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The typical example of application of the Pauli-Fierz equations which is found in the books of
general relativity is the study of the gravitational radiation emitted by binary star systems. In
this work, however, I show that this system, as it is studied in the books, is not consistent with
a first order approach to the weak-gravity limit. To convince the reader that a problem exists, I
will show that, if one computes the reduced perturbation to the metric, A, in two equivalent ways,
he will obtain two different results, whose discrepancy is not a higher order of the theory, but is
comparable with h itself. In the last part of the paper I will explain the origin of the contradiction
and why binary systems do not properly emit gravitational radiation at the first order.

Brief review of first order g-waves theory

First of all, let us briefly summarise some key steps of the study of the gravitational radiation as
a perturbative approach to general relativity in an almost flat spacetime.
One starts imposing the metric to be the sum of the flat metric! and a small perturbation h:

Juv = N + hm,, |h,“/| << 1.

Keeping only the first order in h, which is considered an infinitesimal perturbation, it is immediate
to show that
g =g — p,

where the indices of h should be raised and lowered with g, but, since we keep only the first order,
this is equivalent to using 7. It is useful to define the reduced perturbation h, which satisfies the
two equivalent conditions

= 1- - 1
Py = by — ihoan;w Py = hy — §h”gmw~
Notice that h?, = —h?_ is the reason why the two equations above are equivalent and that this is

true only in four dimensions.

Considering the choice of the chart as a sort of gauge freedom for h, it is immediate to show
that, given b* an arbitrary infinitesimal vector-field, there always exists a change of coordinates
such that

Gy = N + Iy, with W = hyw — 0uby, — Dby

Under this transformation h becomes
B;“, = By,z/ - aﬂby - &,bﬂ + ao.bo-’]’]l“j,

Manipulating the Einstein field equations, it has been shown that you can find a chart in which
the system ~

Ouh*” =0 (Lorentz Gauge)

D}_LW = —167T), (Pauli — Fierz Equations)

constitutes the first-order dynamics of h (we always employ geometrical units: ¢ =1, G = 1).

Lthe Minkowsky metric n,, = diag(—1,+1,+1,+1)



Remark: if we take the four-divergence of the second equation of the system and use the first
we find that

1670, T" = 0,0h" = 00,h* =0 = 9, T" = 0.
This result, on the other hand, holds for any gauge. Consider, in fact, the exact Einstein equations
(87r)71GW =Ty
Applying the covariant four-divergence we get
0=V, T" =9,T" +T" T +T" \T"\.

The terms with the Christoffel sysmbols are at least second orders in h, so they can be neglected,

leaving
0, T"" =0,

which is what we wanted to prove. o

Going back to our system, the solution, using the the d’Alembert operator’s Green function, is

- 4T, (y,t ‘
huw(x,t) = / Mdgy with tr=t—|x—y|
R [x =l

tg is called retarded time and its presence encodes a delay in the transmission of information. It
informs us that gravity travels at the speed of light and, thus, that an amount of time is required
by signals to travel from a place to an other.

In the case of interest for our work, it is assumed that the source of the waves is a small
distribution of matter located around the origin O and that the evaluation point has a distance r
from O which is enormous compared with the scale of the source, allowing us to write

1

x—yl

—_

This is the far-field limit. The second approximation consists of assuming that the system is
sufficiently small and its motion is sufficiently slow that, in the time needed by the waves to cross
it, the distribution of matter does not change considerably, leading us to the simplification

tr~t—r

in the integral, which is the slow-source limit. This means that, in the calculations, the variable
tr is kept constant and the delay is an overall shift of times. Plugging our approximation in the
expression of h, we get

4
h’;LU(X7t) = ; /[RS ﬂtu(Y7tR)d3y'

If one considers the Lorentz gauge equation, he will notice that it must be true that
R (x,t) = h%(x,0) — / ;7" (x,t')dt’,
0
therefore, all the information about the dynamics is contained in
=i 4 ”
h* = — T’ (y7tR)d3y7 (1)
T JR3

which is the first version of the equation of the gravitational radiation.
There is a useful way to rewrite it. You only have to take the two following steps



Step1: Consider the chain of identities
A T™) = 0 T + T = T + 479, T — 1 9T
Isolating T7% we get _ _ _ _
T7% = 9o (y T%) + 0y (y? T) — 47 6, T+,

which, integrated, becomes

) d ) )
/RS Tk dyy = - /[R T dsy — /[R ¥ 0, T" d3y.

Considering that 9,T*” = 0, it is clear that the second term in the right-hand side is zero. So we
have

_ . 4 d . — 4 d .
Rk = —— iTO%q R = - — FT% dgy.
rdt /|R3y 3y rdt |R3y 3y
But k% = h¥7 | thus
o WFE BRI 24 , ,
W= —— = — ITOR 4+ y*T9)d3zy.
5 T /R3(y +y T )dsy

Step2: Consider, now, this identity
Ay TO) = o TOk 4 o705 | iy Ol
Remembering that 9, 7% = 0, we find that
YT + 4 T = 9y y*T) + v/ y" 0T,
which leads us to the final result

_ 2 d? )
= 28 [ ey,

Now we define the quadrupole moment of the distribution of matter as

@M (0)=3 [ 1T day,
R3
giving
_. 2 d? .
ik = = Q% (tg). 2
3 dt2Q (tr) (2)
This is the second formula for the gravitational radiation we are interested in. Remember that the
equations 1 and 2 are equivalent.

Binary systems

Now we are ready to study the gravitational radiation emitted by binary systems. We consider
the simple situation presented in figure 1: two bodies of equal mass M (this simplifies calculations)
which follow a circular motion of radius R around their collective center of mass, which is located
in the origin O. We build the axes in a way that their orbit lies in the 2! — 22 plane. The two
objects are studied on a scale which allows us to consider them as point-particles.

Solving the Newtonian problem one finds that the angular velocity of the bodies is

M

=\ 1



Figure 1: Visual representation of our binary star system.

and the tangential velocity is obviously

| M
v R iR

Thus, once M and R are known, all the information, in the Newtonian limit, is given. In an almost
flat spacetime the energy-momentum tensor of a system of point-particles is

TH (x,t) = Z M) V() (D)0 (D)0 (£) 83 (% = 10 (1)),

where « is a particle counter, m ) is the mass of the a-th particle, r(a)(t) its position and the
three-vector v(q)(t) := 1(q)(t) its velocity, while
(B = e and ol () = (L v (1)
1- ‘v((x) (t)|2 (@)

are respectively the Lorentz factor and the non-normalized four-velocity. In our case of interest we
assume that the speed of the objects is small compared with the speed of light, so we can neglect
the y(q). It is not a necessary requirement for our calculations, but it simplifies the notation and
the interpretations of the results. We set the origin of time in a way that, when ¢ = 0, one of the
two masses, which will be considered the mass 1, lies on the positive z! semi-axis. Our test, now,
will consist of calculating the emitted gravitational radiation using the two different equations we
derived and verifying that the results do not coincide.

1) First of all we consider that an integral over R® cancels a d3, thus

ik ik
/[R3 T*dgy = Zvn(mvfa)v(a).

[e3%

The three-velocities of the two bodies are always opposite because the center of mass is at rest, so
gk 7 . J ok
-/[R3 T7%d3y = 2Mwy v

and we can focus our attention on the first star. Obviously it is true that

‘ — sin(Qt) . sin? (Qt) — sin(Qt) cos(2t)
Ufl) =QR COSéQt) ) thus vgl)vé"l) = O’R? |~ sin(th cos(t) cosQO(Qt)

0
0
0



We finally arrive at

. 2 .
ny 4 , MO2R2 sin®(QR) —sin(Qtgr) cos(r) 0
hJ; = */ T]k(y,tR)dw = SMEY R —sin(Qr) cos(Ng) cos?(QtR) 0
= ) . ) g 0

The subscript (T') reminds us that we derived this expression using the equation 1, which involves
the explicit form of the energy-momentum tensor. We can rewrite the equation in a more interesting
way using the Newtonian prescription for  and the duplication formulas of trigonometry:

B a2 |- cos(2Qr) —sin(2Qtr) 0
hﬁi) = | sin(2Qtr) 14 cos(2Qtr) 0
" 0 0 0

2) The second way requires the computation of the quadrupole moment:
Q* = 3/ 29 2R Tdsz.
R3

We notice that all the distribution of matter lies in the z' — 22 plane, thus @3 = 0. The
computation of the integral, using the general expression of the energy-momentum tensor for a
system of point particles, leads us to

4 k00 _ ik
/[RS )" T dsx = Zm(a)r(a)r(a).
(6%
The positions of the two bodies are always opposite because the center of mass is in the origin, so
ij = 6MT"Z1)Té€1)

and we can focus our attention on the first star. Obviously it is true that

_ cos(Qt) ‘ cos?(Qt) sin(Qt) cos(2t) 0
T?l) =R [ sin(Q¢) |, thus rzl)rf”'l) = R? |sin(Qt) cos(0t) sin? () 0
0 0 0 0

The quadrupole moment is, therefore,

, 1+ cos(20t) sin(2t) 0
QF =3MR? | sin(2Qt) 1 —cos(2) 0
0 0 0

and its second derivative is

N —cos(2Qt) —sin(2Qt) 0
Q% = 3MR?(20)? | —sin(2Qt)  cos(2%) 0
0 0 0

We, thus, arrive at the reduced perturbation of the metric

—cos(2Qtr) —sin(2Qtg) 0
—sin(2Qtr) cos(2Qr) 0],
0 0 0

Sk 2 d?

_ _ 8MO?R?
@ 7 3rde2 D

Q7" (tr)

where the subscript (@) reminds us that we derived this expression using the expression 2, which
involves the quadrupole moment. Expliciting % we get

2 -2 COS(ZQtR) -2 Sin(ZQtR)

0
hfg)zﬁ fZSiH(SQQtR) 2cos(§QtR) 8



Comparison of the results -
Now that we have calculated h?* using the two equations we can subtract the second to the
first, arriving at
N o [14+cos(2Qtr)  sin(2Qtr) 0
hZT) - h{ Q= Ry sm(ZOQtR) 1-— co%(ZQtR) 8 ,

which is, clearly, different from zero. The discrepancy has the same order of h7%, so the error cannot
be neglected. We proved, however, that the two ways of calculating the reduced perturbation must
be equivalent, so... what went wrong? The only ingredient which was used to pass from the first
to the second, apart from simple algebra, was the condition 9, 7" = 0. Let us study its validity.?

aMT/W Zm a)a |: a)v(a 53( (a)) .
Separating the temporal index from the spatial ones, we get
0T = ma) [U(Va)vga)ajag,(x — () + 00y 03(X = T(a)) = 0oy 0 0503 (X — T(a)) |
(03

Clearly the first and the third term inside the square brackets cancel out, leaving

OuTH =" " M) 0yv{)03(X — T(a)).

Notice that, by definition, v( )y = = 1, thus it is always true that 9, TH0 = 0. Since this is the equation
which was used in the step 2, we can conclude that the problem is not there. On the other hand,
if the particles do not occupy the same point, it is clear that

8MT“j =0 — (“)tvga) =0 Va.

The interpretation of this result is simple: 9, 7"/ = 0 is the conservation of momentum in absence
of gravity and for a point particle this means that it follows a uniform rectilinear motion. This
condition was invoked in the step 1, but it is not satisfied by the binary system. In fact, the two
bodies follow a circular motion, governed by a centripetal acceleration which is a pure product of
gravity, so we are not allowed to neglect the connection coefficients in V, 7"/ = 0.

So, if we go back to the step 1, and assume that the divergence of the energy- momentum tensor
does not vanish, we should obtam a prediction for the discrepancy between h ) and h(Q), given
by the formula A

hﬁﬁ) = h{k) - = /{R ) 279, TH dyz.
Let us calculate the second term in the right-hand side and verify that we get exactly the error we
got computing l_zzéf) and ﬁgg) separately. The acceleration is centripetal, thus

atvé“a) = Q%

and . .
299, T = —MQ? Z 2l 2P o5(x — T'(a))-

Performing the integration, using the duplication trigonometric formulas and expliciting Q2, we
get
2 [1+ cos(2QtR) sin(2QtR)

0
pik _ pik _ 27 . oS
hir h() 7 bm(QOQtR) 1 co%(ZQtR) 8 ,

2We remain in the approximation Y(a) = 1, which simplifies the calculations.



which is exactly the discrepancy we found. So the problem is that, being the system self-gravitating,
we cannot neglect in the study of A7 the role played by gravity in the motion of the bodies.

Explanation of the inconsistency

The Pauli-Fierz equatios hold as the first order of Einstein equations in the Lorentz gauge. On
the other hand, the terms with the Christoffel symbols in the equation

| TH Aj J A
-0,T" =T Byl J4+T H/\T“
are a second order, thus in the limit of weak gravity, we expect that their role vanishes. However,
we saw above that their existence is the origin of the discrepancy between hﬁ) and hzg) and that
their contribution is always comparable with h7* itself. In fact it is true that

712 712
iy ~ ey _

712
hir)

)

which does not vanish in the weak gravity limit. Therefore there seems to be a mathematical
contradiction because we have that the ratio between a second order and a first order, both different
from zero, does not go to zero in the weak gravity limit, but remains fixed at —1. The final (and
most important) step of this brief work consists of solving this contradiction and explaining why
the Pauli-Fierz equations cannot be applied to binary systems in the way we, and the books, did.

In general, a perturbative analysis is performed considering a fundamental scale parameter,
studying how the system behaves when we vary it and taking the limit in which it is sufficiently
small to consider every power of the parameter negligible with respect to the previous one. Since
we are interested in the weak gravity limit, our natural scale parameter is the mass M of the
bodies, because, if it goes to zero, the energy-momentum tensor, and therefore the perturbation to
the metric, vanishes. Now, let us write the energy-momentum tensor. For simplicity we consider
only the contribution given to it by the first body because the other is analogous:

1 —RQs RQc
—RQs R20%s? —R%202sc
RQe —R%20%sc  R2Q%c?

0 0 0

T(ql)/ = M53(X — I‘(l))

OO OO

where s is an abbreviation for sin(Qt) and ¢ is an abbreviation for cos(Qt). The unwary reader,
looking at the expression above, noticing that the right-hand side of the equation is proportional
to M, may conclude that T‘;V can be considered a first order in the mass. There is, however, the
problem that €2 is not independent of M, but it must be true that

M
Q — E.
Therefore we have that
00 0j 3/2 ik 2
T3S o M T o M?/ T o M?.

If we keep only the first order in M we must write

T(’f; = M53(X — I‘(l))

o o o
o O oo
o o oo
o O o o



The substance is that if we want to consider the mass an infinitesimum, but at the same time we
want that the two bodies follow a circular motion, then we must impose that also the velocity goes
to zero, otherwise the stars would escape the attraction. Thus the first order of & is the Newtonian
long range attraction of the binary system seen as a single object of mass 2M. The effects due to
the rotation are a higher correction and cannot be studied as solutions of the Pauli-Fierz equations.
In fact, if you look at the final expressions of i_LZ;) and }_lzg), they are both proportional to M? and
not to M. The apparent paradox
Ri2. _ pi2
(1) Q)
hity
now is solved, because we showed that both the numerator and the denominator are a second order
in M, eliminating the contradiction.

The conclusion is that a priori, if Q was free, 79% would have the same order of 7°°, however
we make the speeds depend on the intensity of gravity itself and, in particular, we choose to work
with some velocities which are so small to make the perturbation of the metric generated by the
rotational motion exactly comparable with the second order of the theory. Therefore we may say
that binary systems are forced, in order to avoid to decompose, to be so slow that their emission
is negligible at the first order.
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