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O(N) models
• They have played an important role in our understanding 

of second order phase transitions.


• N-component vector order parameter　　　　　　　　　　　
　N=1…Ising, N=2…XY, N=3…Heisenberg Model


• The playground of almost all the theoretical approaches…
Exact solution (2d  Ising), Renormalization group（d=4-ε, 
2+ε expansion), conformal bootstrap

Everything is known about the criticality of O(N) models?                                       
…This is what we want to challenge in this work.



Common wisdom on the criticality 
of O(N) models (finite N case)

A nontrivial fixed point        with n relevant (unstable) 
directions branches from  G at       .

GLW Hamiltonian

Below the critical dimension                           , the                    term 
becomes relevant around the Gaussian FP (G).
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• At              , in generic dimensions 2<d<4, only Gaussian 
(G) and Wilson-Fisher (WF) FPs have been found, which is 
believed to be exact. 

• LPA of NPRG is believed to be exact.


• Exceptional cases: At each                      , there exists a 
line of FPs starting from G and terminating at BMB 
(Bardeen-Moshe-Bander) FP. 

Common wisdom on the criticality of　
O(N) models at 　　　　　　　           　　

N = 1

N = 1

dn = 2 + 2/n



• What occurs if we follow T3  from                           
to                           continuously as a function of 
(d,N)?

Summary of common wisdom 
and a simple paradox

We already studied a similar paradox about T2 . 

(S. Yabunaka and B. Delamotte PRL 2017)
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Fate of T2 FP

• If we continuously follow T2  on the path indicated by the 
arrow in (d,N) space, T2  collides with a nonperturbative 
FP C３ and vanishes.

limit N ¼ ∞ is in fact peculiar because in all the dn with
n ≥ 2, and only in these dimensions, there also exists a line
of FPs. In d ¼ 3, this line corresponds to tricritical FPs
sharing all the same (trivial) critical exponents. This line
starts at G and terminates at the Bardeen-Moshe-Bander
(BMB) FP whose effective potential is nonanalytic at
vanishing field, see Fig. 1 [13–16].
It is surprising that this common wisdom about theOðNÞ

models raises a simple paradox that, to the best of our
knowledge, has remained unnoticed up to now.
Let us first assume that for the OðNÞ models, the exact

RG flow equation of the Gibbs free energy Γ—also called
effective action—is continuous in d and N. Then, assuming
moreover that the FPs Γ$ of these flows are well-defined
functions of d and N, they must also be continuous
functions of these parameters and can therefore be followed
smoothly in the (d, N) plane. For constant fields, the
functional Γ$½ϕ& reduces to the effective potential U$ðϕÞ.
If U$ can be Taylor expanded: U$ðϕÞ ¼

P
mg

$
mðϕ2Þm with

ϕ ¼ hφi, the smoothness of Γ$ as a function of d and N
implies that of the g$m, which can, therefore, be followed
continuously along a given path of the (d, N) plane. Notice
that we do not need in the following to expand U$ and we
indeed do not expand it. However, the same continuity
argument can be used on the function U$ itself rather than
on its couplings.
Let us now consider, for instance, the tricritical FP T2.

The paradox appears when we try to follow smoothly T2

from a point in the (d, N) plane where we know from
perturbation theory that it exists to a point where, according
to the common wisdom, it is believed not to exist. We
consider, for instance, the path shown in Fig. 2 starting atQ
in d ¼ 3− and N ¼ 40 and going to N ¼ ∞ in d ¼ 2.8.
How can we solve the apparent contradiction that T2 should
evolve continuously and that it exists at one end of the path,

that is, inQ, and not at the other end? The simplest solution
is that either T2 disappears before reaching N ¼ ∞ or it
becomes singular at N ¼ ∞. We shall see in the following
that both these possibilities are indeed realized depending
on the path followed to reach N ¼ ∞. In particular, we
shall see that there exists a line NcðdÞ [or, equivalently,
dcðNÞ], see Fig. 2, such that when T2 is followed along
a path that crosses this line—such as the path shown in
Fig. 2 that starts in Q—it collapses with another FP on the
line NcðdÞ and disappears. This is why T2 is not found at
N ¼ ∞ for d < 3. And the paradox is now clear: According
to the common wisdom, no known FP is available for
collapsing with T2. We must therefore conclude that the
common wisdom yields an incomplete picture and that
there is a new FP—that we indeed find and call C3—with
which T2 collapses on NcðdÞ. Part of the solution to the
paradox above is that C3 is nonperturbative: It cannot
emerge from G in any upper critical dimension because the
stability of G in the OðNÞ models is well known for all d
and N from perturbation theory. This is why C3 has never
been found previously. Some natural questions are then:
What is the stability of C3? Does it exist in d ¼ 3 for some
values of N? Is it the only nonperturbative FP of the OðNÞ
models? Since, most probably, it does not appear alone,
where does it appear and together with which other FP?
Does it exist in the large-N limit and why is it not found in
the usual 1=N expansion [2,3,12]? It is the aim of this
Letter to provide a first study of these different questions.
The method of choice for studying FPs beyond pertur-

bation theory is the nonperturbative (also called functional)
renormalization group (NPRG) which is the modern
implementation of Wilson’s RG. It allows us to devise
accurate approximate RG flows. The NPRG is based on the
idea of integrating fluctuations step by step [17]. In its
modern version, it is implemented on the Gibbs free energy
Γ [18–21]. A one-parameter family of models indexed by a
scale k is thus defined such that only the rapid fluctuations,
with wave numbers jqj > k, are summed over in the
partition function Zk. The decoupling of the slow modes
(jqj < k) in Zk is performed by adding to the original
OðNÞ-invariant ðφ2Þ2 Hamiltonian H a quadratic (mass-
like) term which is nonvanishing only for these modes,

Zk½J& ¼
Z

Dφi expð−H½φ& − ΔHk½φ& þ J · φÞ; ð1Þ

with ΔHk½φ& ¼ 1
2

R
q Rkðq2ÞφiðqÞφið−qÞ—where, for in-

stance, Rkðq2Þ ¼ αZ̄kq2½expðq2=k2Þ − 1&−1 with α a real
parameter and Z̄k the field renormalization—and J · φ ¼R
x JiðxÞφiðxÞ. The k-dependent Gibbs free energy Γk½ϕ& is
defined as the (slightly modified) Legendre transform of
logZk½J&:

Γk½ϕ& þ logZk½J& ¼ J · ϕ −
1

2

Z

q
Rkðq2ÞϕiðqÞϕið−qÞ; ð2Þ

2.6

FIG. 2. The two curves NcðdÞ and N0
cðdÞ, respectively,

defined by T2 ¼ C3 and C2 ¼ C3 and the curve 3.6=ð3 − dÞ.
NcðdÞ is calculated with the LPA (red circles) and at order 2 of
the derivative expansion (blue squares). We show a path joining
the point Q located at (d ¼ 3−, N ¼ 40) to the point at N ¼ ∞
and d ¼ 2.8.
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Possible scenarios

• T3  disappears. (Collision with another FP? )　　 

• T3 exists at             but is not found by usual large     
       methods (for which reason?) 
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Previous study

• T3 was conjectured to exist up to N=∞ and 
approach the WF FP. 

• However why it is not captured by conventional 
Large-N analysis seemed still unclear to us. 

The fate of O(N) multi-critical universal behaviour
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The multi-critical fixed points of O(N) symmetric models cease to exist in the N ! 1 limit, but
the mechanism regulating their annihilation still presents several enigmatic aspects. Here, we explore
the evolution of high-order multi-critical points in the (d,N) plane and uncover a complex mosaics
for their asymptotic behaviour at large N . This picture is confirmed by various RG approaches and
constitutes a fundamental step towards the full comprehension of critical behaviour in O(N) field
theories.

Introduction: The study of critical phenomena consti-
tutes one of the major challenges of modern physics and is
relevant to a wide range of physical applications, includ-
ing cell membranes [1], turbulence [2], fracture and plas-
ticity [3, 4], epidemics [5], as well as the celebrated ther-
modynamic and quantum phase transitions [6, 7]. The
characteristic property of critical systems is scale invari-
ance, which leads to the appearance of power law be-
haviours for the thermodynamic quantities close to the
transition point.

The privileged tool for understanding emergent scale
invariance is renormalization group (RG). In its origi-
nal form the RG coarse grains and rescales the system
yielding ordinary di↵erential equations, which describe
the evolution of model as a function of the system scale
k. Therefore, the scale invariant regions of the phase di-
agram will appear as fixed points of the RG flow and
any system close to criticality will flow near to these
fixed points [8]. The possibility to map the RG descrip-
tion of the system on a set of di↵erential equations in
the abstract Hamiltonian space, allows to build a uni-
fied description of seemingly di↵erent systems, using the
know classifications of dynamical systems [9]. The corre-
spondence between the thermodynamic/quantum critical
points and the fixed points of dynamical systems justifies
the observation of the same power law scaling for ther-
modynamic functions across very di↵erent systems, i.e.
the celebrated universality phenomenon [10].

As RG imposed as the ideal tool to comprehend com-
plex systems, novel paradigms emerged for its implemen-
tation, where the RG equations describe the flow of en-
tire thermodynamics functions instead of simple param-
eters [11–13]. The current understanding of critical phe-
nomena is rooted on the study of prototypical models
for spontaneous symmetry breaking, where the universal
behaviour can be explored both as a function of the di-
mension d and of a, possibly continuous, symmetry index
N . The O(N) field theories describe a vector order pa-
rameter with N components ', whose ground state value
may be eitherO(N) symmetric |'0| = 0 or spontaneously
broken |'0| 6= 0.

⇤ ndefenu@phys.ethz.ch

The study of O(N) symmetric models has a long his-
tory within RG, which starts with traditional pertur-
bative approaches [14–17], goes through real space and
variational results [18–20] and ends up with the com-
prehensive picture provided by the functional RG ap-
proach [21, 22]. In integer dimensions d 2 N, the RG
picture can be verified with numerically exact results
for the universal critical exponents, obtained by MC
simulations [23] or conformal bootstrap [24]. Interest-
ingly enough most of the RG predictions [20–22] can be
straightforwardly extended to real dimension and sym-
metry index (d,N) 2 R2. Far from being simply math-
ematical speculations, O(N) field theories in fractional
dimension have been related to the universal behaviour
of lattice models on inhomogeneous structures [22, 25–
27] and of power-law decaying interactions [28–33]. The
analytic continuation of the RG predictions for the crit-
ical exponents to the real (d,N) plane has been a fun-
damental ingredient to the understanding of universal-
ity [34, 35], especially due to the various mappings be-
tween exoticN values (N = 1, 0,�2, · · · ) and celebrated
statistical mechanics models [36–39].
Yet, our understanding of the O(N) models phase dia-

gram is far from being complete. Most of our knowledge
has been obtained expanding the universal quantities in
the (d,N) plane around exactly solvable points and the
construction of a general picture needs to integrate these
diverse predictions [20]. In particular, a major incon-
sistency has been recently noticed in the behaviour of
multi-critical fixed points in the N ! 1 limit, leading
to the discovery, in dimensions 2 < d < 4, of several non-
perturbative fixed points, whose existence was not previ-
ously known [40, 41]. In the present letter, we are going
to argue that the actual fixed point structure of O(N)
field theories is far more complex than the existing one
and that the mechanism odescribed in Refs. [40, 41] does
not generally applies to all multi-critical fixed points.
O(N) models: The Hamiltonian of the O(N) symmet-

ric model in the statistical field theory formalism reads

H =

Z
ddx

⇢
1

2
(r')2 + V (⇢)

�
(1)

where d is the spatial dimension, '(x) is a N com-
ponent vector field and ⇢ = ' · '/2 is the scalar or-
der parameter. The traditional perturbative picture is
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Non perturbative 
renormalization group (NPRG) 
• Modern implementation of Wilson’s RG that takes the 
fluctuation into account step by step in lowering the cut-off 
wavenumber k,  in terms of wavenumber-dependent effective 
action                                                        �k

Microscopic Hamiltonian

Effective action (Free energy), 
where all the fluctuations are  

taken into account. 

H

k = ⇤k = ⇤� �⇤k = 0
……



Nondimensionalized  
NPRG eq.

• In order to capture scaling solutions as FP solutions,
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Nondimensionalized  
NPRG eq.

• In order to capture scaling solutions as FP solutions,

y =
q2

k2

�̃ =
p

Zkk
2�d
2 � Ũt(⇢̃) = k�dUk(⇢)⇢̃ = Zkk

2�d⇢

Rk(q
2) = Zkk

2yr(y) r(y) = (1/y � 1)✓(1� y)Litim cutoff



Nondimensionalized  
NPRG eq.

• In order to capture scaling solutions as FP solutions,
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k2
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Under LPA,
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t(�̃)

+
1

1 + Ũ 00
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Nondimensionalized  
NPRG eq.

• In order to capture scaling solutions as FP solutions,

y =
q2

k2

�̃ =
p

Zkk
2�d
2 � Ũt(⇢̃) = k�dUk(⇢)⇢̃ = Zkk

2�d⇢

Rk(q
2) = Zkk
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Under LPA,

Rescaled finite N equation

r(y) = (1/y � 1)✓(1� y)Litim cutoff

Ũt = NŪt �̃ =
p
N �̄
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T３ in d=2.6

T３ has four minima.  
Three extrema (one maximum and two minima) in the region                

approach when increasing N 
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T３ in d=2.6
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The potential becomes very flat, 
  since three extrema become very close.

Numerically T３ continues to exist up to N=∞. 
Why the Large-N limit is not captured by conventional Large-N analysis??



Close view of the flat part 
of the potential for N=1500

• Fitting with quartic functions, we identify the 
positions of the three extrema. 
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Scaling behavior inside the  
boundary layer 

• For very large N, the distances between the three 
extrema are proportional to                   .           

•          at the three extrema approach constant values.    
…The third and higher order derivatives become 
singular. 

• We can expect a scaling  　　　　　　　　　   . 

• We can identify the position of the boundary layer as　　　
　               , from numerical solutions and boundary 
layer analysis
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Boundary layer analysis
• To simplify the notation we employ Wilson-Polchinski 
version of LPA FP eq. 

• Around                        (                      ) ,  
we introduce a scaled variable                        , 
and the potential is scaled as                             .　　　　 

•  The        contribution of FP eq. vanishes if we set  　　　
　　　　　    , and the         contribution is  
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<latexit sha1_base64="MjV9BoEbjdcWaX90p03wTatrSD4="></latexit> 
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Scaled boundary layer for  
finite but very large N

 The value of                    for WF FP  　　　　　
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The solution of  
the boundary layer equation
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Global plot of the second 
derivative of the  potential
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It converges to that of WF FP except at  

N=25,000

N=170,000

N=3,200,000
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Summary
• We followed tetracritical FP T３  in O(N) models increasing N 
with LPA. 

• It seems that T３ continues to exist up to N=∞. The third and 
higher order derivatives become singular at            . 
This is why it is not seen in the usual N=∞ approach that relies 
on analyticity of the FP potential 

• The potential converges to that of WF FP except at  
           . 

• Can we conjecture that a similar scenario holds for Tn with odd 
n?
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