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Phase Transitions: Statistical Mechanics

Partition function :

Z =) exp(-BE).

Free energy :

F=—-3"log(2).
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Phase Transitions: Statistical Mechanics

Partition function :

Z= Z exp(—BE;) .

Free energy :

F=—-3"log(2).

® Phase transition for Z =0, i.e.
singular F.
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Phase Transitions: Statistical Mechanics

Partition function :

Z= Z exp(—BE;) .

Free energy :

F=—-3"log(2).

® Phase transition for Z =0, i.e.

singular F.

e BUT: Z is always positive for

i<ooand B, E; €R.
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Phase Transitions: Statistical Mechanics

Partition function :

Z= Z exp(—BE;) .

Free energy :

F=—-3"log(2).

Phase transitions in the limit

singular F. N = oo
e BUT: Z is always positive for V —
i<ooand B, E; €R.
N/V = const.
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Phase Transitions: Statistical Mechanics
Partition function :
Z= Zexp(—,@Ei) .
Free energy :
F=—-3"log(2).
y
N= o0
\/ Phase transitions in the limit
T~ N — oo
- _ —K1B)
N Finite /?' - V = o0
\ N/V = const.
p* B y

M. Fisher, Lecture Notes 1965
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Phase Transitions in finite-sized Systems

Solution: Extend to complex
numbers C
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Phase Transitions in finite-sized Systems

Solution: Extend to complex
numbers C

® Z has complex zeroes
(LYz)
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Phase Transitions in finite-sized Systems

Solution: Extend to complex
numbers C

® Z has complex zeroes
(LYz)

® LYZ move to the real axis
with increasing N, V
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Phase Transitions in finite-sized Systems
N =10 [e)
. 12 [e)
Solution: Extend to complex “o
numbers C 58
20 8¢
® Z has complex zeroes £ 0- e
LYz
Y2 8|
(o]
e LYZ move to the real axis °
with increasing N, V o
Re g
CC license

= Predict real phase transition! )
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Phase Transitions in finite-sized Systems

N =10 [e)
Solution: Extend to complex 1400
numbers C 11;01‘
o g*
® Z has complex zeroes E 01 °
(LYZ) a1
o
* LYZ move to the real axis °
with increasing N, V o
Re g

= Predict real phase transition! } ol
icense

PRD.95.085001 L. Zambelli, O. Zanusso
PRL.125.191602 A. Connelly, G. Johnson, F. Rennecke, V. Skokov
arXiv:2203.16651 F. Rennecke, V. Skokov
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A Functional Approach

The infrared regularized path-integral / generating functional:

Z[J] = /[d(p]ren,p22k2 exp{ — Slg]l + J - ¢},

1
/[d@]ren,p22k2 = /[dQD]ren eXp{ - §§D - Ry - 50}
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A Functional Approach

The infrared regularized path-integral / generating functional:

Zk[‘]] = /[dw]ren,pZZkz exp{ - S[SO] +J- QD} s

/[d@]ren,pzzkz = /[d@ ren exp{ - 7@ Rk? (p}

® Real function of a complex
variable.
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A Functional Approach

The infrared regularized path-integral / generating functional:

Z[J] = /[d(p]ren,p22k2 exp{ — Slg]l + J - ¢},

1
/[d@]ren,p22k2 = /[dﬂa]ren eXp{ - §§D : Rk? ° 50}

® Real function of a complex
variable.

e Sample from oscillatory
integrand.

Integrand

arXiv 2111.12645: F. Attanasio, M. Bauer, L.
Kades, J. M. Pawlowski J

arXiv 2203.01243: J. M. Pawlowski, J. Urban
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Generating functionals

(Amputated) connected correlation functions:

Sett, i [P] = =W [51(92) ¢

T. Weigand, Lecture Notes 2011
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Generating functionals

® (Amputated) connected correlation functions:

Sett, i [P] = =W [51(92) ¢

T. Weigand, Lecture Notes 2011

® 1Pl correlation functions / Effective action:

rufel = sup { [ T@)o(0) - Wls] - asulal |
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Optimising the RG flow

1.0
08
3
206
0
g 04 ® k=500
Wo2 ® k=15

0.0 ® k=00

4 2 o0 2 4
Field ¢

Polchinski Flow:

* Amputate classical
propagator:

J=(S® + Ri)[¢o] 6.

® Remove classical mass = Sint
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Optimising the RG flow

1.0

08

&

206

0

g 04 ® k=500

Wo2 ® k=15
0.0 ® k=00

4 -2 0 2 4

Field ¢
Polchinski Flow:

® Amputate classical
propagator:

J=(S® + Ri)[¢o] 6.

® Remove classical mass = Sint

1.0
§ 0.8
506
o
g 04 ® k=500
w 0.2 ® k=15

0.0l ® k=00

-4 -2 0 2 4
Field ¢

RG-adapted Flow:

e Amputate RG-adapted
propagator:

J = (Gr) " [9o] .

® Remove my = Sayn
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An algebraic flow

From the Schwinger Functional
Non-linear parabolic PDE:

<6t+ [ 0r0me 55 ) Snald] + 5 [ 0T n] 6

1 9 1 2
= Imec] 5261~ (si2e0? ]

B
/
/

V.

e Convection termsL

e Diffusion term ----

DG-Methods
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Discontinuous Galerkin

Computational domain: Solution in each cell:

K N+1

Q~q, =)D up(t,x) =) i (£)n (@)

k=1 n=1
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Discontinuous Galerkin

Computational domain: Solution in each cell:
K N+1
Q~q, =)D up(t,2) = D iy (£ (2)
k=1 n=1

Best of Finite Volume
® Cell average vanishes.
® geometrically flexible
® Inherently discontinuous
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Discontinuous Galerkin
Computational domain: Solution in each cell:
K N+1
Q~q, =)D up(t,x) =) i (£)n (@)
k=1 n=1

Best of Finite Volume ®t=0
® Cell average vanishes. t=10
® geometrically flexible ® t=12

® Inherently discontinuous

Best of Finite Element
® Residue vanishes weakly.

Second deriv. 35V
o N D (2] [o°]

A

|
N

® Higher order accuracy

o
N
N
w
N
(&
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Discontinuous Galerkin

Computational domain:

K
Q~Q,=|JD"
k=1

Best of Finite Volume
® Cell average vanishes.
® geometrically flexible
® Inherently discontinuous

Best of Finite Element

® Residue vanishes weakly.

® Higher order accuracy

Second deriv. 35V

arXiv:1903.09503 E. Grossi, N. Wink
PRD.104.016028 E. Grossi, F. Ihssen, J. M. Pawlowski, N. Wink
arXiv:2207.12266 F. lhssen, J. M. Pawlowski, F. R. Sattler, N. Wink

Solution in each cell:

N+1
uf(t,x) =Y il (t)n()
n=1
8 . t= 0
) t=10
6/ @ t=12
4@ t=14
2 ® t=60 %§
0
O 1 2 3 4 5
Field ¢
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Discontinuous Galerkin

Computational domain:

K
Q~Q,=|JD"
k=1

Best of Finite Volume
® Cell average vanishes.
® geometrically flexible
® Inherently discontinuous

Best of Finite Element

® Residue vanishes weakly.

® Higher order accuracy

Second deriv. 35V

arXiv:1903.09503 E. Grossi, N. Wink
PRD.104.016028 E. Grossi, F. lhssen, J. M. Pawlowski, N. Wink

Solution in each cell:

N+1
uf(t,x) =Y il (t)n()
n=1
8 . t= 0
) t=10
6/ @ t=12
4@ t=14
2 ® t=60 %§
0
O 1 2 3 4 5
Field ¢

( arXivi2207.12266 F. Ihssen, J. M. Pawlowski, F. R. Sattler, N. Wink )
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(@) [~02 +m?| () + %mr‘}

Test case:

e O(N)withd =0, N =1

e Direct evaluation of Z
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The O(N) Model

Stel = [ § ge@[-82 +m?le) + olo)*

Test case:

® O(N)withd=0,N =1
e Direct evaluation of Z

arXiv:2108.02504 A. Koenigstein, M. J. Steil, N. Wink, E.
J.Braun, M. Buballa, D. H. Rischke

arXiv:2108.04037 M. Steil, A. Koenigstein

arXiv:2108.10085 A. Koenigstein, M. J. Steil, N. and Wink, E.
& Grossi, J. Braun

Grossi,

u]

o)
I

ul
it
N
»
i)
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Stel = | {éso(m [-22 +m?]o(a) + %so(xr‘}

& Viyn flow
u Integral

DA
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The O(N) Model

1 A
Slel = /{590(93) [—35 + m2]<ﬂ($) + Zso(w)“}
L Integral ~__ 1 & Integral T 1
E Viyn flow \\Bivt(iyn(‘p[‘]])] & Vgyn flow \\\I\r\n[véyn(¢[‘]])]
u Vint flow \ ™~ 5 B Vi flow
||= 1PI flow ||= 1PIflow
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M(¢y, H) = ¢ppom, with 9, w[J(¢z, dy)] — Hlép=¢, pom = 0

1.2

210 % 15 ——

x 08 =

s §10

5 0.6 E

goa ® Re[H]=0.00 5 . ® Re[H]=0.00
c .

02 \ Reti0s0| 2 s Reb-030

e[R)=0. e|n)=0.
0.0 9 RefH 0.0 ® Re[H]
00 05 10 15 20 00 05 10 15 20

External field Im[H] External field Im[H]
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M(¢y, H) = ¢ppom, with 9, w[J(¢z, dy)] — Hlép=¢, pom = 0

1.2
210 % 15 ——
o 08 =
S 510
*g 0.6 §
S 0.4_/ ® Re[H]=0.00 3 05 ® Re[H]=0.00
c .
s rel0a0| S y Rell1-030
e[H]=0. e[H]=0.
0.0 9 RefH 0.0 ® Re[H]
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
External field Im[H] External field Im[H]

LY-location for Im[H] = 0.994, m{;y = 1 at Im[(M)] = 1.33 ! J
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Recovering a Real Phase Transition

2 2

A R m- —m
Scaling behaviour: ————< = const H/*
m2

DG-Methods
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Recovering a Real Phase Transition

2 2
A R m- —m
Scaling behaviour: ————¢ = const H"/* J
mC

T 0.100f ® Data
B = Fit
S 0010
[3]
< 0.001 How close do we need to go to
x
S 10 extrapolate m2? J
g 107°

107

0.003 0.01 0.03 0.1 03
Initial mass mz—mﬁ
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Recovering a Real Phase Transition
A g m2 — 7712 1/A
Scaling behaviour: TG = const H J
T 0.100) ® Data -]
B = Fit d
s 0.010
< 0.001 How close do we need to go to
S 10 extrapolate m2? J
§ 107°
107°

\/
0.003 0.01 0.03 0.1 0.3
Initial mass m?-m?
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Recovering a Real Phase Transition
2 _ ;2 A
Scaling behaviour: —< = const H'/ J
c
T 0.100) ® Data L~ 0.005
E oomof — 5 0.004 K
€ 0.001 2 0.003 o°
- w o
S 107 < 0.002 .
o & .
g 1079 0.001 . ..'
T 0.000E-22 as es%0e® INoise
0003 001 003 0.1 03 0.00 0.05 0.10 0.15 0.20 0.25 0.30

Initial mass m?-m?

Initial mass m?
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Recovering a Real Phase Transition

- p— A
Scaling behaviour: —< = const H'/ J
mC
T 0.100f ® Data 0.005
E ootof — 5 0.004 .
£ 0,001 = 0.003 o
- w o
5 104 < 0.002 o
% 4 .
g 10° 0001} o°
TS 0.000E-22_go"0n%0e © Noise
0003 001 003 0.1 03 0.00 0.05 0.10 0.15 0.20 0.25 0.30
Initial mass m*-m? Initial mass m?
2
A me = Last computed IR-mass:
m2(m? = —0.039) = 4.2 10~*
1.4969(66) | —0.03943(17) o(m” = —0.039) = 4.
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Summary & Outlook

Established a new functional Refw(J)]
flow: the RG-adapted flow

Investigated the convergence of
different functional flows in the
complex plane using
DG-methods.

Retrieved location of the
Lee-Yang singularity in d = 0 and
d=4.

We extracted the critical mass
m? of the real phase transition in
d=4!

DG-Methods
0000000
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Summary & Outlook

Established a new functional 4 Re[w(J)]
flow: the RG-adapted flow

Investigated the convergence of
different functional flows in the
complex plane using
DG-methods.

Retrieved location of the
Lee-Yang singularity in d = 0 and
d=4.

® |nvestigate extraction in d # 4

We extracted the critical mass
m? of the real phase transition in * Go towards QCD phase

d = 4! structure



Conclusion

Thank you for
your attention!
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Dealing with complex variables

Map the complex  Ensure positive, real diffusion:
derivative:
2

2 A
® 0y — 0y, ° (S;(f) [¢o]) = <m2 + k2 + ¢02) € R-o

4 6¢ — 7i3¢y

kZ

((uz + iuy)2 — 0y, (ug + 1uy)> =0.
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General functional Flows

Oy Pl¢] = 5o(2) (‘I’[¢] P[¢]> , P[g] = e~ Sert[@]

e General reparametrisation with
unchanged path integral.

* RG-Kernel:

¥lo] = 3101 o

+ 759
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General functional Flows

_ 0 — o Setr[4]
0Pl9) = 5o (VgL PIgl),  Plgl=e
e General reparametrisation with Use this to integrate out

unchanged path integral. momentum shells k. J

* RG-Kernel:

¥lo) = 5lo] o

+ 759
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General functional Flows

1)
Pl¢| = ——(¥Y[¢p] P Plo] = e Senlé]
0Pl9) = 5o (VgL PIgl),  Plgl=e
® General reparametrisation with Use this to integrate out
unchanged path integral. momentum shells &
* RG-Kernel: Choice of C[¢]:
58S, ¢ Field dependence
T[g] = [] “”’] +Yp

® Regulator
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| 1000
T 800
600

B Wi[J] = —% Tr &, Ry, {W‘” [J] + (W(l) [J])Q]

400
200

Schwinger Functiona

4

oo
S

0.5 1.0 1.5 2.0
Current J

05ig k=50
040 k=0

0.3
0.2
0.1
0.0

Effective Action I

—_

b
OcRy,
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1
P PR &

04002 04 06 08 10
Field ¢



Introduction
[e]

Lee-Yang Theory The fRG

(e]e]

[e]e]e}

A Num. Test

000

PT in d=4 Conclusion Additional Slides
[e]e} 00 000®00

Convergence beyond d = 0

== 1P| flow
== Vi flow
® Vi flow

0.2 0.4 0.6
Current J

0.8

1.0

0.030 -
= g.025] ® 8=0 [== 1PI flow V7
g d=1|== Vjy flow /
= 0.020 @ g=2 7y,
= 0.015{® d=3
3 0010} ® 94
=
< 0.005

0.000E=

00 02 04 06 08 10 12

Current J
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Convergence beyond d = 0

0.5 0.030. o
@ d=0 |== 1P flow = ® d=0 [== 1P| flow
) 7/
041 © d=1 | == Vjy flow % F 0025 - g ] Vit flow 4
03ll®d=2| @ Vynflow £ 0020} @ ¢-2
2 jeds 3 0.015[ ® d=3
0.2/l @ d=4 g io.mo d=4
0.1 §0.005
0.0 0.000t=
00 02 04 06 08 10 00 02 04 06 08 10 1.2
Current J Current J

® Field dependence is not exact for
d>0.
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Convergence beyond d = 0

0.5 0.030. -
® d=0 |== 1P| flow = ® d=0 |== 1P| flow
) 7/
041 © d=1 | == Vjy flow % F 0025 - g ] Vit flow A7
03ll®d=2| @ Vynflow £ 0020} @ ¢-2
2 jed=s 3 0.015[ ® d=3
%02} ¢=4 . T 0.0101®9=4
L0
0.1 3 0.005
0.0 0.000t=
00 02 04 06 08 10 00 02 04 06 08 10 1.2
Current J Current J
1.30 == den ® d=0
1.25 = Vi | © d=1
* Field dependence is not exact for "€ 1.20 ® 1P| |®d=2
d>0 8115 © d=3
g ® d=4
1.10
® Physics is the same! 1.05W
1005 1 2 3 4 5

RG-scale k
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Computing the complex dynamical potential

~Im[Vi(@)]

® Resolve the complex plane in
¢y-slices.

® Singularity at J. = 3.3659(42) .

® Predicted from fixed-point
analyses

Re[W (0, J,)] = ¢ Jg +a+ blog(Je — Jy),

b Je c

Re[W[J]]

—gff== Fit
=~ Fit Error | ® d=0

1.24(41) | 3.3659(42) | —0.99(91) | -10je Daa | d=4

d=0 || 1.0008(55) | 3.002104(65) | —0.281(12)

Il
~

-015 -010 -0.05  0.00
Jy=J
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M(¢ya H) = ¢E0M ) with a¢mw[‘](¢’za ¢y)} - H|¢ac=¢:c,EoM =0

DG-Methods
0000000

1.0
0.5 B Data >0
0.0f ¢ o Data <0
N "
~05 AAA/‘A Fit
ﬂﬁ%"m
-1.0 A’\/‘Aﬁ/ma/w\

1.3 1.4 1.5 1.6 1.7
Imaginary field ¢,

Mean Field: g =1/2
Fit: 0.505(23)

Scaling relations:

® Preserves symmetry:

Re[M(¢y, H =0)] = B (W’)B
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with 3¢mW[J(¢’z; ¢y)} - H|¢w=¢:c,EoM =0

Scaling relations:

® Preserves symmetry:

Re[M(¢y, H =0)] = B (%‘f’)ﬁ

0.5
B Data >0
- " Data <0
A
= Fit
AAAAAA
_05 A/\A/\A/\AAAA/\A/\A/\A/\AA/\/\A

0.00 0.02 0.04 0.06 0.08
External field Re[H]

Mean Field: § = 3
Fit: 2.992(18)

® Breaks symmetry:

Re [M(¢y = ¢o, H)] = B.H'®
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O0000e 0000000

M(¢y, H) = ¢prom, with Oy, w[J(dz, dy)] — H|¢w=¢:c,EoM =0

Scaling relations:

~ 20 - -

o W Data: ¢y<¢. A

L 3 ® Preserv mmetry:

:; 1ol 4 Data: @50 AAAAA eserves symmetry

& = Fit % 5
BT £ by — be
< s Re[M(¢y, H=0)] = B [ 24—¢
g 0.5 AAA ¢c

(%] . A

2 £

? 0.0

0. .
06 08 10 12 14 16 718 20 ° Breakssymmetry:

Imaginary field ¢, Re [M(¢ —¢ H)] - B H1/5
y — Pec, - ¢

Mean Field: |Cy| = 2|C_| .
C. = —04369(11), C_ = 0.2025(21) ° Susceptibility:

B! (¢py, H=0)=C S —de L qml)
Ry = = 55— =1.010(57) X(y, H =0) = Cyy | = :
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Solving FRG-Equations

du+ f(h,0pu) + g(d5u) = s(¢) ,
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Solving FRG-Equations

PDE with second order derivatives:

= Analogy to Hydrodynamics

DG-Methods
©000000



Solving FRG-Equations
Byu+ f(,0pu) + g(D3u) = s(¢) ,
B
+ 1 I” \\|
2 l\ ’! -

PDE with second order derivatives:
= Analogy to Hydrodynamics

PDE with discontinuities:
= Requires discontinuous methods

DG-Methods
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Dealing with (real) Diffusion: LDG-Methods
1.00 @ 04i(®)

= 04%Vi(®)

du = 9, (F (t,q,u) + a(t,u)v) 06
04
v = +/a(t,u)0,u g'z
0 2 4 6 g 10
Field ¢
Riemann problem with positive 15]@ k=2.0] ® 34i(¢)
diffusion: K210 5,2Vi(0) |,
1.01 ® k=0.5

® Slopes travel with convection.

® Slopes smooth out with diffusion.

Map ¢t — —t for negative diffusion!

Field ¢

arXiv:2207.12266: F. Ihssen, J.M. Pawlowski, F. R. Sattler, N. Wink
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O = 0y (F (t,q,u) + a(t,u)v)

v =+/a(t,u)0qu

From the Wetterich
equation:

1
[ ] _
Va RN Complex

¢ Works for small complex
fields/fluxes

PTin d=4

(e]e]

Imaginary Part u,

Conclusion Additional Slides
(e]e} 000000

Real Part k%+uy

DG-Methods
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0.3

> 0.2

Oru = 0Oy (F (t,q,u) + Val(t, u)v) ;i o1
£ 0

E -0.1

v =+/a(t,u)0qu

From the Wetterich
equation:

1
° —— = Complex
ﬁock2+u p

* Works for small complex /
fields/fluxes
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> 0.2
Oyu = 0y (F (t,q,u) + alt, u)v) 15 01
£ 0
v =+/a(t,u)0qu E 01
-0.3
From the Wetterich AW
equation: -
0.010
0.008
1
* a x —— = Complex 0.006
k? +u g 0.004
0.002

e Works for small complex
fields/fluxes
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Solving Conservation Laws

Scalar conservation law:

Opu+ 0 f(u) =0
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Solving Conservation Laws

Scalar conservation law: With numerical approximations:

atu + 6a:f(u) =0 U,h(t,ﬂ?k), fh(uh(tvxk))
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Solving Conservation Laws

Scalar conservation law: With numerical approximations:

yu+ 0y f(u)=0 up(t, or), fulun(t, zr))

The scheme converges if the residual vanishes:

R = Opun + O fr, = 0
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Solving Conservation Laws

Scalar conservation law: With numerical approximations:

yu+ 0y f(u)=0 up(t, or), fulun(t, zr))

The scheme converges if the residual vanishes:

Ry = Owup + Op fr = 0

Convergence on Nodes:

Riu(t,zp) =0 Vo, €Q
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Solving Conservation Laws

Scalar conservation law: With numerical approximations:

Ou+ 0, f(u) =0 up(t, ), frnlun(t,zr))

The scheme converges if the residual vanishes:

R = Oyt + O fr, = 0

Convergence on Nodes: Orthogonal to test-functions:

Ra(t,ax) =0 Vay, €0 /QRh(t,x)z/J(x) —0
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Discontinuous Galerkin

Computational domain: Solution in each cell:
K N+1
Q~q, =)D up(t,x) = Y k() (x)
k=1 n=1

/Finite_element_method
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Discontinuous Galerkin

Computational domain: Solution in each cell:
K N+1
Q~q, =) D" up(t,x) = Y k() (x)
k=1 n=1

Best of Finite Volume
® Cell average vanishes.
® geometrically flexible
¢ Inherently discontinuous
® Higher order accuracy problems

/Finite_element_method
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Discontinuous Galerkin

Computational domain: Solution in each cell:
K N+1
Q~q, =) D" up(t,x) = Y k() (x)
k=1 n=1

Best of Finite Volume
® Cell average vanishes.
® geometrically flexible
¢ Inherently discontinuous
® Higher order accuracy problems

Best of Finite Element
® Residue vanishes weakly.

® Higher order accuracy
https://en.wikipedia.org/wiki ® Method is global

/Finite_element_method




Introduction Lee-Yang Theory The fRG A Num. Test PTind=4 Conclusion Additional Slides
[e] (e]e] [e]e]e} 000 (e]e] (e]e} 000000

| (@i = ()= fah(uf) oh) 20 da

—/w(f;: + h1>'ﬁ1/1ndx,

| (shvntdhon) o=~ [ by iinas

DG-Methods
00000e0



Introduction Lee-Yang Theory The fRG A Num. Test PTind=4 Conclusion Additional Slides DG-Methods
[e] (e]e] [e]e]e} 000 (e]e] (e]e} 000000 00000e0

/ch ((@uﬁ)% —( /f(uﬁ)— M”lfi)aﬂﬁn) da

:_/w(f;; + by ) g da,

| (shvn+ihon)do == [ by fiv,ao

\ J

® Conservative numerical flux:
5 i) = 2 () + ) — Z2 )
® Diffusive flux:
i) =) v 4y
h(u™,u") = u: —uy 2

Gt in
2
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/ch ((@uﬁ)% —( /f(uﬁ)— M”lfi)aﬂﬁn) da

[ (G + m) e,

Lk (’Uﬁ Un +Jflf(uh)am¢n) dz = _/E)Dk hy |7, dz

\ | 4
® Conservative numerical flux:

7 u) = 3 () + i) = S22 ) i) = [ \ateas

® Diffusive flux:

7].(”;) —j(uy) v;{ +op a(s)0z8 = 0575(8)0gs = 055(s)

_ F -
h(u™,u) = U2
_In tin
2

_ Cuaise (h],—
— ]
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Implementation

Distributed and Unified Numerics Environment

applications

* Modular toolbox (C++) "' oee
discretization modules extra grids external modules
® Variety of grids (1D, 2D ...). odele @,,, s 0

® |Implementations of FEM,
FVM, DG- _
® Various time-stepping
modules

(c) 2002-2016 by the Dune developers J

. https:// .dune-project.org/
e Large-scale computing pe:Awww.dune-project.org
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