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Aims

Semi-classical Approach to Quantum Gravity

Rµν −
1

2
R gµν + gµνΛ = 8πG ⟨T̂µν⟩

• vacuum (v.e.v) and thermal (t.e.v.) expectation values of
different components of ⟨T̂µν⟩
- thermal: inverse temperature β = 1/T

• massless, conformally coupled scalar field, Φ

• adS4

• effects of boundary conditions on ⟨T̂µν⟩
• pressure deviator , Π, measure of ⟨T̂ ρ

ρ ⟩ − ⟨T̂ θ
θ ⟩

- difference between quantum state and classical

ℏ = c = 1



Anti-de Sitter space: adS4

τ

ρ

• 4D hyperboloid embedded in a 5D Minkowski spacetime

• ds2 = L2 sec2 ρ [−dt2 + dρ2 + sin2 ρ (dθ2 + sin2 θ dϕ2)]

• 0 ≤ ρ ≤ π/2, 0 ≤ θ < π, 0 ≤ ϕ < 2π, −π ≤ t ≤ π

• closed time-like curves...covering space (CadS)



Properties of anti-de Sitter space-time

• maximally symmetric
solution to Einstein’s field
equation

• constant negative curvature
Λ = −3/L2

• time-like boundary at
ρ = π/2

• adS not a globally
hyperbolic space-time

• need to impose boundary
conditions 1
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1Avis, Isham, Storey, PRD; 1978; Dappiaggi, Ferreira, Marta, PRD; 2018



Boundary conditions

• Impose boundary conditions on radial solution of Φ(t, x) at
the time-like boundary, ρ = π/2. (x = ρ, θ, ϕ)

• Dirichlet b.c.

Φ(t, x) = 0

• Neumann b.c
∂Φ(t, x)

∂ρ
= 0

• Robin b.c

Φ(t, x) cos ζ +
∂Φ(t, x)

∂ρ
sin ζ = 0 for ζ ∈ [0, π]

• ζ = 0 → Dirichlet ζ = π/2 → Neumann



Vacuum polarisation (VP) in adS4 with Robin b.c. 3

• Neumann b.c. gives the generic behaviour of VP at the
space-time boundary

• Does the same occur with ⟨T̂µν⟩?

3Morley, Taylor and Winstanley, CQG ; 2021



Euclidean space

• Wick rotation t → iτ

• ds2 = L2 sec2 ρ [dτ2 + dρ2 + sin2 ρ (dθ2 + sin2 θ dϕ2)]

• Green’s function unique and well defined

• no need for ‘iϵ′ prescription

• simplifies numerical calculations



Calculating ⟨ψ|T̂µν|ψ⟩

Euclidean Green’s function, GE (x , x ′)

⟨ψ|T̂µν |ψ⟩ = lim
x ′→x

{
Tµν(x , x ′)GE(x , x ′)

}
,

where

Tµν =
2

3
g ν′
ν ∇µ∇ν′ −

1

6
gµνg

ρσ′∇ρ∇σ′ − 1

3
g µ′
µ g ν′

ν ∇µ′∇ν′

+
1

3
gµν∇ρ∇ρ +

1

6

(
Rµν −

1

2
gµνR

)

gµν′ is the bivector of parallel transport

Decanini and Folacci, PRD; 2008



Euclidean Green’s functions

massless, conformally coupled scalar field on adS4 5

GE
ζ (x , x

′) = GE
D(x , x

′) cos2 ζ + GE
N(x , x

′) sin2 ζ + GE
R (x , x

′) sin 2ζ,

GE
D,0(x , x

′) =
1

16π2L2
cos ρ cos ρ′√
sin ρ sin ρ′

∫ ∞

ω=−∞
dω e iω∆τ

×
∞∑
ℓ=0

(2ℓ+ 1)Pℓ(cos γ)|Γ(ℓ+ 1 + iω)|2P−ℓ−1/2
iω−1/2 (cos ρ<)

×
[
P
−ℓ−1/2
iω−1/2 (− cos ρ>)− P

−ℓ−1/2
iω−1/2 (cos ρ>)

]
where cos γ = cos θ cos θ′ + sin θ sin θ′ cos∆ϕ

5Morley, Taylor, Winstanley, CQG ; 2021



Regular/Robin contribution

GE
R,0(x , x

′) =
1

16π2L2
cos ρ cos ρ′√
sin ρ sin ρ′

∫ ∞

ω=−∞
dω e iω∆τ

×
∞∑
ℓ=0

Dζ
ωℓPℓ(cos γ)P

−ℓ−1/2
iω−1/2 (cos ρ)P

−ℓ−1/2
iω−1/2 (cos ρ

′)

where

Dζ
ωℓ = (2ℓ+ 1)|Γ(1 + ℓ+ iω)|2

[
2|Γ( iω+ℓ+2

2 )|2 cos ζ − |Γ( iω+ℓ+1
2 )|2 sin ζ

2|Γ( iω+ℓ+2
2 )|2 sin ζ + |Γ( iω+ℓ+1

2 )|2 cos ζ

]

0 ≤ ζ < ζcrit where ζcrit ∼ 0.68π



calculating ⟨Tµν⟩ζ

GE
ζ (x , x

′) = GE
D(x , x

′) cos2 ζ + GE
N(x , x

′) sin2 ζ + GE
R (x , x

′) sin 2ζ,

⟨T̂µν⟩ζ = lim
x ′→x

Tµν(x , x ′)
{
GE
D(x , x

′) cos2 ζ + GE
N(x , x

′) sin2 ζ

+ GE
R (x , x

′) sin 2ζ
}
.

⟨T̂µν⟩ζren = ⟨T̂µν⟩Dren cos2 ζ + ⟨T̂µν⟩Nren sin2 ζ
+ lim

x ′→x

{
Tµν(x , x ′)GE

R (x , x
′)
}
sin 2ζ



⟨T̂µν⟩Dren and ⟨T̂µν⟩Nren

⟨T̂µν⟩D/N
β =

1

8π2L4

{[
−

1

120
+

4

3
cos4 ρ f3

(
β

L

)]
gµν +

[
16

3
cos4 ρ f3

(
β

L

)]
τµτν

}
±

cot ρ

8π2L4

{[
−
1

6
csc2 ρ cos 2ρ S0

(
β

L
, ρ

)
+

1

3
cot ρ C1

(
β

L
, ρ

)
+

2

3
cos2 ρ S2

(
β

L
, ρ

)]
gµν

+

[
1

6
(3− cot2 ρ)S0

(
β

L
, ρ

)
+ cot ρ

(
1−

2

3
cos2 ρ

)
C1

(
β

L
, ρ

)
+ 2 cos2 ρ S2

(
β

L
, ρ

)]
τµτν

+

[
1

6
(3 csc2 ρ− 4)S0

(
β

L
, ρ

)
+ cot ρ

(
2

3
sin2 ρ− 1

)
C1

(
β

L
, ρ

)
−

2

3
cos2 ρ S2

(
β

L
, ρ

)]
ρµρν

}

fm(x) =
∞∑
n=1

nm(enx − 1)−1
, Sm(x, ρ) =

∞∑
n=1

nm(−1)n(enx − 1)−1 sin(2nρ),

Cm(x, ρ) =
∞∑
n=1

nm(−1)n(enx − 1)−1 cos(2nρ).

Allen, Folacci, Gibbons, Phys. Lett.; 1987



v.e.v with Dirichlet and Neumann b.c.

• retains maximum symmetry of adS

⟨T̂µν⟩D/N
0 = αgµν , α = ⟨T̂µ

µ ⟩D/N
0 /4

• m.c.c scalar field ... trace anomaly in adS4

⟨T̂µ
µ ⟩D/N

0 = − 1

240π2L4
(1)

• independent of boundary conditions (D = N)

⟨T̂ t
t ⟩D/N

0 = ⟨T̂ ρ
ρ ⟩D/N

0 = ⟨T̂ θ
θ ⟩

D/N
0 = − 1

960π2L4
(2)

Allen, Folacci, Gibbons, Phys. Lett.; 1987: Kent, Winstanley, PRD; 2015



v.e.v with Robin b.c

0
π

6

π

3

ρ

0.00005

0.00010

0.00015

0.00020

0.00025

-〈Tτ
τ
〉0
ζ

ζ=0,π /2

ζ=π /10

ζ=3π /10

ζ=4π /10

ζ=58π /100

ζ=3π /5

π

6

π

3

ρ

-0.00010

-0.00009

-0.00008

-0.00007

-0.00006

〈Tρ
ρ
〉0
ζ

ζ=0,π /2

ζ=π /10

ζ=3π /10

ζ=4π /10

ζ=58π /100

ζ=3π /5



t.e.v. with Robin b.c. (κ = 2π/β)
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t.e.v with Robin b.c
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pressure deviators, Πζ , with Robin b.c.
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• ⟨T̂ ρ
ρ ⟩ − ⟨T̂ θ

θ ⟩

• Π
D/N
0 = 0

• Π depends on ζ and β

• Πζ
0,β = 0 at ρ = 0, π/2



Conclusions

• v.e.v. of ⟨T̂ ν
µ ⟩ is a constant for both Dirichlet and Neumann

boundary conditions.

• Temperature breaks the underlying symmetry of adS

• Robin boundary conditions also break the underlying
symmetry for both vacuum and thermal states for all ζ

• Both v.e.v. and t.e.v. of ⟨T̂ ν
µ ⟩ converge to the common

vacuum Dirichlet/Neumann result at the space-time boundary
for all Robin boundary conditions.



Future work ...

• VP in adS3 for general m and ξ 8
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• v.e.v and t.e.v of ⟨T̂ ν
µ ⟩ for scalar field with general mass and ξ

in adS3 with Robin b.c.

• ⟨T̂ ν
µ ⟩D0 and ⟨T̂ ν

µ ⟩N0 are different

• ⟨T̂ ν
µ ⟩ζ0,β → Neumann result at space-time boundary ?

8Namasivayam and Winstanley, GRG ; 2023



Thank You

....any questions?

(vectorstock.com and redbubble.com)


