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QFT in Non-smooth Spacetimes - general regularity
assumptions

o (Derezinski, Siemssen; 18,19)

e Constructions of inverses and bisolutions.

o L N H,%)C regularity + local in time assumptions.
(Vickers,-; 18)

e Construction of causal propagator based on well-posedness.

o CU1 regularity.

@ (Hormann, Spreitzer, Vickers,-; 19)
e Construction of quantization functors.
o Haag-Kastler Axioms.
o CU1 regularity.
(Schrohe,-; 22)
o Adiabatic ground states.
e Microlocal structure of causal propagator.

Future Work:
e Adiabatic states in non-smooth globally hyperbolic spacetimes.

e Improvement of adiabatic order.
e Physical signatures.
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Sobolev Wavefront Set and

Non-Smooth WDOs.



H® — wavefront set :
(p.€) ¢ WF(u) = [ (1+IxPYl@u()lPd"x < oo

@(p) #0

(P,é) ¢ VVFS(U) > uc ft;d(pag)

= - = = wac
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Properties:

-WF*(u) € T*(M)\{0}

- WFS(U) =0 < uc H/f)c

- for sy <55 WF*(u) C WF=%(u) C WF(u)
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©ox=0(9) = Jr #(0,y)d(0, y)dy,p € CZ
WFS(QD(sxzo) =

0 s <
{{(OJ’) € R? Nsupp(p)} x {(£,0) e R*\{0}} s> —

1
2
1
2

Sldx‘(o,yl)

J
ﬁgd(llko,yz)(') :<£2E >
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Non-smooth symbols
A symbol p(x,§) € C7S5(R" x R") if and only if,

1D8p(-, )| < Cal€)"™ 7 for |a| > 0.

[0 =)
Mles =30 Ty 7€ 0D

[Fllerers = lIfllcx + max | Dl cos
p:
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Non-smooth VDO
The WDO p(x, D) associated to p(x,{) € C"S; is

p(x, D)u = [ &*p(x,E)a(&)d¢
Mapping properties:
p(x,D) : H"" — H*

for —7(1 —0) <s < 7.
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Symbol decomposition: p(x,&) € C7S[

p(x. &) =p*(x,&) + p°(x,€)
———— ———
smooth non-smooth, but lower order

p#(X7 f) € 51,5

pP(x, &) e CTSLC;_”S; 6 € (0,1)
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Example:The Klein-Gordon Operator

p(t, x, €0,€) = (=& + W (x)&&)) + i G20, (W h(x))&; + m?
hie C7,p(t, x, &, &) € CT7182,

p(t,x,D) = Oy — Ap + m? := Pyg
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Example: The Klein-Gordon Operator )
Pt %, €0,€) = (—€0% + hT(X)&))+1-- 0. (h/h(x))&s + m?
. H(t:XfO,f)
hi e CT, p(t,x,&,&) € CT71S%,
p(t‘,X‘ﬁ D) = ()tt — Ah + m2 = PKG
Char(Pke) := {(t,x,&,&) € T*M\{0} : H(t,x,&,&) =0}
Xu = (0, H,0eH, —0:H, —0xH)
A single flow line in Char(Pkg) is called a null bicharacteristic
strip.
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Example: The Klein-Gordon Operator

p(t,x,€0,€) = (=60 + W (x)€i&))) + i 70 (WVh(x))& + m*
H(t,x,€0,€)

hi e C7,p(t,x,&0,&) € CT 18,

p(t./X./ D) = O — Ap + m? = Pk

Char(Pkeg) = {(t, x,&0,&) € T*M\{0} : H(t,x,&0,&) =0}

Xy = (0, M, 0cH, —0¢H, —0xH)

A single flow line in Char(Pkg) is called a null bicharacteristic

strip.

The bicharacteristic relation C is defined as:

C = {(%,€,7,7) € Char(Pxg) x Char(Pke), (1)
(%,€) and (7,1j) lie on the same null bicharacteristic strip}

where X = (t,x),f = (£0,€),7 = (s,¥),7 = (no, n).
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Propagation of singularities. (Taylor)
Let Pic(x,&) € C*SP,, v a null bicharacteristic strip.
If v € D'(X) solves

Pkgv = f <— P,va —g:=f—Phv,
g € Hpo(V) and v € Hoi7(Us (o) then v € Hof7 (W),
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Propagation of singularities. (Taylor)
Let Pya(x,&) € C'S?y, 7 a null bicharacteristic strip.
If v € D'(X) solves

Pkev =f <— Piva:g:: f— Ppcv

If g € Ho (V), v(0) € WF"t(v) then v € WF7(v).

mcl
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Propagation of singularities. (Taylor)
Let Pya(x,&) € C'S?y, 7 a null bicharacteristic strip.
If v € D'(X) solves

Pkev =f <— PﬁGv:g:: f— Ppcv

If g € HI (V), v(0) € WF"1(v) then v € WF7(v).

mcl
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Adiabatic Ground States
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A quasifree state wy is an adiabatic state of order
N if its two-point function A,y satisfies for all
s<N+3

WF"(Ap)C CT

ct ={(&&y.me >0 >0},

where
WF'(Aon) == {(%,&: 7, =) € T*(Mx M); (%,&,7,7) € WF(An)}
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Ground State

Ultrastatic setting: M =R x X, X compact

ds? = dt® — h;(x)dx'dx’

Klein-Gordon operator: Oy — A, + m?

The ground state, w,, is completely determined by
its two-point function

i)\/(tfs)
Pltxsy) =y S oIob)
leN /
The eigenvalues of —Ap¢ + m* are {A\?};cn and the
set of eigenvectors {¢;}.

21/36



(Schrohe,- '22) Let (M, g) be a C™ ultrastatic
spacetime with T > 2, dim M = 4 and wg) the
two-point function of the ground state. Then
WF’_%”_E(wg))C C™ for every € > 0

If the spacetime is smooth, then the ground states
are adiabatic states of infinite order (Hadamard

states).
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WP € H (M x M) fore >0

loc

For

u(t, s, x,y) =2k ui(t, s)pj(x)dk(y) with u = (u, ¢; ® bx)
ue H5(R? x ¥£2)
¢$§;@%+%+v+ﬁﬂwwﬁwm%wm<w}
j.k

eME=S) g (x) i (y)
> N

WPt x:5,y) =
leN

HifiE(Mx )

loc

C
(2)112 <
@] M_;ﬁﬂ me

Weyl s law

23/36



For any € > 0

WF_%_€+T(WS;2)) C Char(Pkg) x Char(Pkg).

Pleso) (5,7, 71) = (—€% + W(x)6i8)) + i J- 0, (hTV/h(x))g; + m?

@ _g s pt O _pb O

Plewe t)Y6 = M6
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For any € > 0

WF=2=#7(w)) € Char(P) x Char(P).

Ples (&€ 7,71) = (=€°% + hT(x)&&5) + i 0,0 (hTVR(x))g + m?

(2) _ b (2
P(tX)W(G) =0 <= Pl wd) =—Pb WE
'D(bt 9 Hs+2 TO~S+2—T+E S HS
e
o~1 0_<s<7-5——2+7'—€
P(#:X)wg) = P&X)wg) —ge H= 3t
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For any € > 0

WE=3=57(w2)) ¢ Char(Pxc) x Char(Pkg).

Pt (%€, 7.11) = (—&0® + hT(x)&€) + i =0, (hTVh(x))& + m?
( ) _

2 2
Piywg’ =0 <= P(# )W(G):_P(bt.x)w(G)
P(bt,x) : Hs+2 TOsH2-THE L HS 51,00 <s<T,5= —% L7
| 2 2 s=—347—¢
P(ﬁx)w(c) = fP(b )W(G) = ge H=z2t
WFS+2=—%+T e( (2)) - Char(P(#f )) U WFS(g)
\W—/
0
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For any € > 0

WE=3=57(w2)) ¢ Char(Pxc) x Char(Pkg).

020 (%:€,9,11) = (=60 + hT(x)&i€;) + i -0, (WIV/h(x))&; + m?
(2) _

P“X) =0 = Pl gwg = =Pyl

P(btx) : /—/s+2 TONSHITTHE L HS 5~ 1,07 <s<T,s=—3+T—¢
2 =—34r_¢

'D(#téx)w'(cz) = *P(bt,x)w(c) =geH= 2"

WFs+2==347E()) € Char(Pt ) U WF*(g) = Char(P(;.))
b N /
0

Char(P(; ) = (Char(Pxg) x T*M) U{(%,7,&,7);€ = 0,7] # 0}

26/36



For any € > 0

WF~2=57(w2)) ¢ Char(Pxg) x Char(Pie).

P(t\X)(iﬁéﬁyﬁ 7) ( EO +hJ(X)€ EJ)+I d ( \/E(X))Ej+m2
& 3.71) = (=m0 + W (y)ning) + i 0,1 (W h(y))n; + m?

Char(P(tx)) N Char(P(S y)) Char(PKg) X Char(PKG)
U{(%,7,£,7); € = 0,(7,7) € Char(Pxg)}
U{(%, 7. & 1), 71 = 0, (%,£) € Char(Pke)}
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For any € > 0

WF_%_a-r(wg)) C Char(Pkg) x Char(Pkg)-

Pt (%,€,7,11) = (—€0® + ¥ (x)&i&) + i 10, (hTV/h(x))&; + m?
Poy)(%:€,7.1) = (=m0® + W (y)mimy) + i, (W h(y))n; + m?

=
d;

" (wE)) € Char(Pye.) N Char(P )

Char(P(t‘X)) N Char(P( y)) = Char(PKG) X Char(PK(;)

) 0 Z) S Char(PK(;)}

0,(x,&) € Char(Pks)}

= WF'(w?) C Char(d; + 8s) =

{(%,& eT(/V’X/V’)\{O} §o+770—0}

520 —— 50:0 —— 770—0 — 77 —h-’( )77,77]=0 ——
=0
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(Positivity) For all s € R,
WFs(w?) c {(%,€,7,7) € T*(M x M); & > 0}

We define F : R+i]0,e1[ € C — D'(X x M) for e > 0 by
F(z) = F(t,e) = Y e HMNe= g (x);(y)
J

Then, F is holomorphic and lim._,o F = wg).
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Let (X,y) € M x M be such that X and y are not causally related,
ie. % ¢ J(7). Then (%€ 9,7) ¢ WF 2=+ ().

WF=2= (@) c Ny x N,

Ny = {(t,x,&0,&) € Char(Pkg); £&o > 0}

w(GQ)’Q, O the set of pairs of causally separated points.
w(GQ) =wTt + iKG. Then wg)‘g = wﬂQ.
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Let (X,y7) € M x M be such that X and y are not causally related,
ie. % & J(7). Then (%,€,5.7) ¢ WF~2~<7(w$).

WF—2= 7wy c Ny x N_,

Ny = {(txfof) € Char(Pkg); ££o > 0}

WG2 lo, Q the set of pairs of causally separated points.
W(G2) - Lu‘+ —+ IKG Then w ‘O - w+‘o .

“flip" map p(%,7) = (7, %), prwld|o = w0l

Q-
— L eqr 2 L etrp %, (2
WF=2 (@) ) = W2~ (p*0@)| )

C P WF 24 (W@ g) € p*(Ny x N_) = N_ x N,
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Let (X,y) € M x M be such that X and y are not causally related,
ie. % ¢ J(7). Then (%,€,7,7) ¢ WF2=t7 ().

W/:*%*f”(wg)) C Ny x N_,

Ny = {(t,x,&,€) € Char(Pkg); +& > 0}

W(62)‘Q O the set of pairs of causally separated points.
@) — w* + iKg. Then wl?|g = wtlo .

wYe
P o NN 2
flip" map p(%,7) = (7.%), p'w|o = w0,

WF3 4 (w@|o) = WF 54 (p°wl)

C P WF 24 (W@ g) € p*(Ny x N_) = N_ x N,

WF_%_€+T(W(G?)|Q) C (N+ X N_) N (N_ X N+) = 0.
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If (%,€,%,71) € WF=3tT4w®) for £ > 0. Then ij = —£.

Let (%,£,%,7) € WF3~t7(w@)) with 7 # A then
o & [~ T -3 etr=0
(4(%.€),7(%. 7)) € WF—3-7(w@) (PP € H-37t7=7),

{1} x =
N %}/’72

Exists {t1} x ¥ where Mv(X,&) = (t1, w1), My(X,7) = (t1, wo) are
causally separated !

Then 7j = A, X € R.

From (0 + 8s)w(Gz) =0 we have A = —1.
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Proof of the Theorem: Let (X,£,§,—1j) € WngfeJrT(w(Gz)) then

o & ~ o~ —3 etr
(1(%.8).7(7. =) € WF =37 () and
(t1, wi, X, 1, wi, —x) € WF—2 =47 ()

)z

{t1} x 2
Define
50 = {71()\) =N (%)M A € (=00, 1]
—72(A) := =A(y(7, =) (A) = O(v(7,m)(N)) A € (t1,00)

where —v, denotes the curve with opposite orientation.
Then Ja,b € R

’7(3) = %7’7(b) = y;g(’v%”TgM = g7g(‘7r;>l/)|T)7M =1,

ie., (X,&y,7) € C.

This gives WF/7%7€+T(W(GZ)) C C. Combining with positivity.

WF/7%76+T(W(G?)) C C+ 34/36



Let wa € D'(M x M) be the bidistribution given by
wa 1= =3 2N Eg5(x)¢(y)
J
Then,

1—6
wa € HE_ (M x M) for every € > 0.

loc
Properties: Oywa = iwg)
Idea: Estimates for w4 and
WFs(w)) = WF*(8iwa) € WF1(wa)
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Let {¢;;j =0,1,...} be a Littlewood-Paley partition of unity on
R”, i.e., a partition of unity 1 =377, where 9 =1 for [{| <1
and g = 0 for |¢] > 2 and ¥;(€) = 1o(2€) — 1o(21€). The
support of ¢;, j > 1, then lies in an annulus around the origin of
interior radius 2/ and exterior radius 211/,

Given p(x,§) € C"S and v € (0,1) let

(x,€) = ZJQP(X §)1i(€)- (2)
j=0

Here J. is the smoothing operator given by (Jf)(x) = (¢(eD)f)(x)
with ¢ € C§°(R"), ¢(&) = 1 for |¢] < 1, and we take ¢; = 2777,
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