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Presentation outline

Statistical theory of turbulence and Renormalisation Group

Time dependence of n-point correlation functions

Anomalous scaling in shell models of turbulence



Turbulence: ubiquitous and challenging phenomenon

» Presence of turbulence in every fluid flows

clouds rivers smoke

» Some characteristic features of turbulence

B o
m chaos and S m scale invariance
impredictability and universality
Sy~ 2

m extreme events E(k) ~ k5/3




Navier-Stokes equation

» incompressible Navier-Stokes equations

@—l—v Vv =uvV V—*Vﬂ'—l—f
ot

V-v=0

200th anniversary this year
. yet still unsolved!

Claude-Louis Navier Sir George Stokes
1785-1836 1819-1903

challenge: obtain statistical theory of turbulence

m spatial properties

multi-fractal scaling of structure functions

m temporal properties
sweeping effect in Eulerian correlation functions



Kolmogorov theory

dimensional analysis:
m eddy size £ ~ k=1

m energy flux e
» structure functions
Sp(r) = (Iv(ro +r) = v(ro)|?)
Sp(€) = CpeP34P/3 (ka1)
S3(0) = —% el (exact)

Kolmogorov theory 1941 (K41)

J

» kinetic energy spectrum
E(k) = Cxe?/3k5/3

Richardson energy cascade

(/injection €

flux €

dissipation €




Kolmogorov theory and intermittency of structure functions

Richardson energy cascade

Kolmogorov theory 1941 (K41) ;(@rﬁ'alca@k)\ /@/(njection .
AR g | s
YA y 3
o . m&m\é\/@/\@\ =
dimensional analysis: AR AN
NGNS
m eddy size £ ~ k=1 PANNPANNE NNV dissipation e

m energy flux €

» structure functions « DS (Cao0 1996)
31+ Anselmet 1984 (Rel) e b
Anselmet 1984 (Re2) s
Sp(r) ~ rCp = Benzi 1995 e

Belin 1996 e
Sreenivasan 1998
— log-normal

<

m numerical simulations and =
experiments

Cp?ép/:'; ' !

» multi-fractality, intermittency p




Kolmogorov theory

Richardson energy cascade

Kolmogorov theory 1941 (K41)
L (integral scale) 4jection €

flux €

dimensional analysis:

. ~ k-1 .. .
m eddy size £ ~ k A VNN ASN GNPV dissipation €

NS,
7) (Kolmogorov scale —

m energy flux ¢

» decorrelation time scale

T~ e Y323 (ka1



Kolmogorov theory and random sweeping effect

Richardson energy cascade

Kolmogorov theory 1941 (K41)
L (integral scale) Q/injection €

flux €

dimensional analysis:
; -1
m eddy size £ ~ k EAN dissipation ¢

m energy flux ¢

» decorrelation time scale

T~ e Y323 (ka1

1014

TalTo

m numerical simulations and
experiments

Ta ™~ k_l l 102 4
100 102 10°
kL

» random sweeping effect

1024







Statistical theory for turbulence, beyond K41 theory ...
“first principles” approaches

» fluid dynamics described by Navier-Stokes equations

®m many closure schemes
(e.g. Direct Interaction Approximation by Kraichnan)

m simplified models of turbulence — Burgers' equation, shell models

» many similarities between
critical phenomena and turbulence

m scale invariance, self-similarity
® universality
m anomalous critical exponents

second order

turbulence

phase transition

—> Renormalisation Group |




Statistical theory for turbulence :
Field theory for Navier-Stokes equation

» Stochastic Navier-Stokes equation

1
Otva + Vﬁagva + —Oam — VVQV@ = fa
P

OaVa =0
(fa(t,X)f5(t',x")) = 26436(t — t')NL(]x — x”]).

fo. Gaussian distributed, NV, peaked at the integral scale (energy injection)

» Martin-Siggia-Rose-Janssen-de Dominicis formalism

zZ = /DV Dv Dr D7 678N5+ source terms

Sns = »/t,x Vo [atva + v585va+%8a7r - 1/V2va] + 7 [Bava] — »/t,x,x’ Vo [NL(\X - x'|)] Va



Statistical theory for turbulence :
Perturbative Renormalisation Group

» Field theory for stochastic Navier-Stokes equation

Sns = /t’x Va [Btva + VBOgva+%0a7r — szva] + 7 [Dava] — /t

U
3 X, X

Vo [NL(\x—x’|)] Va

» absence of a small expansion parameter

m no upper critical dimension d. = c©

m no small coupling (interaction = advection term)

Perturbative RG approaches J

» introduction of a small parameter via forcing covariance N (k) oc k9=¢

= 3D kinetic energy spectrum E(k) k1—2¢/3

m K41 scaling recovered in the limit ¢ — 4 !
m freezing mechanism invoked for ¢ < 4

m does it lead to the same universal behaviour ?



Statistical theory for turbulence :
Functional Renormalisation Group

» RG fixed point for large-scale forcing

m K41 scaling
m 4/5th law preserved

» time dependence of generic n-point

correlation functions

» anomalous scaling of structure functions
in shell models of turbulence

s

1010

&100] 3
Cy 1o

10-%0 :
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Time dependence of n-point correlation functions



Functional renormalisation group for turbulence

» Field theory for stochastic Navier-Stokes equations + regulators

Z, = /DVD\_IDTFDﬁ' e_SNS_ASN+ source terms

Sns = /t,x Va [atva + vgdgva + %&ﬂr - quva] +7 [8ava]

A= */ {7a [Nellx = D] a + 7a [Re(x = x')] va }

» exact flow equation for [, and W,, = In Z,,

1 1
Ol ==Tr | 8:Ru;(x—y) [r,ﬁ) + RK,] i
2 X,y v Ji

1 K
OxWi =— =Tr / 8&R~[--(X { & Wi 5W W }
2 X,y Y OJi

(x)dji(y) 51',-(X) 3ji(y)



Time dependence of generic n-point correlation functions

» statistical theory for turbulence: n-point correlation functions

€8 0, (531 = (Von(t1,50) Ve %)) |

» within the FRG framework

= exact (but infinite hierarchy) of FRG flow equations




Time dependence of generic n-point correlation functions

exact closure for all C(")({t;,k;}) in the limit |k;| > L1 J

» based on Ward identities from extended symmetries

Xo = Xo + €4 (1)
g= -

Vo = Vo — €4 (1)

0va(t,X) =¢a(t)
55(t1)?) = Vﬁ(tv )?)Eﬁ(t)

m time-gauged Galilean invariance:

m time-gauged shift symmetry: ®= {



Time dependence of generic n-point correlation functions

» can be solved analytically at the fixed point !

Clgtr11~)~~an({ti7)_<;}) = <Va1(t17 Xl) t Van(tm xn)>

= K41 x dominant time scaling

c

» existence of two time regimes:
> 2
exp (—aoks | X, kete] +O(|kmaX\L)) t< 7o

C L ({tiki}) o
et exp (—an L 1] Zkekk-kg+0(|kmaX|L)> t> 10

for C®, at small times 7, o&c k=1 # k=2/3 — random sweeping

generalised for any n-point correlation
m prediction of a new regime at large time

m extensive checks with direct numerical simulations



Time dependence of generic n-point correlation functions

» can be solved analytically at the fixed point !

€ ({81 R1) = (Vo (1, 30) - Ve (8, X))

= K41 x dominant time scaling

c

» existence of two time regimes:
2 2
exp —ao’;—g | > kete]” + O(|kmax\L)) t < 70

., ({tiki}) o
o exp _am% 1t S, ki ke + (9(|kmaX|L)) t> 1o

m but at t = 0, dominant time scaling =0

— intermittency corrections to K41 scaling not accessible at this order )




Passively advected scalars in turbulent flows

» diffusion-advection equation
0:0 +v V0 — kY20 = f

\" SynthetIC I’andom fleld Kraichnan, Phys. Fluids 11 (1968)

<‘7i(tvk)‘,}j(t/a _k)> = P"JJ'_(k)

(©Walter Baxter
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Passively advected scalars in turbulent flows

» diffusion-advection equation
0:0 +v V0 — kY20 = f

\" SynthetIC I’andom fleld Kraichnan, Phys. Fluids 11 (1968)

<‘7i(tvk)‘,}j(t/a _k)> = P"JJ'_(k)

(©Walter Baxter

» correlation function from functional renormalisation group

Co(t,k) = Co(0, k) exp (—rirenk?|t]) m exponential decay

for all times
o, d-1 Do d m exact expression
Kren = K+ 2d /k (k2 T m2)(d+6)/2 d%% for Kren

determlned by Ve|OCIty Only C. Pagani, LC, Phys. Fluids 33 (2021)



Correlations in 3D Kraichnan model

» result from functional renormalisation group (FRG)

1 D
- ) _ 1 o 3
Co(t, k) ox exp (—ruenk®[t])  hren = rt3 /k (k21 myErarz?

» results from direct numerical simulations (DNS)

Cox (1K) Cy y (0)

‘ ‘
0 1000 5 2000 3000
fkL)’ /¢ Kk



Correlations in 3D Kraichnan model

» result from functional renormalisation group (FRG)

1 D,
B ) _ 1 0 3
Co(t,k) o< exp (—hrenk®[t])  Fren A3 /k (k2 +m2)(3+s)/2d k

» results from direct numerical simulations (DNS)
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Anomalous scaling in shell models of turbulence



Definition of shell models of turbulence

Navier-Stokes equations J

Sabra shell model J

e velocity field v(t, k) € R?
on k € RY

e dynamics in spectral space

% = B, [V]*l/kz Vo + fo
Ba[v] = /k[;/ P+ v (k) vy (k — k)

e quadratic invariants:

1 1
E = —/ \v|2ddx H= —/ v - Vvd9x
2 Jrd 2 Jrd

e velocity mode v,(t) € R or C
on discrete shells k, = kg\”

e dynamics

dv,
7: =By|v, v*]71/k,27 Vn + fn

Bn[v, v¥] :i[ak,,+1v,,+2v:+1 + bknVpi1vy_4
— ckn—1Vp—1 Vn72:| s

» only local interactions

e quadratic invariants:

E:Zvnv:, H= Z( ) v,,v
n



Structure functions in shell models

Navier-Stokes equations

J Sabra shell model J

e continuous symmetries
m scale invariance
(t, k,v) = (W10 A1k, APy
m translation invariance
v(t, k) = e RXoy(¢ k)
e exact 4/5th law .
S3(r)=—=er,
3(r) 5

e structure functions

Sp(r) = (|v(ro + 1) — v(ro) ?)

~ rSp

» anomalous scaling ¢, # £

e discrete symmetries

m scale invariance
(t7 Kkn, Vn) - (Al_hy km, )\thn)

m translation invariance
Va(t) = €9vn(t),  Onto = Ons1+0n
e exact law
S3(kn) =

&
2kn(a — c)

)

e structure functions

S (kn) = {(Ivnl">

Im(vyq VaVa_1|valP73)  odd p

even p

~ k%P
» anomalous scaling (, # g



Anomalous scaling in Sabra shell models

Navier-Stokes equations J Sabra shell model

e structure functions e structure functions

(|valP) even p
Sp(r) = <\v(r0 +r)— v(ro)|p> Sp(kn) = . s
o o Im(vy 1VaVa—1|valP™>) odd p
~ ki P
T T T
-- K41 -
— log-normal -
3t & SabraDNS e n
o NSDNS -




Absence of sweeping effect in shell models

» Sabra model in the presence of a zero mode vq

Otvn =Bn|v, v*] — iknvqva — uk,%v,, + f
Orvg =fq,

» invariance under Galilean transformation

va(t) = e™Vkrv, (1), vi(t) = e ™VRvr(t),  va(t) = va(t) — V

= sweeping effect carried by the zero mode only

remove zero mode <> eliminate sweeping effect )




Absence of sweeping effect in shell models

» Sabra model in the presence of a zero mode vq

OtVn =Bn[v, v*] — iknvqva — uk,%vn + fn
atVQ :fﬂ»

» invariance under Galilean transformation
va(t) — e’Ath”vn(t)7 vi(t) — ef"th"v,T(t), vo(t) = vo(t) — V

= sweeping effect carried by the zero mode only

remove zero mode <=> eliminate sweeping effect J

» FRG to compute intermittency effect in structure function

Coéme's
poster




Functional renormalisation group approach to shell models

» Leading order (LO) Ansatz for I',,
- 1
M. Ou, u*, d, 0] = Z/{E,f [f,;\’natun + Bnlu, u*] + f,;”nu,,] — Eﬁ*f,gnﬁn + C.C.}
n t

i tion: FA — v — k2 D
= initial condition: £ \ =1, fY , =vk;

] FS): functional dependence in n, bare frequency dependence

m only bare vertices (given by B,[u, u*])

similar to

» Flow equations for £, f,fn, f,{):n

= same simplification (as hydrodynamics vs shell models) occurs!

m set of ordinary coupled equations
m strictly local in wavenumber around « !

m dimensionful integration — fixed-point builds up as kK — 0



Fixed-point with anomalous scaling
for the Sabra shell model

» fixed-point for £, £2 2
I 12 £

L] = mnitial

— Final
nal | 005

- /7 o k102 10 ‘

1072
0 EO T ) 0 EO T ) 0 E T )
n

= anomalous scaling for the three functions !

» second order structure function

1009 o
""""""""" 3 k4l = 2/3
410710 (30 ~0.74 4+ 0.02
¢PNS ~ 0.720 + 0.008
107%




Fixed-point with anomalous scaling
for the Sabra shell model

» third-order structure function

m from direct calculation at LO

Sa(kn) = SM(Vp—1vavi 1) =S

I
(Sjn—l(t)jn(t)j:+1(t)

~k—0

m from recursion relation using analogue of Karman-Howarth relation and S, at LO

vk2Sy(kn) = akny153(knt1) + bknS3(kn) + ckn_1S3(kn—1) + No .

1010 4
LO
e 1 G~ ~1.1140.04
Cé’(‘(‘ — 1
107414




Fixed-point with anomalous scaling
for the Sabra shell model

» higher-order structure function from direct computation at LO

v =2
10° “*‘W*'"" + Z=3
59 YV¥vvy A p=4
xiﬁﬁZI;HZI”'vv x p=5
XxyaAaalrr oy
1010 x"xx A L v
XX A v
s xnt v
”, v
10-20 r- v
A+
x
10730 A+
30 40 50 Ty 60

n

anomalous scaling for all S, with ¢, # p/3, but ¢, affine in p

e akin a S-model , anomalous but uni-fractal
e due to keeping only bare vertices at LO = to be improved ...



Effect of long-range forcing

» two sources of forcing: LR power-law + SR large scale forcing

(a(£)for (1)) = 2[ DKo L) exp(— (KnL)?) + Dok 3t = £')6,

m pure LR forcing, D =0

1+
G = ( 3p)p

= no anomalous scaling

m LR and SR forcing

101
o for shells k, < klR:
LR dominates for p > 0
SR dominates for p < 0

10-10

» freezing for p < 0

p=-2

p<0

50

60

0 10 20 kIR 10 50 60



Effect of long-range forcing

m LR with p =0, SR with D 1

107*
LR: (B =2/3 (K41) @
SR: (5% ~ 0.74 (anomalous)
—> two distinct fixed-points -

SR fixed-point intermittent, LR fixed-point non-intermittent

=
F
0.75] v,
CI ST
3
10-10 1 DEE/D
0 20 40

)

» anomalous scaling cannot be captured
from the p — 0 limit of the LR fixed-point

» p — 0 in shell models <= ¢ — 4 in 3D Navier-Stokes

likely to hold also in this case




Conclusions and perspectives

summary J

m rigorous expression for time-dependence of n-point correlation
functions in Navier-Stokes turbulence

— sweeping effect

m calculation of structure functions in Sabra shell models

— anomalous scaling but uni-fractal

perspectives J

m improve determination of intermittency exponents in shell models
m compute structure functions in 3D Navier-Stokes turbulence

m use FRG for climate and meteo applications 7
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