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A cup of tea with black holes

Bardeen, Carter, Hawking; Bekenstein (1973)

Black hole mechanics
oM = éﬁA + Q5]

Thermodynamics

dE=TdS+pdV

6A20

650

But: No-hair theorem

Hawking (1975)

K
TH = E = SBH
aiversita
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Microscopic origin of BH entropy

Black hole hair:
+ QG approaches: LQG, String
Theory, path integrals...

» Symmetry-based approaches:
Wald entropy, CFT,...

» Matter based approaches:
Entanglement entropy
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Entanglement entropy

® Bombelli et al. PRD (1986)
« Pure quantum state p = |@) (W]
+ Trace outside the BH horizon:
Pgh = Trgp- P
« Entanglement entropy:
gy = = TrPgy l0g Pgyy
Sgn = Eé%f

= Algebras in QFT are Type Il (Yngvason
Rept. Math. Phys. 2004, Witten Rev. Mod. Phys.

2018)
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Relative entropy
Hollands & Ishibashi Class. Quantum Grav. (2019)

Relative entropy
Differences:

+ Well-defined for continuum theories

+ Measure the distinguishability between two states

The model: Relative entropy between coherent states on dynamical black holes
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Dynamical black holes

singularity it

Generalisation to spherically
symmetric, asymptotically flat,
dynamical black holes

 Entropy between a Unruh-like state
and a coherent perturbation

Tools

+ Geometric toolkit: Kodama
conservation law

+ Quantum toolkit: Algebraic
quantisation, Tomita-Takesaki theory
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Geometry

» Globally hyperbolic spacetime (M, g) with metric:
ds?=-e2UNf(v,r)dv? +2e""dvdr+ridQ?
. . _r a _ 2m
* Misner-Sharp mass: m = > (1 -V rVar) , f=1- =
+ Apparent horizon: 2m(r,,,, V) = r,, (Hayward Class. and Quantum Grav. (1998))

Kodama miracle

+ Kodama vector: R := eijer, not a Killing field!

- Kodama conservation law: F := ¢ ) d3%= ¢ Tk’ d3?=0

@

Universita
di Genova

August 30, 2023



ntroduction Geometry QFT Relative entropy for coherent states Conclusions and outlook

Perturbations

Perturbative (semi-classical) corrections:

T = T+AT?, G, =G+AG?

tot

m-M=m+8&m, y-T=y+8%

T® = SET of a coherent wave from past infinity

®

Universita
di Genova

August 30, 2023



ntroduction Geometry QFT Relative entropy for coherent states Conclusions and outlook

Kodama conservation law

+

Kodama flux singularity
5, = fTﬁbka ds®
s
Kodama conservation law

Fan*F =3

J.

sv, = 0 for causality
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Area law

On the perturbed apparent horizon

T = 82Myy(v,) - &2m,,

2dA) 2
On the other hand, 6 Hlvo = 8n6°m,,(v,) =

%62A’(v0) =2m(Fp, + Fon)

I

It remains to show that &, = Sw,¢
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Algebraic quantisation

Classical theory
+ Smooth solutions of (I = 0
+ Advanced and retarded propagators:

OE*(x,y) = 8(x,y), suppE*® ={(y,x) € MxM|x € J*(y)}

« Causal propagator: E = E™ - E*

- Symplectic space of solutions (Sol, 0) with
07, 09) = [ (04Taty - 0;7,0)d5°
o, :=Ef, o(b;,0,) = E(f,0)

®

Universita
di Genova

August 30, 2023



ntroduction Geometry QFT Relative entropy for coherent states Conclusions and outlook

Weyl algebra

Weyl algebra A:

1. Generators:
-1,
- W(f)" = 1 oio(®.f)

2. Weyl relations:

- W(0)=1
W(f)" = W(-f) = W(f)™"
W(F)W(g) = e 2%¢r*W(f + g)
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GNS representation

;
Quasi-free state W : A — C, w(W(f)) = e 22hf) o w((l)f) =0
Class of quasifree Hadamard states W

1 f(v;)g(v,)
w(f,g)=—f ——=—dv,dv,dQ+w, ...
? T Sy (v vy = i€ 12 2,€\7(vp)
Unruh-Llike: vacuum with respect to modes coming from past infinity

GNS representation: (1{ , T, |Q ) st w(A) =(Q_ | 1 (A) [Q,)
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Tomita-Takesaki theory

» von Neumann algebra A = T (A)" and Hilbert space J{
+ Two cyclic and separating vectors |Q), | D)

+ Relative Tomita operator
. 12
TQ,(;DA |q>) =A |Q) ’ TQ,Q) = JQ,(DAO,CD
Araki formula for the relative entropy:

Sg = Q] logh, 4 |0)
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Relative entropy for coherent states

Entropy between vacuum |Q) rep. of W and a coherent excitation |®) = W(f) |Q):

d
Sus =30 (G040 &)

Modular flow: a,(A) = AgAA(_)it
Longo (2019), Ciolli Longo Ruzzi CMP (2020), Casini Grillo Pontello PRD (2019)

Generalisation of Bisognano-Wichmann theorem to spaces with an invariant
"wedge”: modular flow = geometric action
Brunetti Guido Longo Rev. Math. Phys. (2002)
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Relative entropy on dynamical black
holes

The space of initial data f € C3'(77(v,) x S2) forms a boundary algebra (Dappiaggi
Moretti Pinamonti Rev. Math. Phys. 2006) where

o, f(v) = f(vy +e?™(v - v,)) =
d
Eat(d)f)t:O = _"(V - Vo)kaaa(rd))lj—(vo)
Sw = 211/ (V-v)Tpnf kP dvdQ = -2nF, =S,
, o) :

Result 1V
(Sup * 7A) (vo) = 2m (5. +5;.)
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Conclusions and outlook

Conclusions
Direct semi-classical computation of the black hole entropy
Further investigations

+ Geometry: axisymmetric black holes, cosmological constant, modified theories of
gravity

- Quantum: different states, different matter content, higher-order perturbations

« Study in perturbative gravity

« Connection with asymptotic symmetries

Thank you for your attention!
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Apparent horizons

Hayward PRD (1996)
Future, outer, trapping horizon:

V,vir=0, Or>0

+ Quasi-local, causal concept
« Coincide with Killing horizons
- ry=2m(v,r)

+ Can be space-Llike or time-like
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Kodama miracle

Kodama vector -
kR :=¢€" er

Kodama conservation law

Jg = Tabkb is conserved

Misner-Sharp mass

m(q)—m(p)=[da/S‘j¢d02
p 2
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News versus information

Hollands Ishibashi (2019) In Schwarzschild, good decay properties of gravitational
perturbations =

singularity it
1.\ 1
(Sus+28) =5
¥ Universita
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