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Climate as a 
nonequilibrium

system …

Gallavo& 2014

IPCC



Climate as an extremely non-ideal engine …
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Irreversible heat
transport

• Energy transforma>on – Lorenz energy cycle

• Baroclinic and barotropic instability

• Entropy Produc>on (dissipa>on, mixing, hydrological cycle)

• Thermodynamic Route to Climate Dynamics



Climate as a multiscale system …

• Internally-generated noise, 
multiple scales

• Climate variability and climate 
change

Von der Heydt et al. 2021

• Broad-band continuum 
spectrum, despite 
(quasi)-periodic forcing

• Different components 
dominant in different 
range of frequencies



Climate as a metastable system

• Competing Warm and Snowball 
States (we came out of it about 
600 Mya; then multicellular life)

• Tipping Points often associated 
with competing steady states

• Example: Atlantic Meridional 
Overturning Circulation

• Parameter.-, rate- and noise-
induced transitions 
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Observing the
Climate System

• Lack of 
synchronic and 
diachronic 
coherence in 
data collection

• Have to rely on 
proxy data for 
the past

• Uneven spatial 
coverage



Toy

Climate Models

All models are wrong …. But some are useful!



ü Full system:

ü We are interested only in the x 
variables

ü “OpSmal” reducSon to                                    
?

ü Usually: x are large scale, slow; y 
are small scale, fast variables.

ü coarse graining -> construcSng 
mesoscopic dynamics

ü ReacSon coordinates: opSmal 
reducSon (thermodynamics 
meets variaSonal autoencoders)

What is a parametrization?
!x = Fx x( )+εΨx x, y( )
!y = Fy y( )+εΨy x, y( )
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!x = Fx x( )+εΓ x{ }
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Some comments

• ParametrizaSons via empirical closures
• VerCcal transport of momentum 
at the boundary of the boundary layer as a funcCon of ….
• EvaporaCon over ocean given ….

• These formulas are determinisSc funcSons of the larger scale 
variables: 

• … or tables are used
• Recent push towards stochasSc parametrizaSons  (Palmer 

and Williams 2009, Franzke et al. 2015; Berner et al. 2017)
• Infinite spectral gap (homogeneizaSon theory), 

parametrizaSon is determinisSc plus white noise (PavlioSs
and Stewart 2008)
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Γ x{ }=M x( )

Γ x{ }=M x( )+σ t( )



Mori-Zwanzig Projection

• Full system:

• Explicit expression for the three terms a (determinisSc), b 
(stochasSc), c (memory)- 2nd order expansion
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a cb

Determinis,c ✓
Stochas,c ✓
Memory ✓

a
b
c

!x = Fx x( )+εΨx x, y( )
!y = Fy y( )+εΨy x, y( )



Diagrams: 1st & 2nd order “fastons”

• 1

• 2
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+

Time

Coupling



Top-Down vs Bottom Up
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Theories of Climate: Linking Variability and Response
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Hasselmann programme (1976) Deterministic Chaos (after Lorenz)

DeterminisCc:
BifurcaCons & Route to Chaos

Stochastic: 
slow variables 
integrate noise



Regimes of Climate Response

A. Smooth response
Response Theory (Ruelle 1998, 2009; Majda and Hairer 2010)

Defining the sensi+vity of the climate to perturba+ons; construc+ng 
the +me-dependent measure of the pullback a<ractor. 

B.    High sensi2vity
Ruelle-Pollico2 Resonances (Ruelle 1986; Pollico; 1985)

Radius of expansion controlled by spectral gap; rough dependence of 
sta+s+cs on parameters when gap shrinks (Chekroun et al. 2014)

C. Cri2cal Transi2ons
Freidlin & Wentzell (1984) meet Grebogi, O2 & York (1983)

Noise-induced transi+ons; Boundary crisis of the high-dimensional 
a<ractor (O< 2002) 15
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General Linear Response Formulas - Measures

Fokker-Planck Equation

Perturbative Expansion

Ruelle ’98
Majda & Hairer 2010

Santos Gutierrez and L., arXiv:2205.08896 (2022)



𝑑𝑥 𝑡 = 𝐹 𝑥 𝑑𝑡 + Σ 𝑥 𝑑𝑊 + 𝜀𝐺 𝑥 𝑔 𝑡 𝑑𝑡 + 𝛾Ψ 𝑥 𝑝 𝑡 𝑑𝑊

Φ = Φ ! + 𝜀 Φ " 𝑡 + 𝛾 Φ ′" 𝑡 + ℎ. 𝑜. 𝑡.
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General Linear Response Formulas - Observables

Fluctuation-Dissipation Theorem

Free-Forced Fuctuations Dictionary works only for smooth invariant measures

Nonequilibrium deterministic systems require a different formulation: Climatic 
Surprises

Santos Gutierrez and L., arXiv:2205.08896 (2022)



Φ $ 𝑡 = 𝒢$ ∗ 𝑔 𝑡 𝒢$ 𝑠 = Θ 𝑠 ℒ$(𝑒'ℒ!
"Φ

#
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#

Response Theory Meets Koopmanism
Fluctuation-Dissipation Theorem

exp ℒ#(𝜏 = ∑
)*$

+
exp 𝜆)𝜏 Π) +ℛ(𝜏)

Point Spectrum
(Ruelle-Pollicott Resonances)

Essential
Spectrum

𝒢$ 𝑠 = Θ 𝑠 ∑
)*,

+
exp 𝜆)𝜏 ℒ$( Π)Φ #

= Θ 𝑠 ∑
)*,

+
exp 𝜆)𝜏 𝛼)

𝜒$ 𝜔 = ℱ 𝒢$ 𝑠 = ∑
)*,

+ 𝛼)
𝑖𝜔 − 𝜆)

Koopman operator
Spectral decomposition

Depends on the observable
Does not depend on the observable

Neglecting
Degeneracies

exp ℒ#(𝜏 Φ= Φ 𝜏

Santos Gutierrez and L., arXiv:2205.08896 (2022)



Equivalence Principle
Equilibrium ↔ Nonequilibrium

𝜒" 𝜔 = ℱ 𝒢" 𝑠 = ∑
&'(

) 𝛼&
𝑖𝜔 − 𝜆&

• The problem is reduced to a (possibly infinite) set of harmonic oscillators
• … like a collection of Drude-Lorentz oscillator models
• 𝛼! ∽ oscillator strength for the transition j in quantum mechanics 

(Heisenberg ‘26)

• All the classical results (Kramers-Kronig relations, sum rules, etc.) can 
be used to treat and interpret data.

• ….

L. 2018; Tantet et al. 2018; Santos Gutierrez and L. 2022



Equilibrium Climate Sensi1vity
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• Long Term Surface Temperature response to CO2 doubling

ECS =ℜ χTS
(1) 0( ){ }= 2

π
dω∫ Re[ Ts

(1) (ω)]



Equilibrium Climate Sensitivity vs
Transient Climate Response

𝑇𝐶𝑅 = 𝐸𝐶𝑆 − 𝑃 :
&-

-

𝑑𝜔 𝜒(#
$ (𝜔)

1 + 𝑠𝑖𝑛𝑐 𝜔𝜏/2
2𝑖𝜔𝜋

ECS

TCR



• Observable: globally averaged TS

• Forcing: increase of CO2 concentra:on
• Linear response:
•We perform ensemble experiments
• Concentra:on    at t=0

• Fantas:c, we es:mate

• …and we predict:

• Note: we can use any test forcing paGern         !       

Computing the Green Function

T S f

(1) t( ) = dσ∫ GTS
(1) σ( ) f t −σ( )

d
dt

T S f

(1) t( ) = εGTS
(1) t( )

f t( ) = εΘ t( )

T S g

(1) t( ) = dσ∫ GTS
(1) σ( )g t −σ( )

f t( )

22

f t( )



From forcing 
to response

23

Lembo et al. Sci Rep. 2020

Pullback Attractor
Flandoli, Tel, Ghil, …



Step 1: [CO2] Doubling
360 ppm è 720 ppm
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N = 200

[CO2]  360 ppm ! 720 ppm at 1% py
[CO2] is doubled after τ≈ 70 years
We keep [CO2] constant after that

Step 2: Climate Change 
Prediction - TS

T S gτ

(1) t( ) = dσ∫ GTS
(1) σ( )gτ t −σ( )

PLASIM
Intermediate 
Complexity Model
O(105) d.o.f.



Not only global quanPPes!
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North Atlantic 
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Temperature in the 
N. AtlanCc (cold blob)

A quirky feature of 
climate change

1000 y

Effect of AMOC on 
local climate

Lembo et al. Sci Rep. 2020



Ocean
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AtlanSc Meridional
Overturning
CirculaSon

AntarcSc Circumpolar
Current

1000 y

Tipping point ahead!

MPI-ESM-LR

Lembo et al. Sci Rep. 2020

PLASIM
IPCC Class
O(107) d.o.f.



Emergence of Tipping Points
𝑆𝑢𝑠𝑐𝑒𝑝𝑡𝑖𝑏𝑖𝑙𝑖𝑡𝑦: 𝜒*,,

(") 𝜔 = ∑
&'(

) 𝛼&
𝑖𝜔 − 𝜆&

+ 𝑅*,, 𝜔

𝐶𝑜𝑠𝑝𝑒𝑐𝑡𝑟𝑢𝑚: ∶ 𝑃/,, 𝜔 = ∑
&'(

) 𝛽&
𝑖𝜔 − 𝜆&

+ 𝑅/,, 𝜔

• Small spectral gap - 𝑅𝑒(𝜆,) < 0! small radius of expansion
• Small spectral gap ! amplified response
• Small spectral gap ! slow decay correlations ∝ exp 𝑅𝑒(𝜆, 𝑡]

Tantet et al. 2018; Chekroun et al. 2020



Climate Response: the General Picture
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CO2 S*

Boschi et al. Icarus, 2013; Lucarini et al. Ast. Nach. 2013

A. Smooth Response

B. High Sensitivity

C. Critical Transition
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• As the estimate of 
Re(λ2) gets closer to 0 

• The decorrelation time 
goes to infinity ...

S*=1360 Wm-2 S*=1290 Wm-2

S*=1280 Wm-2 S*=1275 Wm-2

S*=1270 Wm-2 S*=1265 Wm-2

Tantet et al. 2018



What can be found between the two 
climate states?

31

CO2 S*

A. Smooth Response

B. High Sensitivity

C. CriQcal TransiQon
?????



Snowball
vs
Warm

• The multistability of the Earth’s climate was discovered when studying 
the possible effects of the nuclear winter

• Budyko, Sellers in the late ‘60 realized that a prolonged nuclear winter 
might lead to a global glaciation

• Ghil (1976): bifurcation and potential theory
• The community was very skeptical of this… but in early ’90s paleo 

evidences emerged for SB state in the Neoproterozoic (650 mya)
• Beware critical transitions!
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SB W



Evolution



Energy balance model
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BifurcaFons
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Solar Irradiance
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POINT
(BASIN
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CRISIS)
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UNSTABLE

Poten,al

T, ice profile



Competing Attractors and Melancholia State
• Dissipa/ve system, co-exis/ng a;r. Ω1, Ω2; basins B1, B2

• M State Π1 a;racts orbits ini/alised on basin boundary δΒ
between basins B1 and B2

• If near Π1 state, uncertainty on final Ω1 or Ω2 state
• Loss of Predictability of the second kind à la Lorenz

Π1

Ω1

Ω2

δΒ

δΒ B2
B1

SB

W

M





Albrecht Dührer, 1514



Spectral Atmosphere
moist primiCve equaCons

on σ levels

Diffusive Ghil-Sellers ocean
Ice-albedo feedback

A somewhat simple climate model

• Turbulent atmosphere coupled to diffusive ocean
• Ice appears as surface temperature is below 0o C
• Ice-albedo effect



Tracking the M State (in 104 dimensions)

Bisection to shadow a trajectory on the basin boundary
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1	

2	

3	

4	

5	

W	

C	

E	

i
xw,0,0

xc,0,0

"1

SB

W

M

W

SB

CHAOTIC MELANCHOLIA STATE

CHAOTIC WARM CLIMATE STATE

STATIONARY COLD CLIMATE STATE

Snowball Melancholia Warm State



A closer look at the boundary
• Is the basin boundary smooth? 

• It is folded, indeed fractal. 
• 1024 simulaCons  between two 

trajectories near the boundary
• Instability on the Melancholia 

states vs across it
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W
𝜆$,+ > 1/𝜏



From Multistability to Metastability
• No noise: initial condition -> 

asymptotic state
• Classificatory; no jumps; sort 

of boring
• “Dynamical Landscape” 

42

Biology
Epigene+c landscape punctuated equilibrium



Graham, Hamm, Tel … theory 
• SDE: 
• Hasselmann’s (1976) programme: stochastic climate modelling

• Hypoelliptic diffusion: 
• noise propagates via interaction with drift term (Hörmander)

• Ansatz:

• is the quasi-potential; depends on drift F and volatility s
• Local minima of Φ are attractors; saddles are M states

• Orthogonal decomposition of drift:

• One can frame stochastic resonance for this setting (L. PRE 2019)



Noise-induced Transitions
• In the weak-noise limit, escapes from aeractors take 

place through the M state(s)
• Paths: instantons (variaSonal formulaSon)
• Instantons obey a “strange equaSon”

#$!
#%
= 𝑅& �⃗� + 𝐶&' �⃗� 𝜕'Φ �⃗�

• DistribuSon of escape Smes:

• τ is controlled by local quasi-potenSal differences

• is constant on aeractors and M-states



Exploring the Dynamical Landscape
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Φ
M

M

M

Ω1

Ω4

Ω2

Equilibrium/Reversible

Non equilibrium/
Irreversible systems



Construc8ng the invariant measure

• We have here the WèC and the CèW instantons
• The distributions peak at/near the attractors W and C
• M State is a saddle, instantons cross it



Outside the Comfort Zone
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Using now a full climate model, same used for performing 
climate change projections with response theory
O(10)5 degrees of freedom

Margazoglou 
et al. 2021



Spectral Atmosphere
moist primitive equations

on σ levels

Sea-Ice
thermodynamic

Terrestrial Surface: 
five layer soil

plus snow 

Vegetations
(Simba, V-code, 

Koeppen)

Oceans:
mixed layer,

PLASIM Model

• Earth-like climate model
• Used for present climate, paleoclimate, exoplanets
• Most processes included
• Active hydrological cycle



Setup A
• Atmosphere and Ocean can transport heat
• We get W and SB competing climate states

49

SB W

TS P, P-E
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SB to W

W to SB

Macroscopic 
currents

Stronger
Nonequilibrium

Hydrological Cycle 
as “agent of irreversibility”



Setup B
• Only the Atmosphere can transport heat
• There competing climate states - serendipitous discovery
• In the 2D projection no sign of local minimum of Φ
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SB C W

TS P, P-E
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C to W

W to C to SB



Machine Learning Magic (1)

• Local dimension via statistics of first vs second neighbour to the reference point
• Topography of Φ (maxima, minima, saddles) via Density Peak Estimator
• We can estimate Φ as a function of a large number of variables (no a-priori choice) 
• Probability density is estimated implicitly on the embedding manifold

53

Local Maxima of Φ(𝑠)
k-Nearest Neighbour



Machine Learning Magic (2)
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• In Setup B we find automa+cally the C state from a stochas+c trajectory
• We can reconstruct the average proper+es of the compe+ng climates
• Exclude spurious metastable states through sta+s+cs of permanence +mes
• Huge poten+al for analysing climate data
• Assess metastablity at different confidence levels



A complex dynamical landscape

Five competing attractors!

Conjecture: itinerancy between competing metastable states 
explains ultralong climate variability
Also: Lewis et al. 2007 JGR; Abbott et al. 2011 JGR

Brunetti et al. Clim. Dyn. 2020
Ragon et al. Clim. Dyn. 2022

Φ
M

M

M

Ω1

Ω4

Ω2



Multiple scales of Multistability

56

“Big whorls have little whorls
That feed on their velocity,
And little whorls have lesser 
whorls, and so on to viscosity”

Lewis F. Richardson, 1920
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Conclusions
• Climate as nonequilibrium staCsCcal 

mechanical system
• Advancing Hasselmann’s programme
• Response theory for smooth response

• Predict climate change
• High sensiCvity and mixing rate

• Nearing Tipping Points
• MulCstability and Tipping points

• Melancholia State, gate for the transiCons 

• MulCscale mulCstability in a hierarchy of models and Cpping points
• Ultralong climate variability: iCnerancy between metastable states?
• Linking natural history (realized trajectory) with the many “possibles”
• Running the movie again life might take different form (Gould 1989)
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Thanks for your aTenPon!


