. One way to characterize it is as a collection of objects

51For example for N = 3, rewriting S(A) in three di↵erent ways would give

I2(A : BC) + I2(A : O) = I2(A : BO) + I2(A : C) = I2(A : CO) + I2(A : B)

which however follows from writing out I3(A : B : C) = I3(A : B : O) = I3(A : C : O) in a way analogous to

(8.7). For higher N, we essentially have uplifts of the above.
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Marginal Independence Problem

Not all marginal independence bipartitions are possible, due to:
mathematical inconsistency

physical inconsistency

Marginal Independence Problem (MIP): what PMIs are realizable?
QMIP:  what PMIs are realizable in QM?

HMIP:  what PMIs are realizable by geometric states in holography?
considered in [Hernández-Cuenca, VH, Rangamani, Rota]

[He, VH, Rota] & WIP

e.g.  violates the identity

• What are the constraints from linear dependence?

• How are weak inequalities implemented in the matroid language?
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from C, then all three subsystems A,B,C are decorrelated from each other, as are all their

non-overlapping combinations. It would therefore be useful to characterize the full set of such

structural + SA constraints.
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MI hyperplanes (and the faces of the SA cone) is by oriented matroids. A matroid � can

be defined in a number of ways. In the language of partially ordered sets, a finite matroid is

equivalent to a geometric lattice �. One way to characterize it is as a collection of objects

51For example for N = 3, rewriting S(A) in three di↵erent ways would give
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Exploring the SAC

No convenient characterization of all ERs directly
Easy characterization of facets:  saturation of any single SA 
Hence define ERs as 1-d PMIs

⤳ collection of D-1 independent MIs { I(X:Y) } 



Exploring the SAC

No convenient characterization of all ERs directly
Easy characterization of facets:  saturation of any single SA 
Hence define ERs as 1-d PMIs

⤳ collection of D-1 independent MIs { I(X:Y) } 

Convenient mathematical framework:  
Matroid theory (abstractifies notion of linear dependence in combinatorial language):   
        use to implement mathematical consistency
Oriented matroids:   
        use to implement consistency w/ SA
Lattice theory:  poset order by inclusion (in MI arguments): 
        use to implement Klein's condition as approximation to SSA
Closure theory:  unifying framework for the above (on MI powerset)



Power of restrictions

KC:    i.e. 
Implemented as a down-set in MI poset
Reduces the # of potentially viable PMIs drastically:
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I2(A : BC) = 0 ) I2(A : B) = 0

• What are the constraints from linear dependence?

• How are weak inequalities implemented in the matroid language?

8.6 Linear dependence between MI hyperplanes
ss:lindep

Since the MIs form a redundant set of information quantities, there is a structural dependence

(in the form of algebraic identities) between them which leads to non-trivial constraints on

realizable PMIs. For example, writing I3(A : B : C) in di↵erent ways as superadditivity of

mutual information,

I3(A : B : C) = I2(A : B) + I2(A : C)� I2(A : BC)

= I2(A : B) + I2(B : C)� I2(B : AC)

= I2(A : C) + I2(B : C)� I2(C : AB)

(8.7) {eq:TIasMIs}

gives the relations (alternately obtainable directly from symmetry of conditional mutual

information)

I2(A : BC) + I2(B : C) = I2(B : AC) + I2(A : C) = I2(C : AB) + I2(A : B) (8.8) {eq:MIrelns}

which holds for any N. We get a seemingly di↵erent set of algebraic identities by expressing a

given entropy as a sum of SA and AL, for example 2S(A) = I2(A : X) + I2(A : AX) for any

disjoint subsystem X, but these actually turn out to be equivalent to the I3 identities once we

utilize (uplifts of) purification symmetry of I3 at N = 3.51

Each of the above equalities is a relation between 4 I2’s, so clearly if 3 of them vanish,

so must the fourth. We get a larger set of constraints by further exploiting SA: if both of

the terms in any of the sums in (8.8) vanish, then so must all of the individual terms in

(8.8). In particular, if e.g. I2(A : BC) = 0 and I2(B : C) = 0, then I2(A : B) = I2(A : C) =

I2(B : AC) = I2(C : AB) = 0. In words, if A is decorrelated from BC and B is decorrelated

from C, then all three subsystems A,B,C are decorrelated from each other, as are all their

non-overlapping combinations. It would therefore be useful to characterize the full set of such

structural + SA constraints.

8.7 Matriod framework
ss:matroids

One convenient framework to accomplish the task of characterizing dependencies amongst

MI hyperplanes (and the faces of the SA cone) is by oriented matroids. A matroid � can

be defined in a number of ways. In the language of partially ordered sets, a finite matroid is

equivalent to a geometric lattice �. One way to characterize it is as a collection of objects

51For example for N = 3, rewriting S(A) in three di↵erent ways would give

I2(A : BC) + I2(A : O) = I2(A : BO) + I2(A : C) = I2(A : CO) + I2(A : B)

which however follows from writing out I3(A : B : C) = I3(A : B : O) = I3(A : C : O) in a way analogous to

(8.7). For higher N, we essentially have uplifts of the above.
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Power of restrictions

KC:    i.e. 
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Reduces the # of potentially viable PMIs drastically:
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Implemented by matroid circuits

# of subspaces of a given dimension d ≤ D:
0 1 2 3 4 5 6 7

L3
PMI 1 11 48 107 127 75 18 1

L3
KC 1 7 21 35 32 15 6 1

Table 1. The number of subspaces in L3
PMI and L3

KC for each dimension 0 ≤ d ≤ 7.

Furthermore, the order relation in all these lattices is the same as the one inherited
from PE (cf. Footnote 27).

We show in Figure 4 the simple example of these lattices for N = 2, where we
label each element by the antichain that generates it.32 Finally, we stress that when

we represent a PMI by its set of vanishing MI instances E0, all these lattices have the
same meet operation, which is simply given by intersection.

Since both the lattices LMID and LPMI have several nice structural properties, in

light of (3.25) it is natural to ask which of these properties, if any, are preserved in
LKC for an arbitrary number of parties, and if LKC has additional properties which are

not inherited from its parent lattices. The main motivation for these investigations is
that there exist classes of lattices whose theory is well developed, and for which there
are powerful tools to characterize their structure in more detail.

3.2 The lattice L3
KC of KC-compatible PMIs for N = 3

This subsection is devoted to a detailed description of the lattice of KC-compatible
PMIs for N = 3, which we will denote as L3

KC. We will look at several structural prop-

erties, which we will then analyze for larger N in the following subsections. Throughout
this subsection we will briefly review relevant definitions and results from lattice theory;
for more details the reader is referred to the standard books [20, 21, 24].

Description of L3
KC

: The lattice L3
KC has a total of 118 elements. In Table 1 we

report the number of elements for each dimension 0 ≤ d ≤ 7, and compare it to the
number of elements of the same dimension in the full lattice of PMIs L3

PMI. Given the
fairly large number of elements, drawing the full Hasse diagram of L3

KC is impractical,

and we draw instead a more schematic representation of its structure in Figure 5.
In this diagram, each block corresponds to a collection of PMIs with the indicated

dimension. The dashed lines describe the cover relations schematically. When two
blocks are connected by a line, we mean that every element in one block covers (or is

32 An antichain A is a subset A ⊆ P of a poset (P ,#) that is totally unordered, i.e., all elements
in A are incomparable. Any antichain A naturally generates the down-set DA via the relation

DA = {x ∈ P , x # A} .

Since the MI-poset is finite, any down-set is generated by an antichain in this fashion.
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Power of restrictions

KC:    i.e. 
Implemented as a down-set in MI poset
Reduces the # of potentially viable PMIs drastically:
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I2(A : BC) = 0 ) I2(A : B) = 0

• What are the constraints from linear dependence?

• How are weak inequalities implemented in the matroid language?

8.6 Linear dependence between MI hyperplanes
ss:lindep

Since the MIs form a redundant set of information quantities, there is a structural dependence

(in the form of algebraic identities) between them which leads to non-trivial constraints on

realizable PMIs. For example, writing I3(A : B : C) in di↵erent ways as superadditivity of

mutual information,

I3(A : B : C) = I2(A : B) + I2(A : C)� I2(A : BC)

= I2(A : B) + I2(B : C)� I2(B : AC)

= I2(A : C) + I2(B : C)� I2(C : AB)

(8.7) {eq:TIasMIs}

gives the relations (alternately obtainable directly from symmetry of conditional mutual

information)

I2(A : BC) + I2(B : C) = I2(B : AC) + I2(A : C) = I2(C : AB) + I2(A : B) (8.8) {eq:MIrelns}

which holds for any N. We get a seemingly di↵erent set of algebraic identities by expressing a

given entropy as a sum of SA and AL, for example 2S(A) = I2(A : X) + I2(A : AX) for any

disjoint subsystem X, but these actually turn out to be equivalent to the I3 identities once we

utilize (uplifts of) purification symmetry of I3 at N = 3.51

Each of the above equalities is a relation between 4 I2’s, so clearly if 3 of them vanish,

so must the fourth. We get a larger set of constraints by further exploiting SA: if both of

the terms in any of the sums in (8.8) vanish, then so must all of the individual terms in

(8.8). In particular, if e.g. I2(A : BC) = 0 and I2(B : C) = 0, then I2(A : B) = I2(A : C) =

I2(B : AC) = I2(C : AB) = 0. In words, if A is decorrelated from BC and B is decorrelated

from C, then all three subsystems A,B,C are decorrelated from each other, as are all their

non-overlapping combinations. It would therefore be useful to characterize the full set of such

structural + SA constraints.

8.7 Matriod framework
ss:matroids

One convenient framework to accomplish the task of characterizing dependencies amongst

MI hyperplanes (and the faces of the SA cone) is by oriented matroids. A matroid � can

be defined in a number of ways. In the language of partially ordered sets, a finite matroid is

equivalent to a geometric lattice �. One way to characterize it is as a collection of objects

51For example for N = 3, rewriting S(A) in three di↵erent ways would give

I2(A : BC) + I2(A : O) = I2(A : BO) + I2(A : C) = I2(A : CO) + I2(A : B)

which however follows from writing out I3(A : B : C) = I3(A : B : O) = I3(A : C : O) in a way analogous to

(8.7). For higher N, we essentially have uplifts of the above.
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Linear dependence:   e.g.

Implemented by matroid circuits

# of subspaces of a given dimension d ≤ D:
0 1 2 3 4 5 6 7

L3
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KC for each dimension 0 ≤ d ≤ 7.
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This subsection is devoted to a detailed description of the lattice of KC-compatible
PMIs for N = 3, which we will denote as L3

KC. We will look at several structural prop-

erties, which we will then analyze for larger N in the following subsections. Throughout
this subsection we will briefly review relevant definitions and results from lattice theory;
for more details the reader is referred to the standard books [20, 21, 24].

Description of L3
KC

: The lattice L3
KC has a total of 118 elements. In Table 1 we

report the number of elements for each dimension 0 ≤ d ≤ 7, and compare it to the
number of elements of the same dimension in the full lattice of PMIs L3

PMI. Given the
fairly large number of elements, drawing the full Hasse diagram of L3

KC is impractical,

and we draw instead a more schematic representation of its structure in Figure 5.
In this diagram, each block corresponds to a collection of PMIs with the indicated

dimension. The dashed lines describe the cover relations schematically. When two
blocks are connected by a line, we mean that every element in one block covers (or is

32 An antichain A is a subset A ⊆ P of a poset (P ,#) that is totally unordered, i.e., all elements
in A are incomparable. Any antichain A naturally generates the down-set DA via the relation

DA = {x ∈ P , x # A} .

Since the MI-poset is finite, any down-set is generated by an antichain in this fashion.
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d
in PMI lattice
in KC lattice

N=3:

0 1 2 3 4 5 6 7 8

L4
PMI 1 3085 66005 532585 2254005 5719656 9301825 10032200 7275805

L4
KC 1 20 175 840 2465 4843 6345 5875 4100

9 10 11 12 13 14 15

3541900 1138826 234470 29455 2100 75 1

2300 1072 430 150 45 10 1

Table 2. The number of faces of L4
PMI and L4

KC for each dimension 0 ≤ d ≤ 15.

A lattice L is join-semidistributive if it satisfies SD∨. Dually, a lattice L is meet-semi-
distributive if it satisfies SD∧.42

A sublattice of L3
KC, showing that L3

KC is not join-semidistributive, is depicted in
Figure 7. On the other hand, L3

KC is meet-semidistributive. To see this, we will use the

following characterization of meet-semidistributivity.43

Lemma 4. A lattice L satisfies SD∧ if and only if for every join-irreducible element

x ∈ L, and x∗ the unique element covered by it, there exists a meet-irreducible element
y(x) which is the unique maximal element y such that y # x∗ but y ! x.

Proof. See Theorem 3-1.4 of [25].

As shown in Figure 5, the join-irreducible elements are the atoms and the allowed
collections of four . If P is an atom, P∗ is the bottom element, and the unique
meet-irreducible element P′(P) which satisfies the conditions on y in Lemma 4 is the

only coatom (extreme ray) which is not greater than P (since P̂ contains and 5 ).
On the other hand, if P is one of the other join-irreducible elements, P∗ is represented

by the union of with the elements in P̂, so the unique meet-irreducible element
P′(P) satisfying Lemma 4 is now the coatom represented by . This shows that the
conditions of Lemma 4 are satisfied, and that L3

KC is meet-semidistributive.

3.3 Comments on the lattice L4
KC of KC-compatible PMIs for N = 4

The lattice L4
KC is considerably more complicated than L3

KC, and a graphic represen-

tation similar to the one in Figure 5 is unfeasible. The number of elements for each
dimension is given in Table 2, where we also show the number of faces of the SAC4.

One can immediately appreciate how small L4
KC is compared to L4

PMI. Nevertheless, its
structure is already sufficiently rich to mark a departure from the simple case of N = 3.

42 A lattice that is both meet-semidistributive and join-semidistributive is said to be semidistributive
(it is not necessarily distributive).

43 This is the order dual of the characterization given in [25] for join-semidistributivity.
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As shown in Figure 5, the join-irreducible elements are the atoms and the allowed
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meet-irreducible element P′(P) which satisfies the conditions on y in Lemma 4 is the

only coatom (extreme ray) which is not greater than P (since P̂ contains and 5 ).
On the other hand, if P is one of the other join-irreducible elements, P∗ is represented

by the union of with the elements in P̂, so the unique meet-irreducible element
P′(P) satisfying Lemma 4 is now the coatom represented by . This shows that the
conditions of Lemma 4 are satisfied, and that L3

KC is meet-semidistributive.

3.3 Comments on the lattice L4
KC of KC-compatible PMIs for N = 4

The lattice L4
KC is considerably more complicated than L3

KC, and a graphic represen-

tation similar to the one in Figure 5 is unfeasible. The number of elements for each
dimension is given in Table 2, where we also show the number of faces of the SAC4.

One can immediately appreciate how small L4
KC is compared to L4

PMI. Nevertheless, its
structure is already sufficiently rich to mark a departure from the simple case of N = 3.
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N=4:



Classes of ERs of SAC

Let

⇒

for the realizability of PMIs. While these conditions are in general not equivalent, an
open question is whether they are equivalent for the specific case of 1-dimensional PMIs.

As we mentioned at the end of §4, we have verified that this is the case at least up to
N = 5.

The interest in 1-dimensional PMIs stems from its potential application to the

analysis of entropic constraints in the gauge/gravity duality. It was recently argued in
[2] that all holographic entropy inequalities might in principle be reconstructed from

the knowledge of which extreme rays of the SAC can be realized by the graph models of
[15].66 These observations suggest a natural question which aims at understanding the
very origin of holographic entropic constraints, namely whether the extreme rays of the

SAC that can be realized by graph models are precisely the ones that can be realized
in quantum mechanics, or if instead there exist extreme rays that can be realized by

quantum states but not by graph models.
To further comment on this question, it is useful to consider the following subsets

of extreme rays of SACN from [2]:

R := {P ∈ LN
PMI : dim(P) = 1}

R
SSA

:= {P ∈ R : P is SSA-compatible}

R
Q
:= {P ∈ R : P is realizable by a quantum state}

R
H
:= {P ∈ R : P is realizable by a graph model} ,

(5.1)

and similarly define the new set

R
KC

:= {P ∈ LN
KC : dim(P) = 1} . (5.2)

From these definitions we clearly have

R
H
⊆ R

Q
⊆ R

SSA
⊆ R

KC
⊆ R (5.3)

where the last inclusion is strict for any N ≥ 3. While it seems reasonable to expect

that R
H
could be derived explicitly using graph model constructions, determining R

Q

in principle could be much harder. A tantalizing possibility suggested in [2] is that
R

H
= R

SSA
. By (5.3), this would imply R

H
= R

Q
, which would answer the question

mentioned above, as well as R
Q
= R

SSA
, which would provide both a partial solution to

the QMIP and interesting structural information about the quantum entropy cone.

66 Crucially, for the reconstruction of the N-party inequalities, it is in general not sufficient to know
the extreme rays of the SACN realized by graph models. However, [2] argued that more generally,
for any N, there exists a finite N′ ≥ N such that this type of information would be sufficient for the
reconstruction (see [2] for more details).
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for any N, there exists a finite N′ ≥ N such that this type of information would be sufficient for the
reconstruction (see [2] for more details).
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Classes of ERs of SAC

Let

⇒

Observations:
For N=2,               ;  but otherwise

the realizability of min-cut subspaces via tree graphs might be even more general, and

one could also attempt to directly prove (C4). An interesting way to proceed in this

direction would be to better understand the structure of the partition of the space of

edge weights into W-cells for a given topological graph model. Since this structure

also determines the maps to entropy space that produce the min-cut subspaces for the

various min-cut structures, if one could directly relate this structure to the topology

of the graph, one might then be able to prove that any min-cut subspace can be

obtained from a tree.

Finally, we should also contemplate the possibility that our main claim above

is false. In such a case it might still be possible to reconstruct the HEC from the

solution to the HMIP, but it would not be su�cient to only know the holographic

extreme rays of the SAC. To prove that the reconstruction is possible one should

then try to prove (C1), although this conjecture su↵ers from the same complications

we just mentioned for (C2), since it is specific to extreme rays and the graphs have

unrestricted topology. However, one may also wonder if for each equivalence class of

graph models (not just those which realize extreme rays), there always exists a fine-

graining to a new one such that the min-cut subspace and the PMI coincide. While

stronger then (C1), this property might be easier to prove by investigating more

deeply the relation between min-cut subspaces and PMIs for arbitrary topological

graph models and min-cut structures.

Finding the holographic extreme rays of the SAC: If our main claim above

holds, the problem of determining the HEC is mapped to the problem of determining

which extreme rays of the SAC are holographic. While this is beyond the scope of

the present work, we briefly comment on the importance of this question and some

intriguing possible answers.

For a fixed number of parties N, consider the following sets of extreme rays of

the SACN (dropping the N-dependence to simplify the notation)

R := {extreme rays of the SAC}

R
SSA

:= {extreme rays of the SAC that satisfy SSA}

R
Q
:= {extreme rays of the SAC that can be realized by quantum states}

R
H
:= {extreme rays of the SAC that can be realized by graph models} (7.1)

These sets clearly satisfy the following chain of inclusions

R
H
✓ R

Q
✓ R

SSA
✓ R (7.2)

and we have R
SSA

= R only for N = 2, while typically |R
SSA

| ⌧ |R|.

If our main claim holds, the deep question about the physical origin of the HEC

and its structure is distilled to the question about the relation between the sets
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which extreme rays of the SAC are holographic. While this is beyond the scope of

the present work, we briefly comment on the importance of this question and some

intriguing possible answers.
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:= {extreme rays of the SAC that satisfy SSA}

R
Q
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SSA
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for the realizability of PMIs. While these conditions are in general not equivalent, an
open question is whether they are equivalent for the specific case of 1-dimensional PMIs.

As we mentioned at the end of §4, we have verified that this is the case at least up to
N = 5.

The interest in 1-dimensional PMIs stems from its potential application to the

analysis of entropic constraints in the gauge/gravity duality. It was recently argued in
[2] that all holographic entropy inequalities might in principle be reconstructed from

the knowledge of which extreme rays of the SAC can be realized by the graph models of
[15].66 These observations suggest a natural question which aims at understanding the
very origin of holographic entropic constraints, namely whether the extreme rays of the

SAC that can be realized by graph models are precisely the ones that can be realized
in quantum mechanics, or if instead there exist extreme rays that can be realized by

quantum states but not by graph models.
To further comment on this question, it is useful to consider the following subsets

of extreme rays of SACN from [2]:

R := {P ∈ LN
PMI : dim(P) = 1}

R
SSA

:= {P ∈ R : P is SSA-compatible}

R
Q
:= {P ∈ R : P is realizable by a quantum state}

R
H
:= {P ∈ R : P is realizable by a graph model} ,

(5.1)

and similarly define the new set

R
KC

:= {P ∈ LN
KC : dim(P) = 1} . (5.2)

From these definitions we clearly have

R
H
⊆ R

Q
⊆ R

SSA
⊆ R

KC
⊆ R (5.3)

where the last inclusion is strict for any N ≥ 3. While it seems reasonable to expect

that R
H
could be derived explicitly using graph model constructions, determining R

Q

in principle could be much harder. A tantalizing possibility suggested in [2] is that
R

H
= R

SSA
. By (5.3), this would imply R

H
= R

Q
, which would answer the question

mentioned above, as well as R
Q
= R

SSA
, which would provide both a partial solution to

the QMIP and interesting structural information about the quantum entropy cone.

66 Crucially, for the reconstruction of the N-party inequalities, it is in general not sufficient to know
the extreme rays of the SACN realized by graph models. However, [2] argued that more generally,
for any N, there exists a finite N′ ≥ N such that this type of information would be sufficient for the
reconstruction (see [2] for more details).
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Classes of ERs of SAC

Let

⇒

Observations:
For N=2,               ;  but otherwise

the realizability of min-cut subspaces via tree graphs might be even more general, and

one could also attempt to directly prove (C4). An interesting way to proceed in this

direction would be to better understand the structure of the partition of the space of

edge weights into W-cells for a given topological graph model. Since this structure

also determines the maps to entropy space that produce the min-cut subspaces for the

various min-cut structures, if one could directly relate this structure to the topology

of the graph, one might then be able to prove that any min-cut subspace can be

obtained from a tree.

Finally, we should also contemplate the possibility that our main claim above

is false. In such a case it might still be possible to reconstruct the HEC from the

solution to the HMIP, but it would not be su�cient to only know the holographic

extreme rays of the SAC. To prove that the reconstruction is possible one should

then try to prove (C1), although this conjecture su↵ers from the same complications

we just mentioned for (C2), since it is specific to extreme rays and the graphs have

unrestricted topology. However, one may also wonder if for each equivalence class of

graph models (not just those which realize extreme rays), there always exists a fine-

graining to a new one such that the min-cut subspace and the PMI coincide. While

stronger then (C1), this property might be easier to prove by investigating more

deeply the relation between min-cut subspaces and PMIs for arbitrary topological

graph models and min-cut structures.

Finding the holographic extreme rays of the SAC: If our main claim above

holds, the problem of determining the HEC is mapped to the problem of determining

which extreme rays of the SAC are holographic. While this is beyond the scope of

the present work, we briefly comment on the importance of this question and some

intriguing possible answers.

For a fixed number of parties N, consider the following sets of extreme rays of

the SACN (dropping the N-dependence to simplify the notation)

R := {extreme rays of the SAC}

R
SSA

:= {extreme rays of the SAC that satisfy SSA}

R
Q
:= {extreme rays of the SAC that can be realized by quantum states}

R
H
:= {extreme rays of the SAC that can be realized by graph models} (7.1)

These sets clearly satisfy the following chain of inclusions

R
H
✓ R

Q
✓ R

SSA
✓ R (7.2)

and we have R
SSA

= R only for N = 2, while typically |R
SSA

| ⌧ |R|.

If our main claim holds, the deep question about the physical origin of the HEC

and its structure is distilled to the question about the relation between the sets
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Original hope:  this prevails ∀ N, which would giveR
H
and R

Q
. If R

H
=R

Q
, all extreme rays of the SAC compatible with quantum

mechanics would participate in the construction of the HEC, and there would be no

other holographic constraint to resolve. While all data currently available points in

this direction, it is conceivable that for larger values of N there exist extreme rays of

the SAC that can be realized by quantum states but not by geometric states. This

would hint at more fundamental holographic constraints which operate at the level

of the SAC and would be very interesting to investigate.

Answering this question however could be quite di�cult, since very little is known

about the structure of the QEC, and to the best of our knowledge, there is no

systematic construction of quantum states that realize the extreme rays of the SAC.

A more approachable question on the other hand could be whether R
H
and R

SSA

coincide. Interestingly, for N  5, for which the elements of R
SSA

can be determined

using standard algorithms [47], this turns out to be the case. If R
H
= R

SSA
, the chain

of inclusions eq. (7.2) immediately implies that R
H
= R

Q
and R

Q
= R

SSA
, and we

would not only obtain a full characterization of the HEC, but also new information

about the QEC for arbitrary N. In order to establish if R
H
= R

SSA
, the structure

of R
SSA

is currently being investigated in [48]. The goal is to obtain a su�ciently

detailed characterization of the elements of this set, such that they could then be

matched with explicit holographic realizations in terms of graph models.

Generalization to HRT: In this work we focused on the static version of the

holographic entropy cone, since this is the situation where configurations of HRRT

surfaces can be described by graph models. The connection between the HEC and

the solution to the HMIP however seems to suggest that the same structure would

pertain also to dynamical spacetimes. Intuitively, the reason is that the crucial

information about the configurations of HRRT surfaces is not rooted in the area of

the individual surfaces, but rather the connectivity of the entanglement wedges of

the various subsystems. It would be interesting to explore this possibility in more

detail.83

The most convenient contingency would be one wherein one can devise a graph

model for the general time-dependent situation, with the subsystem entanglement

entropy again given by the sum of the edge weights of the cut edges for a suitably-

defined min-cut, in which case the graph side of the HEC construction would be

identical. The immediate obstacle with this approach arises from the fact that parts

of the HRT surfaces for various regions can be timelike-separated, and more impor-

tantly that the surfaces in question have their areas extremized rather than simply

minimized. One possibility of circumventing this complication is examined in [49].

83 For two-dimensional CFT, it was proven in [43] that any holographic entropy inequality which
holds for RT surfaces also holds for HRT surfaces. Despite the limitations related to the special
properties of a 3-dimensional bulk spacetime, it would be useful to clarify the relation between the
present work and the result of [43], where it was SSA rather than SA that played a crucial role.
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Establishing this would be useful since little known about QEC

for the realizability of PMIs. While these conditions are in general not equivalent, an
open question is whether they are equivalent for the specific case of 1-dimensional PMIs.

As we mentioned at the end of §4, we have verified that this is the case at least up to
N = 5.

The interest in 1-dimensional PMIs stems from its potential application to the

analysis of entropic constraints in the gauge/gravity duality. It was recently argued in
[2] that all holographic entropy inequalities might in principle be reconstructed from

the knowledge of which extreme rays of the SAC can be realized by the graph models of
[15].66 These observations suggest a natural question which aims at understanding the
very origin of holographic entropic constraints, namely whether the extreme rays of the

SAC that can be realized by graph models are precisely the ones that can be realized
in quantum mechanics, or if instead there exist extreme rays that can be realized by

quantum states but not by graph models.
To further comment on this question, it is useful to consider the following subsets

of extreme rays of SACN from [2]:

R := {P ∈ LN
PMI : dim(P) = 1}

R
SSA

:= {P ∈ R : P is SSA-compatible}

R
Q
:= {P ∈ R : P is realizable by a quantum state}

R
H
:= {P ∈ R : P is realizable by a graph model} ,

(5.1)

and similarly define the new set

R
KC

:= {P ∈ LN
KC : dim(P) = 1} . (5.2)

From these definitions we clearly have

R
H
⊆ R

Q
⊆ R

SSA
⊆ R

KC
⊆ R (5.3)

where the last inclusion is strict for any N ≥ 3. While it seems reasonable to expect

that R
H
could be derived explicitly using graph model constructions, determining R

Q

in principle could be much harder. A tantalizing possibility suggested in [2] is that
R

H
= R

SSA
. By (5.3), this would imply R

H
= R

Q
, which would answer the question

mentioned above, as well as R
Q
= R

SSA
, which would provide both a partial solution to

the QMIP and interesting structural information about the quantum entropy cone.

66 Crucially, for the reconstruction of the N-party inequalities, it is in general not sufficient to know
the extreme rays of the SACN realized by graph models. However, [2] argued that more generally,
for any N, there exists a finite N′ ≥ N such that this type of information would be sufficient for the
reconstruction (see [2] for more details).
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C. Reconstructing the HEC from the solution to
the EHMIP

The intuition that the solution to the HMIP could pro-
vide sufficient information for the derivation of the HEC
was first suggested in [13, 15], based on the observation
that the PMI of a choice of boundary regions in a geo-
metric state is captured by the connectivity of the RT
surfaces, while the specific value of the entropy is imma-
terial in QFT because it depends on the choice of cut-offs.
This intuition was then further developed in [1], which
formulated the following conjecture and checked that it
holds for N ≤ 5 [30]:

Conjecture 1. For any extreme ray !RN of the N-party
HEC, there exists for some N′ ≥ N an extreme ray !R′

N′

of the N′-party SAC such that !R′

N′ can be realized by a
graph model and

ΛN′→N
!R′

N′ = RN, (2)

where ΛN′→N is a map associated to a coarse-graining of
the N′ parties into N blocks [31].

If proven to be true, Conjecture 1 would have impor-
tant implications for the characterization of the HEC.
It would imply that for any N, there exists some finite
N′ ≥ N such that the N-party HEC can be obtained as
the conical hull of all possible coarse-grainings of the ex-
treme ray of the N′-party SAC realizable by graph models
[1]. In other words, to reconstruct the N-party HEC it
would be sufficient to know the solution to the EHMIP
for a certain N′ ≥ N which depends on N (it was shown
in [1] that for N = 3, 4 it suffices to have N′ = N, whereas
for N = 5 one needs N′ = 8).
While a proof of Conjecture 1 is still lacking, and it is

far beyond the scope of this letter, considering the strong
evidence given in [1], it is natural to focus on the solution
to the EHMIP, since this distills the essential informa-
tion underlying the HEC. The immediate question then
is whether there is some physical principle that identi-
fies the SAC extreme rays realizable by graph models. A
possibility suggested in [1], which holds for N ≤ 5, is that
there is in fact nothing special about graph models, and
that the EHMIP and EQMIP have the same solution:

Conjecture 2. For any N, all extreme rays of the N-
party SAC that can be realized by quantum states can
also be realized by graph models.

In the rest of this work we will construct a counterex-
ample to Conjecture 2. Its implication for the character-
ization of the HEC will then be discussed in §V.

III. DERIVING EXTREME RAYS OF THE SAC
WHICH SATISFY SSA

As we mentioned, Conjecture 2 holds for N ≤ 5, so to
look for a counterexample we need to consider at least

N = 6. However, in this case the combinatorics of the
faces of the SAC is sufficiently complicated that an ex-
plicit derivation of all extreme rays is not feasible even
using state of the art algorithms [32]. Instead, we should
restrict ourselves to the relatively few extreme rays which
satisfy SSA, since these are the only ones that can pos-
sibly be realized by quantum states.
A first useful result in this direction was recently ob-

tained in [27].

Theorem 1. For any N, all extreme rays of the SAC that
can possibly be realized by quantum states (other than the
ones realized by Bell pairs) belong to the face that spans
the subspace given by

I(" : "′) = 0 ∀", "′ ∈ [N+ 1]. (3)

Proof. See Corollary 1 in [27].

While Theorem 1 gives a considerable speed-up in the
computation of the extreme rays of the SAC that satisfy
SSA [33], it is still not sufficient to obtain all such extreme
rays for N = 6. To obtain these rays, one can general-
ize Theorem 1 and derive new constraints using extreme
rays that are already known, in a similar fashion to how
[27] proved Theorem 1 using the extreme rays realized
by Bell pairs. This program is currently being explored
systematically in [34], but for the purpose of providing a
counterexample to Conjecture 2, it suffices to construct
a single extreme ray with the requisite conditions.
Labeling the six parties by A,B,C,D,E, F , and or-

dering the components of an entropy vector lexicograph-
ically, as in

(A, . . . , F ;AB,AC, . . . , EF ;ABC, . . . ;ABCDEF ), (4)

the example we consider is

R6 = (2, 1, 1, 1, 2, 2; 3, 3, 3, 4, 4, 2, 2, 3, 3, 2, 3, 3, 3, 3, 4;

2, 4, 5, 5, 4, 5, 5, 3, 5, 4, 3, 4, 4, 4, 4, 5, 4, 4, 5, 3; 3,

4, 4, 4, 4, 3, 4, 4, 3, 3, 3, 5, 4, 4, 4; 3, 3, 2, 2, 2, 3; 1).
(5)

The reader can easily verify that (5) is indeed an extreme
ray of the 6-party SAC by first checking that it satisfies
all instances of SA, and that the set of vanishing MI
instances has rank D − 1 = 62, where D = 26 − 1 is the
dimension of the N = 6 entropy space. Furthermore, as
the reader can check, (5) violates one instance of MMI,
in particular

−I3 (A : BC : DE) = −2 &≥ 0, (6)

where

I3 (X : Y : Z) :=

SX + SY + SZ − SXY − SXZ − SY Z + SXY Z . (7)

This implies that (5) cannot be realized by a graph
model.
To complete the proof that Conjecture 2 is false, we

now need to show that even though (5) cannot be realized
by a graph model, it is nevertheless the entropy vector of
a quantum state. This is the goal of the next section.
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tant implications for the characterization of the HEC.
It would imply that for any N, there exists some finite
N′ ≥ N such that the N-party HEC can be obtained as
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treme ray of the N′-party SAC realizable by graph models
[1]. In other words, to reconstruct the N-party HEC it
would be sufficient to know the solution to the EHMIP
for a certain N′ ≥ N which depends on N (it was shown
in [1] that for N = 3, 4 it suffices to have N′ = N, whereas
for N = 5 one needs N′ = 8).
While a proof of Conjecture 1 is still lacking, and it is

far beyond the scope of this letter, considering the strong
evidence given in [1], it is natural to focus on the solution
to the EHMIP, since this distills the essential informa-
tion underlying the HEC. The immediate question then
is whether there is some physical principle that identi-
fies the SAC extreme rays realizable by graph models. A
possibility suggested in [1], which holds for N ≤ 5, is that
there is in fact nothing special about graph models, and
that the EHMIP and EQMIP have the same solution:

Conjecture 2. For any N, all extreme rays of the N-
party SAC that can be realized by quantum states can
also be realized by graph models.
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III. DERIVING EXTREME RAYS OF THE SAC
WHICH SATISFY SSA

As we mentioned, Conjecture 2 holds for N ≤ 5, so to
look for a counterexample we need to consider at least

N = 6. However, in this case the combinatorics of the
faces of the SAC is sufficiently complicated that an ex-
plicit derivation of all extreme rays is not feasible even
using state of the art algorithms [32]. Instead, we should
restrict ourselves to the relatively few extreme rays which
satisfy SSA, since these are the only ones that can pos-
sibly be realized by quantum states.
A first useful result in this direction was recently ob-

tained in [27].

Theorem 1. For any N, all extreme rays of the SAC that
can possibly be realized by quantum states (other than the
ones realized by Bell pairs) belong to the face that spans
the subspace given by

I(" : "′) = 0 ∀", "′ ∈ [N+ 1]. (3)

Proof. See Corollary 1 in [27].

While Theorem 1 gives a considerable speed-up in the
computation of the extreme rays of the SAC that satisfy
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dimension of the N = 6 entropy space. Furthermore, as
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To complete the proof that Conjecture 2 is false, we
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a quantum state. This is the goal of the next section.
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where ΛN′→N is a map associated to a coarse-graining of
the N′ parties into N blocks [31].
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It would imply that for any N, there exists some finite
N′ ≥ N such that the N-party HEC can be obtained as
the conical hull of all possible coarse-grainings of the ex-
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is whether there is some physical principle that identi-
fies the SAC extreme rays realizable by graph models. A
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now need to show that even though (5) cannot be realized
by a graph model, it is nevertheless the entropy vector of
a quantum state. This is the goal of the next section.
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that the EHMIP and EQMIP have the same solution:

Conjecture 2. For any N, all extreme rays of the N-
party SAC that can be realized by quantum states can
also be realized by graph models.

In the rest of this work we will construct a counterex-
ample to Conjecture 2. Its implication for the character-
ization of the HEC will then be discussed in §V.

III. DERIVING EXTREME RAYS OF THE SAC
WHICH SATISFY SSA

As we mentioned, Conjecture 2 holds for N ≤ 5, so to
look for a counterexample we need to consider at least

N = 6. However, in this case the combinatorics of the
faces of the SAC is sufficiently complicated that an ex-
plicit derivation of all extreme rays is not feasible even
using state of the art algorithms [32]. Instead, we should
restrict ourselves to the relatively few extreme rays which
satisfy SSA, since these are the only ones that can pos-
sibly be realized by quantum states.
A first useful result in this direction was recently ob-

tained in [27].

Theorem 1. For any N, all extreme rays of the SAC that
can possibly be realized by quantum states (other than the
ones realized by Bell pairs) belong to the face that spans
the subspace given by

I(" : "′) = 0 ∀", "′ ∈ [N+ 1]. (3)

Proof. See Corollary 1 in [27].

While Theorem 1 gives a considerable speed-up in the
computation of the extreme rays of the SAC that satisfy
SSA [33], it is still not sufficient to obtain all such extreme
rays for N = 6. To obtain these rays, one can general-
ize Theorem 1 and derive new constraints using extreme
rays that are already known, in a similar fashion to how
[27] proved Theorem 1 using the extreme rays realized
by Bell pairs. This program is currently being explored
systematically in [34], but for the purpose of providing a
counterexample to Conjecture 2, it suffices to construct
a single extreme ray with the requisite conditions.
Labeling the six parties by A,B,C,D,E, F , and or-

dering the components of an entropy vector lexicograph-
ically, as in

(A, . . . , F ;AB,AC, . . . , EF ;ABC, . . . ;ABCDEF ), (4)

the example we consider is

R6 = (2, 1, 1, 1, 2, 2; 3, 3, 3, 4, 4, 2, 2, 3, 3, 2, 3, 3, 3, 3, 4;

2, 4, 5, 5, 4, 5, 5, 3, 5, 4, 3, 4, 4, 4, 4, 5, 4, 4, 5, 3; 3,

4, 4, 4, 4, 3, 4, 4, 3, 3, 3, 5, 4, 4, 4; 3, 3, 2, 2, 2, 3; 1).
(5)

The reader can easily verify that (5) is indeed an extreme
ray of the 6-party SAC by first checking that it satisfies
all instances of SA, and that the set of vanishing MI
instances has rank D − 1 = 62, where D = 26 − 1 is the
dimension of the N = 6 entropy space. Furthermore, as
the reader can check, (5) violates one instance of MMI,
in particular

−I3 (A : BC : DE) = −2 &≥ 0, (6)

where

I3 (X : Y : Z) :=

SX + SY + SZ − SXY − SXZ − SY Z + SXY Z . (7)

This implies that (5) cannot be realized by a graph
model.
To complete the proof that Conjecture 2 is false, we

now need to show that even though (5) cannot be realized
by a graph model, it is nevertheless the entropy vector of
a quantum state. This is the goal of the next section.

However, ∃ a counter-example at N=6: [He, VH, Rota, ’23]

The following ER of SAC6 :
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C. Reconstructing the HEC from the solution to
the EHMIP

The intuition that the solution to the HMIP could pro-
vide sufficient information for the derivation of the HEC
was first suggested in [13, 15], based on the observation
that the PMI of a choice of boundary regions in a geo-
metric state is captured by the connectivity of the RT
surfaces, while the specific value of the entropy is imma-
terial in QFT because it depends on the choice of cut-offs.
This intuition was then further developed in [1], which
formulated the following conjecture and checked that it
holds for N ≤ 5 [30]:

Conjecture 1. For any extreme ray !RN of the N-party
HEC, there exists for some N′ ≥ N an extreme ray !R′

N′

of the N′-party SAC such that !R′

N′ can be realized by a
graph model and

ΛN′→N
!R′

N′ = RN, (2)

where ΛN′→N is a map associated to a coarse-graining of
the N′ parties into N blocks [31].

If proven to be true, Conjecture 1 would have impor-
tant implications for the characterization of the HEC.
It would imply that for any N, there exists some finite
N′ ≥ N such that the N-party HEC can be obtained as
the conical hull of all possible coarse-grainings of the ex-
treme ray of the N′-party SAC realizable by graph models
[1]. In other words, to reconstruct the N-party HEC it
would be sufficient to know the solution to the EHMIP
for a certain N′ ≥ N which depends on N (it was shown
in [1] that for N = 3, 4 it suffices to have N′ = N, whereas
for N = 5 one needs N′ = 8).
While a proof of Conjecture 1 is still lacking, and it is

far beyond the scope of this letter, considering the strong
evidence given in [1], it is natural to focus on the solution
to the EHMIP, since this distills the essential informa-
tion underlying the HEC. The immediate question then
is whether there is some physical principle that identi-
fies the SAC extreme rays realizable by graph models. A
possibility suggested in [1], which holds for N ≤ 5, is that
there is in fact nothing special about graph models, and
that the EHMIP and EQMIP have the same solution:

Conjecture 2. For any N, all extreme rays of the N-
party SAC that can be realized by quantum states can
also be realized by graph models.

In the rest of this work we will construct a counterex-
ample to Conjecture 2. Its implication for the character-
ization of the HEC will then be discussed in §V.

III. DERIVING EXTREME RAYS OF THE SAC
WHICH SATISFY SSA

As we mentioned, Conjecture 2 holds for N ≤ 5, so to
look for a counterexample we need to consider at least

N = 6. However, in this case the combinatorics of the
faces of the SAC is sufficiently complicated that an ex-
plicit derivation of all extreme rays is not feasible even
using state of the art algorithms [32]. Instead, we should
restrict ourselves to the relatively few extreme rays which
satisfy SSA, since these are the only ones that can pos-
sibly be realized by quantum states.
A first useful result in this direction was recently ob-

tained in [27].

Theorem 1. For any N, all extreme rays of the SAC that
can possibly be realized by quantum states (other than the
ones realized by Bell pairs) belong to the face that spans
the subspace given by

I(" : "′) = 0 ∀", "′ ∈ [N+ 1]. (3)

Proof. See Corollary 1 in [27].

While Theorem 1 gives a considerable speed-up in the
computation of the extreme rays of the SAC that satisfy
SSA [33], it is still not sufficient to obtain all such extreme
rays for N = 6. To obtain these rays, one can general-
ize Theorem 1 and derive new constraints using extreme
rays that are already known, in a similar fashion to how
[27] proved Theorem 1 using the extreme rays realized
by Bell pairs. This program is currently being explored
systematically in [34], but for the purpose of providing a
counterexample to Conjecture 2, it suffices to construct
a single extreme ray with the requisite conditions.
Labeling the six parties by A,B,C,D,E, F , and or-

dering the components of an entropy vector lexicograph-
ically, as in

(A, . . . , F ;AB,AC, . . . , EF ;ABC, . . . ;ABCDEF ), (4)

the example we consider is

R6 = (2, 1, 1, 1, 2, 2; 3, 3, 3, 4, 4, 2, 2, 3, 3, 2, 3, 3, 3, 3, 4;

2, 4, 5, 5, 4, 5, 5, 3, 5, 4, 3, 4, 4, 4, 4, 5, 4, 4, 5, 3; 3,

4, 4, 4, 4, 3, 4, 4, 3, 3, 3, 5, 4, 4, 4; 3, 3, 2, 2, 2, 3; 1).
(5)

The reader can easily verify that (5) is indeed an extreme
ray of the 6-party SAC by first checking that it satisfies
all instances of SA, and that the set of vanishing MI
instances has rank D − 1 = 62, where D = 26 − 1 is the
dimension of the N = 6 entropy space. Furthermore, as
the reader can check, (5) violates one instance of MMI,
in particular

−I3 (A : BC : DE) = −2 &≥ 0, (6)

where

I3 (X : Y : Z) :=

SX + SY + SZ − SXY − SXZ − SY Z + SXY Z . (7)

This implies that (5) cannot be realized by a graph
model.
To complete the proof that Conjecture 2 is false, we

now need to show that even though (5) cannot be realized
by a graph model, it is nevertheless the entropy vector of
a quantum state. This is the goal of the next section.
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FIG. 1. The hypergraph model that realizes the entropy vec-
tor (5). The (yellow) blob describes the only hyperedge in the
model, which connects the boundary vertex A and the three
bulk vertices (red), and has weight 2. All other edges (blue)
have weight 1, except for the E leaf which has weight 2.

IV. QUANTUM STATE REALIZATION

To show that (5) is the entropy vector of a quantum
state we will use the hypergraph models introduced in
[35]. Hypergraph models are defined analogously to the
graph models presented above, with the only difference
being that in addition to edges one also allows for hy-
peredges connecting three or more vertices. Therefore
we only need to clarify under what circumstances the
weight of a hyperedge contributes to the cost of an I-cut.
As for standard edges, given an I-cut VI, and a hyper-
edge h (thought of as a collection of vertices), the weight
of h contributes to the cost of the cut if and only if h
contains at least one vertex in both VI and V c

I
. As usual,

the entropy of I is then given by the cost of the I-cut
with minimal cost.
We can now try to construct a hypergraph model

whose entropy vector is the extreme ray (5). There is
currently no systematic procedure to construct a hyper-
graph (or even graph) realization of a given entropy vec-
tor, but a convenient starting point is the observation
from the previous section that (5) violates only a single
instance of MMI (cf. (6)). The prototypical example of a
quantum state that violates MMI is the GHZ state, which
is realized by a hypergraph with just a single hyperedge.
To realize (5) we then start from a hypergraph with a
single weight 2 hyperedge (2 is the value of the instance
of I3 in (6) obtained from (5)) connecting four vertices
labeling the coarse-grained subsystems A,BC,DE,FO.
With a few manipulations we then arrive at the hyper-
graph shown in Figure 1.
We are now ready to prove the main result of this let-

ter.

Theorem 2. The extreme ray of the 6-party SAC given
in (5) is the entropy vector of a quantum state.

Proof. We leave it as a simple exercise for the reader to

explicitly verify that the entropy vector of the hypergraph
model shown in Figure 1 is precisely (5). The fact that
(5) is the entropy vector of a quantum state then follows
immediately from the result of [36], which showed that
(similar to the case of a standard graph) any entropy
vector realizable by a hypergraph model is the entropy
vector of a quantum stabilizer state.

V. DISCUSSION

We conclude with a few comments about the implica-
tions of the failure of Conjecture 2 for the reconstruction
and the physical interpretation of the HEC. If Conjec-
ture 1 is true, the HEC can be fully reconstructed from
the solution to the EHMIP. In that case, if Conjecture 2
were also true, the HEC would be the largest possible
polyhedral cone compatible with this reconstruction pro-
cedure and quantum mechanics. One should then ques-
tion the actual physical meaning of holographic entropy
inequalities, since they would just follow from the bound
on N, which is artificial in QFT. The failure of Conjec-
ture 2 proves that this is not the case, even if the re-
construction procedure of Conjecture 1 can indeed be
achieved. In that case, one should then try to under-
stand what distinguishes the extreme rays of the SAC
that can be realized by graph models from the larger set
of quantum mechanical ones.
A first step in this direction is the derivation of all

extreme rays which are compatible with SSA for N = 6
[34]. Since this is the smallest value of N where the so-
lutions to the EQMIP and EHMIP differ, it is a useful
testing ground to develop intuition. Next, one should de-
termine which of these rays can be realized in quantum
mechanics, and as demonstrated here, the hypergraph
construction could be a useful tool in this direction. Ul-
timately, one may then attempt to use the construction
suggested in [35], or the techniques from [28, 36] to explic-
itly construct the corresponding quantum states and find
a new characterization from the perspective of quantum
information theory. We leave these questions for future
investigation.
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C. Reconstructing the HEC from the solution to
the EHMIP

The intuition that the solution to the HMIP could pro-
vide sufficient information for the derivation of the HEC
was first suggested in [13, 15], based on the observation
that the PMI of a choice of boundary regions in a geo-
metric state is captured by the connectivity of the RT
surfaces, while the specific value of the entropy is imma-
terial in QFT because it depends on the choice of cut-offs.
This intuition was then further developed in [1], which
formulated the following conjecture and checked that it
holds for N ≤ 5 [30]:

Conjecture 1. For any extreme ray !RN of the N-party
HEC, there exists for some N′ ≥ N an extreme ray !R′

N′

of the N′-party SAC such that !R′

N′ can be realized by a
graph model and

ΛN′→N
!R′

N′ = RN, (2)

where ΛN′→N is a map associated to a coarse-graining of
the N′ parties into N blocks [31].

If proven to be true, Conjecture 1 would have impor-
tant implications for the characterization of the HEC.
It would imply that for any N, there exists some finite
N′ ≥ N such that the N-party HEC can be obtained as
the conical hull of all possible coarse-grainings of the ex-
treme ray of the N′-party SAC realizable by graph models
[1]. In other words, to reconstruct the N-party HEC it
would be sufficient to know the solution to the EHMIP
for a certain N′ ≥ N which depends on N (it was shown
in [1] that for N = 3, 4 it suffices to have N′ = N, whereas
for N = 5 one needs N′ = 8).
While a proof of Conjecture 1 is still lacking, and it is

far beyond the scope of this letter, considering the strong
evidence given in [1], it is natural to focus on the solution
to the EHMIP, since this distills the essential informa-
tion underlying the HEC. The immediate question then
is whether there is some physical principle that identi-
fies the SAC extreme rays realizable by graph models. A
possibility suggested in [1], which holds for N ≤ 5, is that
there is in fact nothing special about graph models, and
that the EHMIP and EQMIP have the same solution:

Conjecture 2. For any N, all extreme rays of the N-
party SAC that can be realized by quantum states can
also be realized by graph models.

In the rest of this work we will construct a counterex-
ample to Conjecture 2. Its implication for the character-
ization of the HEC will then be discussed in §V.

III. DERIVING EXTREME RAYS OF THE SAC
WHICH SATISFY SSA

As we mentioned, Conjecture 2 holds for N ≤ 5, so to
look for a counterexample we need to consider at least

N = 6. However, in this case the combinatorics of the
faces of the SAC is sufficiently complicated that an ex-
plicit derivation of all extreme rays is not feasible even
using state of the art algorithms [32]. Instead, we should
restrict ourselves to the relatively few extreme rays which
satisfy SSA, since these are the only ones that can pos-
sibly be realized by quantum states.
A first useful result in this direction was recently ob-

tained in [27].

Theorem 1. For any N, all extreme rays of the SAC that
can possibly be realized by quantum states (other than the
ones realized by Bell pairs) belong to the face that spans
the subspace given by

I(" : "′) = 0 ∀", "′ ∈ [N+ 1]. (3)

Proof. See Corollary 1 in [27].

While Theorem 1 gives a considerable speed-up in the
computation of the extreme rays of the SAC that satisfy
SSA [33], it is still not sufficient to obtain all such extreme
rays for N = 6. To obtain these rays, one can general-
ize Theorem 1 and derive new constraints using extreme
rays that are already known, in a similar fashion to how
[27] proved Theorem 1 using the extreme rays realized
by Bell pairs. This program is currently being explored
systematically in [34], but for the purpose of providing a
counterexample to Conjecture 2, it suffices to construct
a single extreme ray with the requisite conditions.
Labeling the six parties by A,B,C,D,E, F , and or-

dering the components of an entropy vector lexicograph-
ically, as in

(A, . . . , F ;AB,AC, . . . , EF ;ABC, . . . ;ABCDEF ), (4)

the example we consider is

R6 = (2, 1, 1, 1, 2, 2; 3, 3, 3, 4, 4, 2, 2, 3, 3, 2, 3, 3, 3, 3, 4;

2, 4, 5, 5, 4, 5, 5, 3, 5, 4, 3, 4, 4, 4, 4, 5, 4, 4, 5, 3; 3,

4, 4, 4, 4, 3, 4, 4, 3, 3, 3, 5, 4, 4, 4; 3, 3, 2, 2, 2, 3; 1).
(5)

The reader can easily verify that (5) is indeed an extreme
ray of the 6-party SAC by first checking that it satisfies
all instances of SA, and that the set of vanishing MI
instances has rank D − 1 = 62, where D = 26 − 1 is the
dimension of the N = 6 entropy space. Furthermore, as
the reader can check, (5) violates one instance of MMI,
in particular

−I3 (A : BC : DE) = −2 &≥ 0, (6)

where

I3 (X : Y : Z) :=

SX + SY + SZ − SXY − SXZ − SY Z + SXY Z . (7)

This implies that (5) cannot be realized by a graph
model.
To complete the proof that Conjecture 2 is false, we

now need to show that even though (5) cannot be realized
by a graph model, it is nevertheless the entropy vector of
a quantum state. This is the goal of the next section.
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C. Reconstructing the HEC from the solution to
the EHMIP

The intuition that the solution to the HMIP could pro-
vide sufficient information for the derivation of the HEC
was first suggested in [13, 15], based on the observation
that the PMI of a choice of boundary regions in a geo-
metric state is captured by the connectivity of the RT
surfaces, while the specific value of the entropy is imma-
terial in QFT because it depends on the choice of cut-offs.
This intuition was then further developed in [1], which
formulated the following conjecture and checked that it
holds for N ≤ 5 [30]:

Conjecture 1. For any extreme ray !RN of the N-party
HEC, there exists for some N′ ≥ N an extreme ray !R′

N′

of the N′-party SAC such that !R′

N′ can be realized by a
graph model and

ΛN′→N
!R′

N′ = RN, (2)

where ΛN′→N is a map associated to a coarse-graining of
the N′ parties into N blocks [31].

If proven to be true, Conjecture 1 would have impor-
tant implications for the characterization of the HEC.
It would imply that for any N, there exists some finite
N′ ≥ N such that the N-party HEC can be obtained as
the conical hull of all possible coarse-grainings of the ex-
treme ray of the N′-party SAC realizable by graph models
[1]. In other words, to reconstruct the N-party HEC it
would be sufficient to know the solution to the EHMIP
for a certain N′ ≥ N which depends on N (it was shown
in [1] that for N = 3, 4 it suffices to have N′ = N, whereas
for N = 5 one needs N′ = 8).
While a proof of Conjecture 1 is still lacking, and it is

far beyond the scope of this letter, considering the strong
evidence given in [1], it is natural to focus on the solution
to the EHMIP, since this distills the essential informa-
tion underlying the HEC. The immediate question then
is whether there is some physical principle that identi-
fies the SAC extreme rays realizable by graph models. A
possibility suggested in [1], which holds for N ≤ 5, is that
there is in fact nothing special about graph models, and
that the EHMIP and EQMIP have the same solution:

Conjecture 2. For any N, all extreme rays of the N-
party SAC that can be realized by quantum states can
also be realized by graph models.

In the rest of this work we will construct a counterex-
ample to Conjecture 2. Its implication for the character-
ization of the HEC will then be discussed in §V.

III. DERIVING EXTREME RAYS OF THE SAC
WHICH SATISFY SSA

As we mentioned, Conjecture 2 holds for N ≤ 5, so to
look for a counterexample we need to consider at least

N = 6. However, in this case the combinatorics of the
faces of the SAC is sufficiently complicated that an ex-
plicit derivation of all extreme rays is not feasible even
using state of the art algorithms [32]. Instead, we should
restrict ourselves to the relatively few extreme rays which
satisfy SSA, since these are the only ones that can pos-
sibly be realized by quantum states.
A first useful result in this direction was recently ob-

tained in [27].

Theorem 1. For any N, all extreme rays of the SAC that
can possibly be realized by quantum states (other than the
ones realized by Bell pairs) belong to the face that spans
the subspace given by

I(" : "′) = 0 ∀", "′ ∈ [N+ 1]. (3)

Proof. See Corollary 1 in [27].

While Theorem 1 gives a considerable speed-up in the
computation of the extreme rays of the SAC that satisfy
SSA [33], it is still not sufficient to obtain all such extreme
rays for N = 6. To obtain these rays, one can general-
ize Theorem 1 and derive new constraints using extreme
rays that are already known, in a similar fashion to how
[27] proved Theorem 1 using the extreme rays realized
by Bell pairs. This program is currently being explored
systematically in [34], but for the purpose of providing a
counterexample to Conjecture 2, it suffices to construct
a single extreme ray with the requisite conditions.
Labeling the six parties by A,B,C,D,E, F , and or-

dering the components of an entropy vector lexicograph-
ically, as in

(A, . . . , F ;AB,AC, . . . , EF ;ABC, . . . ;ABCDEF ), (4)

the example we consider is

R6 = (2, 1, 1, 1, 2, 2; 3, 3, 3, 4, 4, 2, 2, 3, 3, 2, 3, 3, 3, 3, 4;

2, 4, 5, 5, 4, 5, 5, 3, 5, 4, 3, 4, 4, 4, 4, 5, 4, 4, 5, 3; 3,

4, 4, 4, 4, 3, 4, 4, 3, 3, 3, 5, 4, 4, 4; 3, 3, 2, 2, 2, 3; 1).
(5)

The reader can easily verify that (5) is indeed an extreme
ray of the 6-party SAC by first checking that it satisfies
all instances of SA, and that the set of vanishing MI
instances has rank D − 1 = 62, where D = 26 − 1 is the
dimension of the N = 6 entropy space. Furthermore, as
the reader can check, (5) violates one instance of MMI,
in particular

−I3 (A : BC : DE) = −2 &≥ 0, (6)

where

I3 (X : Y : Z) :=

SX + SY + SZ − SXY − SXZ − SY Z + SXY Z . (7)

This implies that (5) cannot be realized by a graph
model.
To complete the proof that Conjecture 2 is false, we

now need to show that even though (5) cannot be realized
by a graph model, it is nevertheless the entropy vector of
a quantum state. This is the goal of the next section.

However, ∃ a counter-example at N=6: [He, VH, Rota, ’23]

The following ER of SAC6 :

3

C. Reconstructing the HEC from the solution to
the EHMIP

The intuition that the solution to the HMIP could pro-
vide sufficient information for the derivation of the HEC
was first suggested in [13, 15], based on the observation
that the PMI of a choice of boundary regions in a geo-
metric state is captured by the connectivity of the RT
surfaces, while the specific value of the entropy is imma-
terial in QFT because it depends on the choice of cut-offs.
This intuition was then further developed in [1], which
formulated the following conjecture and checked that it
holds for N ≤ 5 [30]:

Conjecture 1. For any extreme ray !RN of the N-party
HEC, there exists for some N′ ≥ N an extreme ray !R′

N′

of the N′-party SAC such that !R′

N′ can be realized by a
graph model and

ΛN′→N
!R′

N′ = RN, (2)

where ΛN′→N is a map associated to a coarse-graining of
the N′ parties into N blocks [31].

If proven to be true, Conjecture 1 would have impor-
tant implications for the characterization of the HEC.
It would imply that for any N, there exists some finite
N′ ≥ N such that the N-party HEC can be obtained as
the conical hull of all possible coarse-grainings of the ex-
treme ray of the N′-party SAC realizable by graph models
[1]. In other words, to reconstruct the N-party HEC it
would be sufficient to know the solution to the EHMIP
for a certain N′ ≥ N which depends on N (it was shown
in [1] that for N = 3, 4 it suffices to have N′ = N, whereas
for N = 5 one needs N′ = 8).
While a proof of Conjecture 1 is still lacking, and it is

far beyond the scope of this letter, considering the strong
evidence given in [1], it is natural to focus on the solution
to the EHMIP, since this distills the essential informa-
tion underlying the HEC. The immediate question then
is whether there is some physical principle that identi-
fies the SAC extreme rays realizable by graph models. A
possibility suggested in [1], which holds for N ≤ 5, is that
there is in fact nothing special about graph models, and
that the EHMIP and EQMIP have the same solution:

Conjecture 2. For any N, all extreme rays of the N-
party SAC that can be realized by quantum states can
also be realized by graph models.

In the rest of this work we will construct a counterex-
ample to Conjecture 2. Its implication for the character-
ization of the HEC will then be discussed in §V.

III. DERIVING EXTREME RAYS OF THE SAC
WHICH SATISFY SSA

As we mentioned, Conjecture 2 holds for N ≤ 5, so to
look for a counterexample we need to consider at least

N = 6. However, in this case the combinatorics of the
faces of the SAC is sufficiently complicated that an ex-
plicit derivation of all extreme rays is not feasible even
using state of the art algorithms [32]. Instead, we should
restrict ourselves to the relatively few extreme rays which
satisfy SSA, since these are the only ones that can pos-
sibly be realized by quantum states.
A first useful result in this direction was recently ob-

tained in [27].

Theorem 1. For any N, all extreme rays of the SAC that
can possibly be realized by quantum states (other than the
ones realized by Bell pairs) belong to the face that spans
the subspace given by

I(" : "′) = 0 ∀", "′ ∈ [N+ 1]. (3)

Proof. See Corollary 1 in [27].

While Theorem 1 gives a considerable speed-up in the
computation of the extreme rays of the SAC that satisfy
SSA [33], it is still not sufficient to obtain all such extreme
rays for N = 6. To obtain these rays, one can general-
ize Theorem 1 and derive new constraints using extreme
rays that are already known, in a similar fashion to how
[27] proved Theorem 1 using the extreme rays realized
by Bell pairs. This program is currently being explored
systematically in [34], but for the purpose of providing a
counterexample to Conjecture 2, it suffices to construct
a single extreme ray with the requisite conditions.
Labeling the six parties by A,B,C,D,E, F , and or-

dering the components of an entropy vector lexicograph-
ically, as in

(A, . . . , F ;AB,AC, . . . , EF ;ABC, . . . ;ABCDEF ), (4)

the example we consider is

R6 = (2, 1, 1, 1, 2, 2; 3, 3, 3, 4, 4, 2, 2, 3, 3, 2, 3, 3, 3, 3, 4;

2, 4, 5, 5, 4, 5, 5, 3, 5, 4, 3, 4, 4, 4, 4, 5, 4, 4, 5, 3; 3,

4, 4, 4, 4, 3, 4, 4, 3, 3, 3, 5, 4, 4, 4; 3, 3, 2, 2, 2, 3; 1).
(5)

The reader can easily verify that (5) is indeed an extreme
ray of the 6-party SAC by first checking that it satisfies
all instances of SA, and that the set of vanishing MI
instances has rank D − 1 = 62, where D = 26 − 1 is the
dimension of the N = 6 entropy space. Furthermore, as
the reader can check, (5) violates one instance of MMI,
in particular

−I3 (A : BC : DE) = −2 &≥ 0, (6)

where

I3 (X : Y : Z) :=

SX + SY + SZ − SXY − SXZ − SY Z + SXY Z . (7)

This implies that (5) cannot be realized by a graph
model.
To complete the proof that Conjecture 2 is false, we

now need to show that even though (5) cannot be realized
by a graph model, it is nevertheless the entropy vector of
a quantum state. This is the goal of the next section.
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FIG. 1. The hypergraph model that realizes the entropy vec-
tor (5). The (yellow) blob describes the only hyperedge in the
model, which connects the boundary vertex A and the three
bulk vertices (red), and has weight 2. All other edges (blue)
have weight 1, except for the E leaf which has weight 2.

IV. QUANTUM STATE REALIZATION

To show that (5) is the entropy vector of a quantum
state we will use the hypergraph models introduced in
[35]. Hypergraph models are defined analogously to the
graph models presented above, with the only difference
being that in addition to edges one also allows for hy-
peredges connecting three or more vertices. Therefore
we only need to clarify under what circumstances the
weight of a hyperedge contributes to the cost of an I-cut.
As for standard edges, given an I-cut VI, and a hyper-
edge h (thought of as a collection of vertices), the weight
of h contributes to the cost of the cut if and only if h
contains at least one vertex in both VI and V c

I
. As usual,

the entropy of I is then given by the cost of the I-cut
with minimal cost.
We can now try to construct a hypergraph model

whose entropy vector is the extreme ray (5). There is
currently no systematic procedure to construct a hyper-
graph (or even graph) realization of a given entropy vec-
tor, but a convenient starting point is the observation
from the previous section that (5) violates only a single
instance of MMI (cf. (6)). The prototypical example of a
quantum state that violates MMI is the GHZ state, which
is realized by a hypergraph with just a single hyperedge.
To realize (5) we then start from a hypergraph with a
single weight 2 hyperedge (2 is the value of the instance
of I3 in (6) obtained from (5)) connecting four vertices
labeling the coarse-grained subsystems A,BC,DE,FO.
With a few manipulations we then arrive at the hyper-
graph shown in Figure 1.
We are now ready to prove the main result of this let-

ter.

Theorem 2. The extreme ray of the 6-party SAC given
in (5) is the entropy vector of a quantum state.

Proof. We leave it as a simple exercise for the reader to

explicitly verify that the entropy vector of the hypergraph
model shown in Figure 1 is precisely (5). The fact that
(5) is the entropy vector of a quantum state then follows
immediately from the result of [36], which showed that
(similar to the case of a standard graph) any entropy
vector realizable by a hypergraph model is the entropy
vector of a quantum stabilizer state.

V. DISCUSSION

We conclude with a few comments about the implica-
tions of the failure of Conjecture 2 for the reconstruction
and the physical interpretation of the HEC. If Conjec-
ture 1 is true, the HEC can be fully reconstructed from
the solution to the EHMIP. In that case, if Conjecture 2
were also true, the HEC would be the largest possible
polyhedral cone compatible with this reconstruction pro-
cedure and quantum mechanics. One should then ques-
tion the actual physical meaning of holographic entropy
inequalities, since they would just follow from the bound
on N, which is artificial in QFT. The failure of Conjec-
ture 2 proves that this is not the case, even if the re-
construction procedure of Conjecture 1 can indeed be
achieved. In that case, one should then try to under-
stand what distinguishes the extreme rays of the SAC
that can be realized by graph models from the larger set
of quantum mechanical ones.
A first step in this direction is the derivation of all

extreme rays which are compatible with SSA for N = 6
[34]. Since this is the smallest value of N where the so-
lutions to the EQMIP and EHMIP differ, it is a useful
testing ground to develop intuition. Next, one should de-
termine which of these rays can be realized in quantum
mechanics, and as demonstrated here, the hypergraph
construction could be a useful tool in this direction. Ul-
timately, one may then attempt to use the construction
suggested in [35], or the techniques from [28, 36] to explic-
itly construct the corresponding quantum states and find
a new characterization from the perspective of quantum
information theory. We leave these questions for future
investigation.
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Summary & future directions

Holographic entropy inequalities
Can be packaged efficiently using the tripartite form
Constructed 384 orbits of holographic entropy inequalities for N=6
These manifest rich structural relations 

Interpretation?
Not correlation measures (since not monotonic under inclusion)
More generalized multipartite correlation?
Operational meaning?

How can we bootstrap these to generate new HEIs for higher N?
Are all HEIs guaranteed to admit the tripartite form?
Is there an even better packaging?



Main point:
HECN can be fully reconstructed from far simpler structure, at finer N':
Holographically realizable ERs of SACN'  ( ↜ solution to HMIP)

describe using PMIs,  specified by { I(X:Y) }
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Main point:
HECN can be fully reconstructed from far simpler structure, at finer N':
Holographically realizable ERs of SACN'  ( ↜ solution to HMIP)

Implications:
{ HECN ∀ N }  ⟸  { HMIPN ∀ N }  ("Holographic entropy cone from marginal independence")

Any fixed N contaminated by structural (combinatorial) artifacts
Seemingly minimal dependence on holography (SAC universal)

describe using PMIs,  specified by { I(X:Y) }

• arbitrarily refined partition (N)
• classicality: admits phase transitions

Summary & future directions



Future directions

Within the present context: 
Complete soln. to HMIP
Explain HEIs
Internal structure of HEC
Bootstrapping ERs and HEIs to higher N

Beyond the present context:
Beyond classical bulk (quantum and stringy corrections)
Other QI quantities
…



Thank you
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In time-dependent situations, RT prescription must be covariantized:

The RT prescription for holographic EE is not well-defined 
outside the context of static configurations:

Covariant Holographic EE

In Lorentzian geometry, we can decrease 
the area arbitrarily by timelike deformations
In time-dependent context, no natural 
notion of  “const. t” slice…

m A



In time-dependent situations, RT prescription must be covariantized:

The RT prescription for holographic EE is not well-defined 
outside the context of static configurations:

Covariant Holographic EE

In Lorentzian geometry, we can decrease 
the area arbitrarily by timelike deformations
In time-dependent context, no natural 
notion of  “const. t” slice…

m A

minimal surface 
at constant time

extremal surface 
in the full bulk→

[HRT = VH, Rangamani, Takayanagi ‘07]

E
A

m E



Entanglement wedge

AB M

I
+

I
�

Figure 3. EWCS regulator. [Left]: On the Poincare disk, the region outside the AB entanglement wedge

(shaded gray) is excised from the spacetime, and the regulated HRT surface for A, �
HRT

:= �
HRT

(A) (blue

curve), is anchored on �̂
HRT

(AB). [Right]: In the Lorentzian AdS spacetime, the future and past of the

removed regions is corresponding excised, so that the regulated spacetime M is bounded by the ingoing null

congruences from �̂
HRT

(AB) shown.

quantity in its own right, quite apart from its use as a regulator, with various conjectured field-theory
interpretations [3, 27, 28]. Although we have motivated the EWCS as a regulator, the results of this
paper apply equally well to any EWCS calculation; they do not depend on the bu↵er between A and
B being small in any sense.

Now, the key point that makes the EWCS an appealing regulator from our viewpoint is that
computing the EWCS is equivalent to simply applying the usual HRT formula within the spacetime

defined by the AB entanglement wedge, with its future and past boundaries playing the role of I
±.

This is illustrated in figure 3. This entanglement wedge is thus essentially acting as a multiboundary
wormhole; the only novelty is that the homology must be computed relative to the joint HRT surface
�̂

HRT
(AB). (Thus here �̂

HRT
(AB) is playing a role similar to that of an end-of-the-world brane, for

which we would also use relative homology.) This is the point of view we will take in most of this
paper: the conformal boundary N will by definition consist only of D(A) and D(B), and the bulk M

only of their joint entanglement wedge Ŵ(AB). The rest of the original boundary and bulk spacetime
will simply be discarded. However, in section 7.1, we will return to the original spacetime (denoted
M̂, with future/past boundaries Î

±), and explain how our constructions can be extended to include
it. In general, we will use hatted symbols to refer to constructs defined in the original, unregulated
spacetime, and unhatted symbols to refer to constructs in the regulated spacetime.

Of course, we may be interested in calculating the entropy of more than one boundary region.
For example, we may want to compute the mutual information I(A : B) := S(A) + S(B) � S(AB)
between disjoint regions A, B of a common boundary Cauchy slice ⌃. If A, B are separated (not
touching), then the mutual information is finite and regulator-independent, but to compute it using
the HRT formula we must first regulate the entropies appearing in the definition. To get a meaningful
answer, it is important to use the same regulator for all three of those entropies. So we should
choose a region C ⇢ (AB)c that leaves a bu↵er between AB and C. We then proceed as above,

– 16 –

Fig. 6: Null normal congruence from the initial surface given by (3.2) with a = 0.5 (left) and

a = 1.5 (right). The initial surface is the bold black curve on the bottom, the boundary

is the shaded plane on the left in each plot (with the domain of dependence D+[A]

boundary indicated by the thin black lines), the individual geodesics are the thin lines

color-coded by x0, their endpoints on the boundary are depicted by the red curve, and

finally the seam of crossover points where generators intersect for a > 1 is the blue thick

curve. (The generators are cut o↵ at a finite value of � ⇡ 64, so in the plot they don’t

look like they reach all the way to the boundary.)

seams for di↵erent a start at the point in the bulk when neighbouring geodesics from

x0 ' 0 intersect which happens at

x⇥ = 0 , t⇥ =
1

a
, z⇥ =

a
2
� 1

a
, �⇥ =

1

a (a2 � 1)
(3.6)

To summarize, depending on whether a is greater or less than 1, the congruence has

qualitatively di↵erent behaviour, as illustrated in Fig. 7. For a < 1 (depicted by colors

from red toward green), the congruence reaches the boundary inside D
+[A], while for

a > 1, the generators intersect each other at the seam of crossover points (depicted by

colors from red toward purple). At precisely a = 1, all generators reach the boundary

at the future tip of D+[A], namely z = 0, x = 0, t = 1.

– 20 –

Structure of generators 
of EW horizon

EW for composite region AB
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RT cone = HRT cone

Hitherto graph representation only for static situations (RT)  
Useful toolkit (e.g. contraction map to prove HEIs, constructing ERs, ...)

Covariant reformulation of holographic entanglement entropy  
HRT:  extremal surface
maximin:  maximize over Cauchy slices the minimal surface area on slice [Wall]  
minimax:  minimize over 'timesheets' the maximal surface area on sheet [Headrick, VH] 

Minimax (=partitioning bulk by timesheets) allows for graph 
model even in general time-dependent situations  

[WIP:  Grado-White, Grimaldi, Headrick, VH]

Hence the toolkit developed for static case applies in general.
All HEIs proved for static case are valid in time-dependent case as well.

previously shown only for 2-d CFT [Czech, Dong] 



Klein's condition (KC)

Klein inequality:

Apply to relative entropy

faces which would correspond to the same PMI.17 Because of this, we will follow another
direction, where we replace SSA with a weaker constraint (which we will call “Klein’s

condition”) that can be formulated purely combinatorially via the faces of the SAC,
without having to introduce any additional inequality.

As we discussed in the previous subsection, the definition of a PMI takes into

account the linear dependence among the instances of MI, as well as all instances of
SA. However, we have not fully taken into account the fact that, as indicated in (2.11),

the MI between two subsystems vanishes if and only if the density matrix factorizes.
For completeness, let us first briefly review why this is the case. The easiest way to see
this is via the application of Klein’s inequality18 to the quantum relative entropy:

R (ρ || σ) = Tr ρ log ρ− Tr ρ log σ ≥ 0 ∀ ρ, σ , (2.26)

and in particular
R (ρ || σ) = 0 ⇐⇒ ρ = σ . (2.27)

Setting ρ ≡ ρIK and σ ≡ ρI ⊗ ρK, it is easy to see that this translates to (2.11).

Suppose now that the MI instance I(I : JK) vanishes. We then have

I(I : JK) = 0

=⇒ ρIJK = ρI ⊗ ρJK

=⇒ ρIJ = ρI ⊗ ρJ and ρIK = ρI ⊗ ρK

=⇒ I(I : J) = 0 and I(I : K) = 0 . (2.28)

It is crucial to notice that this implication, which is respected by the instances of MI
for any entropy vector of a density matrix, is independent from the constraints that we

considered when we defined PMIs. Indeed, as was proven in Lemma 1, the hyperplane
I(I : JK) = 0 (for IJK (= [[N]]) supports a facet of the SAC, and is therefore by itself a

17 As a simple example, consider the N = 3 case, where the cone specified by SA and SSA (which is
the full QEC3) has the extreme ray !S = (1, 1, 1, 1, 1, 1, 1), i.e., the entropy vector of a density matrix
obtained from the 4-party GHZ state by tracing out any one of the qubits. As one can immediately
verify, no instance of SA is saturated by this entropy vector, and its PMI (given by (2.25)) is therefore
the full space RD. Moreover, a moment’s thought reveals that RD is also the PMI of any vector in the
interior of any face of QEC3 which includes !S on its boundary, since !S is in the interior of the SAC3.
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⤳ KC for MI:



N=2 SAC in terms of MIs

MI poset 
order by inclusion:

Matroid structure
represented by a "whirl"

I(A :BO) I(B :AO) I(O :AB)

I(A :B) I(A :O) I(B :O)

Figure 1. The Hasse diagram for the MI-poset for N = 2.

where we have already modded out by the symmetry between the arguments of MI and{
n
k

}
is the Stirling number of the second kind.22 The strict inequality

I(I : K) ≺ I(I′ : K′) (2.37)

is attained when at least one of the inclusions is strict, i.e, when any of the ⊆ in (2.35)

is replaced with ⊂.
A convenient way of representing a poset, at least when the number of elements is

not too large, is via a Hasse diagram, whose construction we now review. In a poset

(P,$), an element x is said to be covered by an element y, which we denote as x y,
if

x ≺ y and x $ z ≺ y =⇒ z = x . (2.38)

Equivalently, if this implication holds, y is said to cover x, and we write y x.
Essentially, this means that there are no elements between x and y distinct from x and

y themselves. The Hasse diagram of a poset (P,$) is a representation of the cover
relation between the elements of the poset. It is obtained by first drawing a vertex for

each element in the set P, in such a way that for each pair x, y, if x ≺ y then the vertex
for x is drawn below the vertex for y. One then connects the vertices for x and y only

if x y. As an example, we have drawn the Hasse diagram of the MI-poset for N = 2
in Figure 1.

Given a poset (P,$), a special class of subsets that will be of interest to us are the

down-sets (sometimes also called order ideals). A subset Q ⊆ P is a down-set if for all
x ∈ Q and y ∈ P,

y $ x =⇒ y ∈ Q . (2.39)

Using this definition, we can then rephrase KC for PMIs conveniently as follows.

Lemma 2. A PMI is KC-compatible if and only if its set E0 of vanishing MI instances
is a down-set in the MI-poset.

22 In [1, 18] the number of MI instances was 3
{
N+1

3

}
because the trivial instances I(I : Ic) were not

included. Indeed one can immediately check that 3
{
N+1

3

}
+ 2N − 1 =

{
N+2

3

}
.
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S(AB)
<latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit>

S(B)
<latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit>

each segment = plane in



Graphical representation of {I(X:Y)}

Organize into whirls ⤳ W-complex: 
each triangle = whirl
each edge = MI
each vertex = entropy / subsystem

e.g. for N=3
6 whirls
18 (subsystem) MIs
7 entropies

Properties
whirls join at vertices
specified by 1 generating edge per whirl
automatically implements permutation & purification symmetry



Simple tree graphs

But tree graphs have much simpler structure

Def: graph is simple if every edge defines some subsystem cut; 
 or equivalently, if each boundary vertex has different "color"

each edge specified by a unique 
collection of boundary vertices

PMI follows directly from specification 
of min-cut structure

A B C D

AB CD

CDE

EABCDE

A B C D

EO

Figure 5. An example of a simple tree graphG5, with explicit edge labeling and orientation
indicated.

polychromatic index.64 This will allow us to view any relation between the edge

weights, which determines the min-cut subspace, purely in terms of subsystem en-

tropies; this in turn can be recast in terms of mutual informations, and hence related

to the PMI. Let us start from the basic definition

Definition 12 (Simple tree graph). A topological graph model GN with the topology

of a tree is simple if each boundary vertex is labeled by a di↵erent color.

On a given simple tree, consider an arbitrary edge e 2 E, and the partition of

the vertex set into the two complementary subsets U and U
{ separated by e. If both

U and U
{ contain at least one boundary vertex, then e corresponds to a bipartition

(I, I{) of [N+ 1] given by

�(@V \ U) = I (4.14)

By convention we define U to be the subset that does not include the purifier, and

simply write �(@V \U) = I (not underlined). The subsystem I associated to an edge

via this prescription will be denoted by I(e). For an arbitrary tree graph and choice

of e, one may also have �(@V \ U) = ?. This can happen if one or more leaves are

not boundary vertices. In this case we write I(e) = ?, with a little abuse of notation

since in this case I is not a proper polychromatic index according to our definition.

While we take into account this possibility for the sake of completeness, notice that

by topological minimality (cf., lemma 1) no edge e with I(e) = ? can belong to the

set of cut edges for any min-cut.

With this convention at hand, it is also convenient to introduce a canonical

orientation of the edges of the tree which will induce an inclusion relation among the

indices I(e). Specifically, denoting by vN+1
the boundary vertex of the graph labeled

by the purifier, and by v
L
an arbitrary leaf, we consider the path from vN+1

to v
L
and

orient the edges to turn it into a directed path which starts at vN+1
and ends at v

L
.

We will denote such a directed path by P(vN+1
, v

L
). By repeating this procedure for

all leaves, we fix an orientation for the whole graph.

64 There is a simple exception that, as we will shortly explain, is irrelevant.
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Simple tree graphs

But tree graphs have much simpler structure

Def: graph is simple if every edge defines some subsystem cut; 
 or equivalently, if each boundary vertex has different "color"

each edge specified by a unique 
collection of boundary vertices

PMI follows directly from specification 
of min-cut structure

Thm: For simple tree graphs,  min-cut subspace = PMI

A B C D

AB CD

CDE

EABCDE

A B C D

EO

Figure 5. An example of a simple tree graphG5, with explicit edge labeling and orientation
indicated.

polychromatic index.64 This will allow us to view any relation between the edge

weights, which determines the min-cut subspace, purely in terms of subsystem en-

tropies; this in turn can be recast in terms of mutual informations, and hence related

to the PMI. Let us start from the basic definition

Definition 12 (Simple tree graph). A topological graph model GN with the topology

of a tree is simple if each boundary vertex is labeled by a di↵erent color.

On a given simple tree, consider an arbitrary edge e 2 E, and the partition of

the vertex set into the two complementary subsets U and U
{ separated by e. If both

U and U
{ contain at least one boundary vertex, then e corresponds to a bipartition

(I, I{) of [N+ 1] given by

�(@V \ U) = I (4.14)

By convention we define U to be the subset that does not include the purifier, and

simply write �(@V \U) = I (not underlined). The subsystem I associated to an edge

via this prescription will be denoted by I(e). For an arbitrary tree graph and choice

of e, one may also have �(@V \ U) = ?. This can happen if one or more leaves are

not boundary vertices. In this case we write I(e) = ?, with a little abuse of notation

since in this case I is not a proper polychromatic index according to our definition.

While we take into account this possibility for the sake of completeness, notice that

by topological minimality (cf., lemma 1) no edge e with I(e) = ? can belong to the

set of cut edges for any min-cut.

With this convention at hand, it is also convenient to introduce a canonical

orientation of the edges of the tree which will induce an inclusion relation among the

indices I(e). Specifically, denoting by vN+1
the boundary vertex of the graph labeled

by the purifier, and by v
L
an arbitrary leaf, we consider the path from vN+1

to v
L
and

orient the edges to turn it into a directed path which starts at vN+1
and ends at v

L
.

We will denote such a directed path by P(vN+1
, v

L
). By repeating this procedure for

all leaves, we fix an orientation for the whole graph.

64 There is a simple exception that, as we will shortly explain, is irrelevant.
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Conjecture

Conjecture:  We can convert any holographic graph model 
into a tree while preserving the min-cut subspace.

e.g.

Holds true for all ERs for N=5 HEC and all (hitherto-known) N=6 HEC ERs.

similarly, can collapse any isolated k-cycle

a b

c

a+b

b+ca+c

generically gives a non-simple tree, but can be trivially made simple by `fine-graining':



Coarse-graining & fine-graining

Coarse-graining = declare multiple colors indistinguishable 
projection of entropy vectors
corresponding projection of linear subspaces (V-space & PMI)

Fine-graining = reverse of coarse-graining
Hence can obtain simple graph from non-simple one by fine-graining

Change N → N'
Changes dimensionality D → D' of entropy space
Aspects of entanglement structure preserved (inherited)



Main theorem

Consider ERs of N-party holographic entropy cone (HECN) 
The HECN is a convex hull of these; so ERs (in principle) determine all 
holographic entropy inequalities

Thm:  Assuming Conjecture, every ER of HECN is obtained as a 
projection of ER of a subadditivity cone SACN' (for some N' ≥ N) 

Idea of Pf:
Start w/ HECN ER & obtain graph representation G (has 1-d V-space)
Use Conjecture & fine-grain to transform into a simple tree G' 
Resulting V-space = PMI in D'-dimensional entropy space 
Reduce to 1-d PMI (if uplifting increased V-space dimensionality) 
= ER for SACN' 


