
Universal quantities at high orders 
of the derivative expansion

Gonzalo De Polsi

Facultad de Ciencias, Universidad de la Republica.

gdepolsi@fisica.edu.uy



General picture of critical phenomena

Computing with the derivative expansion

Results and behavior of the DE

Conclusions

OUTLINE

De Polsi – July 28th



GENERAL PICTURE OF CRITICAL PHENOMENA

Divergence of Correlation 
Length
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Power law behaviour of many 
physical quantities

𝜿𝐓 ~ 𝑻 − 𝑻𝒄
−𝜸 𝑪 ~ 𝑻 − 𝑻𝒄

−𝜶

Scale Invariance
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Physics around critical point
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Tackled with the RG (or FRG)

RG flow

𝝃 = ∞
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Critical Phenomena
Physics around critical point

Tackled with the RG (or FRG)

RG flow

𝝃 = ∞

UNIVERSAL

ALSO 
UNIVERSALS

¡Not accesible to F.P. 
methods!*

(Conformal Bootstrap)
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Saw Wschebor’s
Talk?

COMPUTING WITH THE DERIVATIVE EXPANSION
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LONG DISTANCES ~ 𝒒 → 𝟎

NEGLECTING HIGH POWERS IN 𝒒

𝑶 𝑵 model Ansatzes

𝝆 =
𝝋𝒂𝝋𝒂

𝟐

𝚪𝒌 𝝋 = න
𝒙

ቐ
𝑼𝒌 𝝆 +

𝟏
𝒁𝒌 𝝆

𝟐
𝛁𝝋𝒂 ⋅ 𝛁𝝋𝒂 +

𝒀𝒌 𝝆

𝟒
𝛁𝝆 ⋅ 𝛁𝝆

+
𝑾𝟏,𝒌 𝝆

𝟐
𝝏𝝁𝝏𝝂𝝋𝒂

𝟐
+
𝑾𝟐,𝒌 𝝆

𝟐
𝝋𝒂𝝏𝝁𝝏𝝂𝝋𝒂

𝟐

+𝑾𝟑,𝒌 𝝆 𝝏𝝁𝝆𝝏𝝂𝝋𝒂𝝏𝝁𝝏𝝂𝝋𝒂 +
𝑾𝟒,𝒌 𝝆

𝟐
𝝋𝒃𝝏𝝁𝝋𝒂𝝏𝝂𝝋𝒂𝝏𝝁𝝏𝝂𝝋𝒃

+
𝑾𝟓,𝒌 𝝆

𝟐
𝝋𝒂𝝏𝝁𝝆𝝏𝝂𝝆𝝏𝝁𝝏𝝂𝝋𝒂 +

𝑾𝟔,𝒌 𝝆

𝟒
𝝏𝝁𝝋𝒂

𝟐
𝟐

+
𝑾𝟕,𝒌 𝝆

𝟒
𝝏𝝁𝝋𝒂𝝏𝝂𝝋𝒂

𝟐
+
𝑾𝟖,𝒌 𝝆

𝟐
𝝏𝝁𝝋𝒂𝝏𝝂𝝋𝒂𝝏𝝁𝝆𝝏𝝂𝝆

ቋ+
𝑾𝟗,𝒌 𝝆

𝟐
𝝏𝝁𝝋𝒂

𝟐
𝝏𝝂𝝆

𝟐 +
𝑾𝟏𝟎,𝒌 𝝆

𝟒
𝝏𝝁𝝆

𝟐
𝟐

𝓞 𝝏𝟎

Compute
𝝂, 𝜼, 𝑼𝑨𝑹

FRG 
Equation

RG Flow

Ansatz for 𝚪𝐤 with 𝑺
fields derivatives

DERIVATIVE EXPANSION (DE)
ORDEN 𝓞 𝝏𝒔

𝒌 = 𝚲

𝒌 = 𝟎
𝜞

𝜞𝜦 = 𝑯

𝓞 𝝏𝟎

𝓞 𝝏𝟐

Exact Flow
≠ 𝑹𝒌

𝓞 𝝏𝟐 𝓞 𝝏𝟒

𝑸(𝒔) = ഥ𝑸 𝒔 ± 𝚫𝐐 𝐬

1

¼ 

𝚫𝐐 𝐬

𝚫𝐐 𝐬−𝟐
~
𝟏

𝟒
[𝟏]

¿HOW?

¡ERROR BARS!:  WE CAN  ⇒ WE MUST
DE

Quant. serious
approx. scheme

[1] I. Balog, H. Chaté, B. Delamotte, M. Marohnić, and N. Wschebor
Phys. Rev. Lett. 123, 240604 (2019)



Compute
RG flow / 
Quantities
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𝚯𝒌
𝒏 𝒒𝟐 = 𝒁𝒌𝒌

𝟐𝜶 𝟏 −
𝒒𝟐

𝒌𝟐

𝒏

𝜽 𝟏 −
𝒒𝟐

𝒌𝟐

𝑬𝒌 𝒒𝟐 = 𝒁𝒌𝒌
𝟐𝜶𝒆−𝒒

𝟐/𝒌𝟐

𝑾𝒌 𝒒𝟐 = 𝒁𝒌𝒌
𝟐𝜶

𝒒𝟐/𝒌𝟐

𝒆𝒒
𝟐/𝒌𝟐 − 𝟏

𝜶-DEPENDENT RESULTS

(AND REGULATOR FAMILY)

PMS
¡Needed!
¿Why? [3]

PMS

[2] Gonzalo De Polsi, Ivan Balog, Matthieu Tissier, and Nicolás Wschebor. 
Phys. Rev. E 101, 042113 – (2020)SPIRIT:

REGULATOR-INDEPENDCY

PICK THEM WHEN LESS 𝑹𝒌 DEPENDENCE 

Set of 
Regs.

Impl. DE 
Ansatz

[3] Gonzalo De Polsi and Nicolás Wschebor. 
arXiv:2204.09170 – (2022) (Soon to appear in PRE)
Also Wschebor’s Talk.

𝑋𝑌 model 𝑁 = 2 [2]

𝜂

𝛼

PMS
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Strict ANSATZ

Full ANSATZ

Essential Scheme*
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ALTERNATING BOUNDS

𝑋𝑌 model 𝑁 = 2

𝜂

𝛼

1

𝜼

𝜼𝑬
𝒔−𝟐

𝜼𝑾
𝒔−𝟐

𝜼
𝚯𝟑
𝒔−𝟐

𝜼𝑬
𝒔

𝜼𝑾
𝒔

𝜼
𝚯𝟑
𝒔

ഥ𝜼 𝒔

8

ഥ𝜼 𝒔 = 𝜼𝒆𝒙𝒕
𝒔
±

𝜼𝒆𝒙𝒕
𝒔
− 𝜼𝒆𝒙𝒕

𝒔−𝟐

𝟖

DE CENTRAL VALUE

LOWER BOUND

UPPER BOUND
𝜼𝒆𝒙𝒕

𝒔
= ൞

𝒎𝒂𝒙𝒇 𝜼𝒇
𝒔

𝒎𝒊𝒏𝒇 𝜼𝒇
𝒔

DE ERROR BAR

𝚫𝜼 𝒔 =
𝜼𝒆𝒙𝒕

𝒔
− 𝜼𝒆𝒙𝒕

𝒔−𝟐

𝟖
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𝜼𝒆𝒙𝒕
𝒔−𝟐

𝜼𝒆𝒙𝒕
𝒔
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𝝎𝝎𝑬
𝒔−𝟐

𝝎𝑾
𝒔−𝟐

𝝎
𝚯𝟑
𝒔−𝟐

𝝎𝑬
𝒔𝝎𝑾

𝒔

𝝎
𝚯𝟑
𝒔

ഥ𝝎 𝒔

ഥ𝝎 𝒔−𝟐

NON-ALTERNATING BOUNDS

ഥ𝝎 𝒔 =
𝒎𝒂𝒙𝒇 𝝎𝒇

𝒔
+𝒎𝒊𝒏𝒇 𝝎𝒇

𝒔

𝟐

DE CENTRAL VALUE

𝚫𝐫𝐞𝐠𝝎
𝒔 = 𝒎𝒂𝒙𝒇 𝝎𝒇

𝒔
−𝒎𝒊𝒏𝒇 𝝎𝒇

𝒔

DE ERROR BAR

෡𝚫𝝎 𝒔 =
ഥ𝝎𝒇

𝒔
− ഥ𝝎𝒇

𝒔−𝟐

𝟒

𝚫𝝎 𝒔 = 𝚫𝐫𝐞𝐠𝝎
𝒔 + ෡𝚫𝝎 𝒔

𝑁 = 20

𝜔

𝛼
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The truth about the breaded-beef…

𝑁 = 3 ; 𝐸𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 𝑅𝑒𝑔
𝑁 = 2 ;𝑊𝑒𝑡𝑡𝑒𝑟𝑖𝑐ℎ 𝑅𝑒𝑔

THE GOOD THE BAD THE UGLY

𝑁 = 5 ; 𝐸𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 𝑅𝑒𝑔
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𝑵+ 𝟏

𝜼

𝝎

𝑵+ 𝟏𝑵+ 𝟏

𝝂

On the behaviour…

DERIVATIVE EXPANSION
SELF-CONSISTENT
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On the dependence on the regulator (𝜶)…

PMS IS CRUCIAL
(WE KNOW WHY*)

BEHAVES AS EXPECTED!
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On the dependence on the regulator (𝜶)…

PMS IS CRUCIAL
(WE KNOW WHY*)

BEHAVES AS EXPECTED!
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𝑁 = 1

On the precisión of the results…

A. Pelissetto and E. Vicari,
Physics Reports 368, 549 , (2002).

[MC] M. Hasenbusch
Phys. Rev. B 82, 174433 (2010).
[CB] F. Kos, D. Poland, and D. Simmons-Duffin,
J. High Energy Phys. 11, 109, (2014).
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𝑁 = 2

On the precisión of the results…

A. Pelissetto and E. Vicari,
Physics Reports 368, 549 , (2002).
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𝑁 = 2

On the precisión of the results…
CPU TIME   𝝉𝑪𝑷𝑼

𝝉𝑪𝑷𝑼 𝑪𝑩/𝑴𝑪

𝝉𝑪𝑷𝑼 𝓞(𝝏𝟒)
> 𝟏𝟎𝟓 ‼!
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𝑁 = 5

0,7808(6) 0,03397 9 0,754(7)

On the precisión of the results…

[MC] Martin Hasenbusch
Phys. Rev. B 105, 054428, (2022)

[eps, d=3] A. Butti and F. Parisen Toldin
Nuclear Physics B 704, 527, (2005).
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𝑁 = 5

On the precisión of the results

0,7808(6) 0,03397 9 0,754(7)

[MC] Martin Hasenbusch
Phys. Rev. B 105, 054428, (2022)

[eps, d=3] A. Butti and F. Parisen Toldin
Nuclear Physics B 704, 527, (2005).
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𝑁 = 20

On the precisión of the results
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• The small parameter (~1/4) of the DE allows for the introduction of error 
bars and PMS is crucial.

• Evidence shows that these error bars are consistent (and self-consisted!).

• We have used it to compute quantities with the highest quality and even
quantities not accesible to fixed-point methods.

• DE produces results with a precision comparable to methods taking five

orders of magnitude of CPU time! 
𝝉𝑪𝑷𝑼

𝑪𝑩

𝑴𝑪

𝝉𝑪𝑷𝑼 𝓞 𝝏𝟒
> 𝟏𝟎𝟓 .
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