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General Relativity Intro

Rµν −
1
2

R gµν = 8πTµν
“spacetime curvature = energy/momentum”
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Credit: T. Pyle/Caltech/MIT/LIGO Lab
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Gravitational-wave theory

Linearised theory

gµν = ηµν + hµν , |hµν | � 1

⇒ (Lorentz gauge) �h̄µν = −16π Tµν

hµν =


0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

⇒ Gravitational
waves

Effect

L

δL
L
≈ h+

2

h×

h+
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Gravitational-wave theory

Solution of the wave equation

h̄ij(t,~x) = 4
∫

Tij(t − |~x−~y|,~y)

|~x−~y| d3y

≈ 2
|~x|

d2

dt2

∫
yi yj ρ(t − |~x|,~y) d3y

(for |~x| � |~y|, finite-size, non-relativistic sources)

~x

~y

m1

m2

r

Newtonian binary
Assume the perfect circular motion of two point particles
m1 = m2 with a constant orbital frequency ω.

1 Parameterize the position of both particles~x1(t),~x2(t).
2 Use ρ(t,~y) = m1δ(~y−~x1) + m2δ(~y−~x2) to calculate

h̄ij.
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Compact Binary Signals

Solution

Centre-of-mass coordinate system:

~x1 =
[ r

2
cos(ωt),

r
2

sin(ωt)
]

= −~x2∫
y1 y1 ρ(t,~y) d3y = m1

r2

4
cos2(ωt) + m2

r2

4
cos2(ωt) =

Mr2

4
cos2(ωt)∫

yi yj ρ(t,~y) d3y =
Mr2

4

(
cos2(ωt) cos(ωt) sin(ωt)

cos(ωt) sin(ωt) sin2(ωt)

)
=

Mr2

8

(
1 + cos(2ωt) sin(2ωt)

sin(2ωt) 1− cos(2ωt)

)
h̄ij(t,~x) = −Mr2ω2

|~x|

(
cos(2ωt′) sin(2ωt′)
sin(2ωt′) − cos(2ωt′)

)
t′ = t − |~x|
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Compact Binary Signals

Observational evidence
Hulse-Taylor pulsar 1978,
Nobel prize 1993

www.nasa.gov

Some numbers
m1 = 1.441M�
m2 = 1.387M�

⇒ M = 2.828M�
D ≈ 6.4 Mpc

P ≈ 7.75 hr

⇒ ωorb ≈ 2.25× 10−4 s−1

r ∼ 106 km

⇒ h ∼ O(10−26)

[for comparison (in metres): Carbon atom
radius O(10−10), proton radius O(10−15),
earth-moon O(108), earth-sun O(1011)]
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Design and Principles

Catching Gravitational Waves

[PRL116, 061102 (2016);

PRL116, 131103 (2016)]

h ∼ δL/L ∼ ∆φ
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Today’s technology

LIGO Hanford
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Today’s technology

LIGO Livingston
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Today’s technology

Inside LIGO: The tube
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Today’s technology

Inside LIGO: Laser and vacuum equipment
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Today’s technology

Inside LIGO: Optics
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Today’s technology

Inside LIGO: Suspension
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Detector network

The GW detector network

LIGO Hanford

LIGO Livingston

VIRGO

GEO600

KAGRA

LIGO India
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Status

Instrument noise

Seismic Ground vibrations
Thermal Finite temperature

Quantum Light quanta

Gravity gradient Gravitational field
of the environment

[PRL116, 061102 (2016)]
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Status

https://alog.ligo-wa.caltech.edu/aLOG
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Status

(post by Sheila Dwyer, 01 March 2019)
average binary-neutron-star range & 100 Mpc
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Status

Virgo
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[LVC, Living Rev Relativ (2018) 21:3.]
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Stationary processes

Typical data stream

a) Characterise the noise

b) Model potential signals
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Stationary processes

Theory of Stationary Gaussian noise

Assume the following noise properties:
Stationarity: invariant under time translation
Gaussianity with zero mean

Fourier spectrum of the noise:

ñT(f ) =
1√
T

∫ T

0
n(t) e−i2πf t dt

Sn(f ) =
〈

lim
T→∞

|ñT(f )|2
〉

Wiener-Khinchin theorem: Sn is the Fourier transform of the
auto-correlation function

⇒
〈
ñ(f ) ñ∗(f ′)

〉
=

1
2

Sn(f ) δ(f − f ′)
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Stationary processes

Signal buried in the noise?

How likely is a particular noise realisation?

p(n) ∼ e−(n|n)/2,

with (a|b) = 4Re

∫
ã(f ) b̃∗(f )

Sn(f )
df .

Is it likely that the observed data stream s contains a signal h, i.e.,
s = n + h?

Λ =
e−(s−h|s−h)/2

e−(s|s)/2

ln Λ = (s|h)− (h|h)

2
≤ 1

2
(s|h)√
(h|h)

=
1
2

(s|ĥ)

(s|ĥ) is commonly referred to as the (recovered) signal-to-noise ratio
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Matched filtering

Frank Ohme GW Observations of Compact Binaries 27 / 58



Binary Merger 
Observations &
Numerical Relativity

Gravitational Waves GW interferometers Data Analysis GW150914 Binary characteristics Observations

Matched filtering

Real-life Searches

1 Need to know the signals we are looking for.
2 Filter data with all some of them.
3 Account for non-stationarity and non-Gaussianity of noise.
4 Quantify false alarm probability.

H

L
coherent signal?
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Matched filtering

Real-life Searches

1 Need to know the signals we are looking for.
2 Filter data with all some of them.
3 Account for non-stationarity and non-Gaussianity of noise.
4 Quantify false alarm probability.

H

L
No coherent signal!
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Matched filtering

100 101 102

Mass 1 [M�]

100

101

M
as

s
2

[M
�

]
|χ1| < 0.9895, |χ2| < 0.05

|χ1,2| < 0.05

|χ1,2| < 0.9895

[PRD93, 122003 (2016)]

∼ 250 000 templates
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Matched filtering

Search results – PRL116, 061102 (2016) & PRD93, 122003 (2016)

Frank Ohme GW Observations of Compact Binaries 30 / 58



Binary Merger 
Observations &
Numerical Relativity

Gravitational Waves GW interferometers Data Analysis GW150914 Binary characteristics Observations

Discovery
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Discovery
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Inspiral evolution

[PRL116, 061102 (2016)]
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Inspiral evolution

Binary phase evolution

Newtonian binary (arbitrary masses)
h(t) = F+h+ + F×h×

= A4M η v(t)2

D
cos(2φorb(t) + φ0)

E(t) = −Mη
2

v(t)2

L(t) =
32
5
η2v10(t)

v(t) = ω(t) r(t)

η =
m1 m2

M2

Keppler’s law:
v2(t) =

M
r(t)

Newtonian phase evolution
1 From the energy-balance law, dE/dt = −L, derive a differential equation

for the binary’s velocity v(t).
2 Calculate v(t) and ω(t).
3 Integrate ω(t) to obtain φorb(t).
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Inspiral evolution

Solution

dv
dt

(t) = − L(t)
dE(v)/dv

=
32
5M

η v9(t)

v(t) =
1
2

8

√
5M

η (tc − t)

ω(t) =
v3(t)

M
=

1
8

(
5

M5/3η (tc − t)

)3/8

=
1

8M5/8
c

(
5

tc − t

)3/8

Mc = M η3/5

φorb(t) =

∫
ω(t) dt = φc −

(
tc − t
5Mc

)5/8
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Inspiral evolution

GW150914
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[PRL116, 241102 (2016)] How much mass is in the system?
see also [LVC 1608.01940]
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Parameter Overview

Binary parameters

Intrinsic parameters
2 masses (m1,m2 / Mc, q)

6 spin vector parameters

reference time and phase

2 eccentricity parameters

tidal parameters (for neutron stars)

Extrinsic parameters
2 angles for sky location

inclination angle (ι)

polarization angle (ψ)

distance (D)

~S1

~S2

~L

[Sathyaprakash, Schutz, LRR]
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Spins

Non-precessing systems

Aligned spins

Parameters: M, η, χi =
~Si · L̂

m2
i

Reduced spin: χeff =
m1χ1 + m2χ2

M
[Poisson, Will, 9502040; Ajith, 1107.1267, Pürrer et al., 1306.2320]

~S1 ~S2

~L

q = 1, χ1 = χ2 = 0 q = 1, χ1 = χ2 = 0.99 q = 1, χ1 = χ2 = −0.99
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Spins

Generic spins: precession

Parameters

η,~S⊥1 ,~S
⊥
2 7→ η, χp [Schmidt, FO, Hannam 1408.1810]

Waveform depends non-trivially on orientation, in
particular inclination ι

~S1

~S2

~L

[Hannam, 1312.3641]

ι = 0

ι = π/2
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Spins

[Varma, Stein, Gerosa, 1811.06552]
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Spins

Distance and inclination

h+ ≈ 2
(
1 + cos2 ι

)Mηvorb(t)2

DL
cos [2φorb(t)]

ι

DL
M: total mass, M = m1 + m2

η: symmetric mass ratio,
η = m1m2/M2

vorb: orbital velocity

φorb: orbital phase
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Bayesian Parameter estimation

ϑ : Source parameters

Λ(s|ϑ) ∼ exp(−1
2‖s− h(ϑ)‖2)

Posterior probability(ϑ|s)
∼ Λ(s|ϑ)× prior(ϑ)
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GWTC-1

Gravitational-Wave Transient Catalog

Advanced LIGO’s first and
second observing runs,
2015-2017

10 binary black holes

1 binary neutron star

[LIGO+Virgo 1811.12907]
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GWTC-1

0 20 40 60 80

m1(M�)

0

10

20

30

40

50
m

2
(M
�

)
q

1/2

1/4

1/8

GW170817
GW170608

GW151226
GW151012

GW170104
GW170814

GW170809
GW170818

GW150914
GW170823

GW170729

Frank Ohme GW Observations of Compact Binaries 47 / 58



Binary Merger 
Observations &
Numerical Relativity

Gravitational Waves GW interferometers Data Analysis GW150914 Binary characteristics Observations

GWTC-1
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GWTC-1
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GWTC-1
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GWTC-1

h =F+(α, δ, ψ) h+
+F×(α, δ, ψ) h×

Frank Ohme GW Observations of Compact Binaries 52 / 58



Gravitational Waves GW interferometers Data Analysis GW150914 Binary characteristics Observations

GW170817

August 17, 2017 – first binary neutron star detection [ApJL 848:L12 (2017)]

(Fermi)
(LIGO)

12:41:06 UTC: I’ve seen a
γ-ray burst.Wait...

I’ve heard a
chirp 1.7s ealier!

+14s

+27min
Swope

Yes!
+11h

REM

Yes!
+13h

Hubble

Yes! +15h

Chandra

Yes! +9d

VLA

Yes! +16d
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GW170817

Highlight results
Binary neutron-star mergers occur and are measurable through
gravitational waves. [LIGO/Virgo, PRL119 no.16 161101 (2017)]

Binary neutron-star mergers are progenitors of short gamma-ray bursts
and kilonovae. [LIGO/Virgo/Fermi, ApjL 848, L13 (2017)]

A significant fraction of heavy elements (gold, platinum, etc. . . ) is created
in neutron-star mergers.

Matter at extreme densities is not very stiff.

The speed of light and speed of gravity are similar to at least
∆v/c . 10−15.
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Getting involved

www.gw-openscience.org
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Getting involved

https://emfollow.docs.ligo.org/userguide/
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What I intended you learn

Basics of gravitational-wave emission
Source: second time derivative of mass quadrupole moment

Gravitational-wave interferometers
GW→ differential length change→ laser light phase difference→ signal
Complex instruments, variety of noise sources

Gravitational-wave analysis
If model available: extract information by comparing data and model

Binary dynamics and measurement
Masses & spins↔ phase/frequency evolution
Distance & inclination↔ amplitude
Location↔ time difference

Gravitational-wave astronomy in action
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