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Analytic Continuation
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Finite-temperature simulations Analytic continuation

Spectral function
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Operational problem: inversion of the kernel K,

…is ill conditioned. Small changes on the imaginary 
axis cause large changes on the real axis.

Emanuel Gull, egull@umich.edu Phys. Rev. Lett. 126, 056402 (2021)

<latexit sha1_base64="Hnui1vGcYbsBw2v1AdpsDkjGsDg="></latexit>

G(i!n) = K(i!n,!)G(!)

#
G(!) = [K(i!n,!)]

�1G(i!n)

Slides: https://bit.ly/3ihRkV6



Analytic Continuation

Phys. Rev. Lett. 126, 056402 (2021)

S. Fuchs, PhD thesis, 
Göttingen, 2010

Easy

Hard
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Algorithm I – Rational Function Interpolation
• Given 2n points on the Matsubara axis, find a rational polynomial 

interpolant (“Padé”) with degree n+1 in denominator, degree n in 
numerator, and ~1/iωn high frequency decay

• Evaluate polynomial just above the real axis to obtain retarded 
Green’s function

• Often works well at low T for near-zero-frequency properties

• Does not respect the analytic properties of the Green’s 
functions (more later)

• Resulting spectral function tends to go negative, oscillate, 
violate moments, …

• Never to be used with noisy data!

Emanuel Gull, egull@umich.edu Phys. Rev. Lett. 126, 056402 (2021)

Slides: https://bit.ly/3ihRkV6



Algorithm II – Maximum Entropy Method
• Define a functional Q that, for a given spectral function A,  

balances the effect of deviations from a default model with the 
desire to fit imaginary time data as accurately as possible. 

Q = ↵S � 1

2
�2
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Deviation from the input data

Deviation from a default model
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Minimize Q. First term will keep spectral functions smooth, second term will fit imaginary 
time data as well as possible. 

Emanuel Gull, egull@umich.edu Phys. Rev. Lett. 126, 056402 (2021)
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A practitioner’s guide to continuation…
• All of this is a sign of the ill-conditioned continuation matrix and an intrinsic problem 

of the finite-temperature Green’s function formalism

• The higher the frequency, the less trustworthy your data

• Trust integrals over wide areas

• Trust the first gap / peak but nothing behind it. Trust evolutions of features 
(emergence of gap/peak etc with control parameters)

• You can always trade a bit of a shoulder for a bit of peak height

• Careful with bosonic functions: continuations are even less reliable due to 
multiplication with bosonic frequency.

• If you find that your results depend on the type of  
continuation method used, the type of default model used,  
the choice of alpha, the precise noise statistics, etc, they  
are probably not reliable

• Best practice: only interpret when you can see a clear  
signature on the imaginary axis

Slides: https://bit.ly/3ihRkV6



Our motivation for revisiting AC
• Lots of experience with AC in Quantum Monte Carlo

• New data: GF2 / GW data for solids done on the imaginary axis. Data

• Is very precise (8-9 digits)

• Spans large energy scales (mK – many eV)

• MaxEnt loses most of the information, requires artificial errors to be imposed, 
otherwise minimizer gets stuck, generally unreliable. Bands away from FS washed out

• What do other people do? (If they run in Matsubara)

• Take band structure, shift it by Hartree self-energy, neglect dynamical part of self-
energy

• Downfold to a model, run maxent on model subspace

• Use ‘quasiparticle’ formalism on the real axis: further approximations, effects uncertain

• Missing capabilities: Off-diagonal entries of self-energies & GF, real-frequency Dyson 
equation, optics

Emanuel Gull, egull@umich.edu Phys. Rev. Lett. 126, 056402 (2021)
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Green’s functions & Lehmann Representation
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Im G�(z)  0 for z 2 C+

Lehmann representation

G coincides with Matsubara Green’s function on imaginary axis, with 
retarded Green’s function just above real axis. Define
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Nevanlinna and Schur functions
Nevanlinna functions are functions with a positive imaginary part on the 
upper half of the complex plane.
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NG = �G Is a Nevanlinna function

Nevanlinna functions can be mapped onto Schur functions: Schur functions map the open 
unit disk D to the closed unit disk D (‘contractive’ functions). Every Schur function has a 
continued fraction expansion. Given a set of interpolation points, a Schur function can be 
constructed using a recursive algorithm.
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D = {z : |z| < 1};
D = {z : |z|  1}

The invertible Möbius transform h maps the upper half plane to 
the unit disk
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h(z) : z ! z � i

z + i

Combine mapping to contractive functions with Schur’s continued fraction expansion to 
obtain an intrinsically causal expansion for Green’s functions.

Rolf Nevanlinna

Emanuel Gull, egull@umich.edu Phys. Rev. Lett. 126, 056402 (2021)
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The Schur algorithm
Input data 

Issai Schur

Contractive 
interpolant
Start the interpolation by constructing an interplant through Y1. Express 
this contractive interpolant as a function that is zero at Y1, and a 
constant λ1:

We want

Functional form Where 

Such that 

Note that θ1(z) is now an arbitrary contractive function. Express it as a sum of a function that is 
λ2 at Y2 and an arbitrary contractive function. Express that one as the sum of a function that is 
λ3 at Y3 and an arbitrary contractive function, iterate and repeat for all interpolation points.

This will result in an expression for all possible interpolants in terms of a remaining arbitrary 
Schur/Nevanlinna function. We will use this freedom later.

Emanuel Gull, egull@umich.edu Phys. Rev. Lett. 126, 056402 (2021)
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The Pick criterion: existence of interpolants
If 

Georg A. Pick
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g(xi) = yi (xi 2 D, yi 2 D)

Then a Schur interpolant to g can be found iff the  
Pick matrix is positive semi-definite. It has a unique solution  
if furthermore the Pick matrix is singular.
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#

Provides a straightforward check on any input data. Transform 
the data to the unit circle, evaluate Pick matrix, check if it has 
negative eigenvalues. If it does, there WILL NOT be a positive 
spectral function.

Interesting observation: Monte Carlo data never fulfills this criterion. GW data only if very 
well converged and not too many interpolation points. Synthetic benchmark data shows 
very high precision at high frequency needed to make it work. Sign of the very constrained 
nature of Nevanlinna/Schur function space.
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The Hamburger moment problem

Hans Ludwig 
Hamburger

The (truncated) Hamburger moment problem aims to 
construct a measure            on the real axis such that �(!)
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The Hamburger-Nevanlinna theorem establishes a one-to-one correspondence between 
solutions to the moment problem and a subset of Nevanlinna functions.
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The Hamburger moments are routinely 
computed in a high-frequency tail 
analysis of the Green’s functions, where 
they typically supplement Green’s 
functions outside of the interval where 
data is available.

It is possible to combine the moment with the 
interpolation problem to both enforce moments and 
interpolation values. This further constrains the solution.
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Hardy function optimization
A positive definite Pick matrix guarantees an infinite number of solutions. In the Schur 
algorithm the freedom appears as an arbitrary Nevanlinna function that can be added to 
the solution. For any such function, the resulting interpolant will still be a Nevanlinna 
function and interpolate all possible solutions.
The freedom of choosing an additional function can be used to impose additional 
properties of the interpolant, e.g. impose smoothness on the real axis.
We chose Hardy functions – other choices are possible

Real and imaginary 
parts of the 3rd and 
20th Hardy function 
mapped to the upper 
complex plane

Minimize F, optimize smoothness 
while respecting norm
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Results for synthetic systems
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Hardy function contribution
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Effects of temperature, grid points, noise
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Comparison to Maximum Entropy

Band structure is 
visible, individual bands 
can be separated

Fully self-consistent GW of 
Si, no quasiparticle or similar 
approximations, analytic 
continuation of fully 
interacting Green’s function.

Both continuations 
operating on same 
input data!
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Comparison to Maximum Entropy
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Comparison to Real Time propagation
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FIG. 10. GF2 spectral function (blue) from real-time propagation compared to the spectral function obtained by analytical
continuation of the GF2 solution in imaginary time using the Nevanlinna method (orange) [26], for LiH in the cc-pVDZ basis
at � = 200 and equilibrium inter-atomic distance r0 = 1.62 Å, on a linear scale (upper panel) and logarithmic y-axis (lower
panel). The spectral functions are scaled so that a non-degenerate single-particle state has a peak height of unity.

than HF relative to the CCSD-EOM result. However, the
GF2 behavior as a function of r di↵ers between IP and
EA when entering the strongly correlated regime. The
EA deviates from CCSD-EOM while the IP follows the
r dependence of CCSD-EOM with small o↵set.

In the light of the perturbation expansion order, the
observed progression from HF to GF2 shows that, go-
ing from the first order dressed perturbation expansion
of HF to the second order dressed perturbation expan-
sion GF2, improves the excitation spectra in the weakly
correlated regime. However, in the strongly correlated
regime, with larger interaction to kinetic overlap ratios,
also the GF2 second order perturbation expansion does
not su�ce. Hence, GF2 is probably not well suited for
studying phenomena in the r � r0 regime like dynamical
atomic dissociation. However, it is a promising level of
approximation to study phenomena at r ⇠ r0, like non-
linear optical-vibronic dynamics, terahertz response, and
high harmonic generation [80].

Finally we connect to previous diagrammatic perturba-
tion theory works computing IP and EA from the imag-
inary time Green’s function GM (⌧) using the extended
Koopmans theorem (EKT) [61–66]. Within EKT, elec-
tron addition and removal energies are computed from a
generalized eigenvalue problem constructed from GM (⌧)
and @⌧GM (⌧) at ⌧ = 0±, see Appendix C for details. It
has been used to compute IP and EA both from GW [81]
and GF2 [16, 39, 82] imaginary time calculations. How-
ever, how accurate the EKT approach is relative to the
actual IP and EA of the spectral function A(!) has not
been investigated.

The real-time propagation approach presented here di-
rectly gives the spectral function A(!) and alleviates the

need for using EKT to compute the IP and EA. However,
it also makes it possible to investigate the accuracy of
EKT by direct comparison to the exact spectral-function
derived IP and EA. The real-time GF2-RT and the GF2-
EKT results for the IP and EA are shown for H2 and LiH
in Fig. 8 and Fig. 9, respectively. In both cases the EA
from GF2-EKT fails to reproduce the GF2-RT result, in-
stead the EKT calculations give EAs that match the HF
results for r . r0. These results raise serious concerns
regarding the use of EKT for computing EAs in GF2.

C. Intermediate size molecule: Benzoquinone
C6H4O2

To explore the solver in a regime that is not otherwise
accessible, we compute the spectral function of the Ben-
zoquinone molecule (C6H4O2) in a minimalistic STO-3g
basis (44 basis functions), with optimized MP2 geome-
try [83]. A previous density functional study has shown
that the HOMO-LUMO gap of Benzoquinone can not be
described by ab initio density functionals like PBE [84],
while HF overestimates the gap. However, a recent study
[25] have shown that a self consistent approximate formu-
lation of GF2, called the auxiliary second-order Green’s
function perturbation theory (AGF2), is able to describe
the experimental gap.
For the real-time propagation a 16th order real-time

panel expansion was used with panel time step size �t ⇡
7.3 as (0.3Ha�1) and a total propagation time of tmax ⇡

18 fs (750Ha�1). The minimal STO-3g basis prevents
direct comparison with experiments, and we compare to
AGF2 and HF in this basis. The total memory foot-
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Matrix-valued Carathéodory generalization
The Carathéodory class of matrix-valued analytic functions in the unit disk 
(or: upper half plane) is defined as 

Κωνσταντίνος  
Καραθεοδωρή

<latexit sha1_base64="AGzZKbrPfK+rFA8NEv0yQlMo1kQ="></latexit>

C = {M(z) : M(z) +M†(z) � 0 8 |z| < 1}

Note that 
<latexit sha1_base64="NNcd8qtA409r3SG6pwYYsTxjuXQ="></latexit>

M(z) +M†(z) � 0 $ Re{x†M(z)x � 0}

i.e. the real part of M is positive semidefinite.

is Carathéodory:
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Insert x, do the Math:
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Carathéodory in many-body

is Carathéodory / has positive semidefinite real part on upper half plane
<latexit sha1_base64="3LD9dMJNVl2wjzzgg9X2Rl6/ioU=">AAAB/3icbZDLSgMxFIYz9VbrrerSTbAIFbTMiKILFwUXuqxgL9BOSyaTaUNzGZJMoZQufAu3unEnbn0UwYcxnc5Cqz8EPs5/DifnD2JGtXHdTye3tLyyupZfL2xsbm3vFHf3GlomCpM6lkyqVoA0YVSQuqGGkVasCOIBI81geDPzmyOiNJXiwYxj4nPUFzSiGBlb6p5SeNu9LnckJ3103CuW3IqbCv4FL4MSyFTrFb86ocQJJ8JghrRue25s/AlShmJGpoVOokmM8BD1SduiQJzok3BEY52iP0kPmMIja4Ywkso+YWBa/Tk8QVzrMQ9sJ0dmoBe9WfE/r52Y6MqfUBEnhgg8XxQlDBoJZ2nAkCqCDRtbQFhR+22IB0ghbGxmNg5v8fi/0DireBcV9/68VK1mweTBATgEZeCBS1AFd6AG6gADBZ7AM3hxHp1X5815n7fmnGxmH/yS8/ENHs2V7Q==</latexit>

�iG<(!)

iG>(!)

<latexit sha1_base64="0OXh8jQgRqGncVzcPhRL8/W37yY=">AAAB/XicbZDLSgMxFIYzXmu9VV26CRahgpQZKehKCi50WcFeoDOWTJppQ5NMSDKFMhTfwq1u3Ilbn0XwYUyns9DWA4GP/z+Hc/KHklFtXPfLWVldW9/YLGwVt3d29/ZLB4ctHScKkyaOWaw6IdKEUUGahhpGOlIRxENG2uHoZua3x0RpGosHM5Ek4GggaEQxMlby6e3jdcWPORmgs16p7FbdrOAyeDmUQV6NXunb78c44UQYzJDWXc+VJkiRMhQzMi36iSYS4REakK5FgTjR5/0xlTrDIM3On8JTa/ZhFCv7hIGZ+ns4RVzrCQ9tJ0dmqBe9mfif101MdBWkVMjEEIHni6KEQRPDWRawTxXBhk0sIKyoPRviIVIIG5uYjcNb/PwytC6qXq1au6+V6/U8mAI4BiegAjxwCergDjRAE2AgwTN4Aa/Ok/PmvDsf89YVJ585An/K+fwBXQyVkQ==</latexit>

is Carathéodory / has positive semidefinite real part on upper half plane

is Carathéodory / has positive semidefinite real part on upper half plane

Without proof here: if we split the Self-energy into a Hartree term and a 
dynamical term, and the non-interacting Hamiltonian is quadratic, then  

is Carathéodory / has positive semidefinite real part on upper half planei⌃(i!n)
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Define the ‘cumulant’ as M�1(z) = G�1(z) + F

<latexit sha1_base64="5milNyrsXfGvCvUYoqQEyROfXzA=">AAACCHicbZDLSsNAFIYn9VbrLSqu3AwWoaKWRAq6EQqCuhEq2Au0sUwm03boZBJmJoUa+gK+hVvduBO3voXgwzhNI2jrDwMf5z+HM+d3Q0alsqxPIzM3v7C4lF3OrayurW+Ym1s1GUQCkyoOWCAaLpKEUU6qiipGGqEgyHcZqbv9i7FfHxAhacDv1DAkjo+6nHYoRkqX2ubOzX18bI8KDwfnVz90eNk281bRSgRnwU4hD1JV2uZXywtw5BOuMENSNm0rVE6MhKKYkVGuFUkSItxHXdLUyJFP5JE3oKFM0ImTS0ZwX5se7ARCP65gUv09HCNfyqHv6k4fqZ6c9sbF/7xmpDpnTkx5GCnC8WRRJ2JQBXAcC/SoIFixoQaEBdXfhriHBMJKh6fjsKePn4XaSdEuFUu3pXy5nAaTBbtgDxSADU5BGVyDCqgCDGLwBJ7Bi/FovBpvxvukNWOkM9vgj4yPb8wCmFo=</latexit>

(The ‘Green’s function without the Fock matrix’ )

is Carathéodory / has positive semidefinite real part on upper half planeiM(z)
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Carathéodory mapping
The interpolation of Carathéodory functions is a well-known problem. Proceed by Möbius 
transform to unit disc, Schur algorithm, evaluation on the boundary, and Möbius transform 
back. Guaranteed to give intrinsically PSD interpolants with full off-diagonal structure!

Conformal mapping of Matsubara points:

h : C+ ! D, z ! z � i

z + i

<latexit sha1_base64="0VbP/nYoUxRdrqe9EZrwldf6Ma0="></latexit>

 (z) = [I � F (z)][I + F (z)]�1
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Conformal mapping of function values 
 (all quantities are matrices):

…where F is the PSD function to be interpolated, i.e. 
F (z) = i⌃(z)
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F (z) = iG(z)
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Set F (xi) = Yi
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 (zi) = [I � Yi][1 + Yi]
�1
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With Psi a Schur class 
function on the unit disc
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Generalized Pick criterion
Carathéodory interpolants for the original problem exist if and only if the Pick matrix is 
positive semi definite, a unique solution only exists if the Pick matrix is singular.

PC =


Yk + Y ⇤

l

1� z⇤kzl

�

(mn)⇥(mn)
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Each matrix Y has size m, we have n interpolation points, i.e. this is a rather large matrix.

Observation with numerical data: Pick matrix is extremely sensitive to noise in the input 
data.

Note that the Pick matrix elements are linear in the Matsubara values. ‘Pickifying’ is a 
semidefinite program

Emanuel Gull, egull@umich.edu
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The Hubbard Dimer
Slides: https://bit.ly/3ihRkV6
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Dyson commutes with continuation

Band structure of crystalline Silicon (26 orbitals per unit cell), simulation in Gaussian 
orbitals with fully self-consistent GW; matrix valued continuation followed by Dyson 
equation. 

G(i!n)

G(!)

ß(i!n)

ß(!)

M(i!n)

M(!)

Dyson

Dyson

Eq.(32)

Eq.(32)

AC AC ACBC BC BC
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Careful with approximations to Sigma!

‘Diagonal’ approximations to the self-energy have a large effect on the band structure. 
Truncation is often done in LDA+DMFT-type ‘real materials’ calculations.

Truncation of the dynamical part of the self-energy (just the Fock matrix of the fully 
interacting system); or truncation of the self-energy to just diagonal parts.

Phys. Rev. B 104, 165111 (2021)

Slides: https://bit.ly/3ihRkV6

Careful with (self-consistent/non-self-consistent) quasiparticle approximation (diagonal 
truncation & lowest frequency only)
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Revealing ab-initio spin-orbit & correlations
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Ab initio relativistics: Application

• DFT
, PBE-4c (solid lines)AgI, PBE-X2C1eAgI

Phys. Rev. B 99, 205103 (2019).

DFT calculations from two 
different Hamiltonians reach 

excellent agreements!

24

Silver Halides  AgX (X = Cl, Br, I)
, PBE-non-relativisticAgI

Yeh et al, In Preparation

dotted lines: PBE-non-relativistic  

• scGW

Density of states (DOS) of  calculated using scGW.AgI
Spin-orbit splitting (eV) of ,  at , , and  point.AgBr AgI Γ X L

Correlation renormalized spin-orbit splitting

• Spin-orbit coupling emerges ab-initio from the solution of the Dirac, rather than the 
Schrödinger equation. Electrons and Positrons!

• Recent development in quantum chemistry: exact two-component relativistic 
approach. In the x2c1e approximation, the two-body integrals remain non-relativistic

• Neglects relativistic corrections to the two-body integrals

• Diagrammatic structure remains unchanged, interaction vertices remain 
unchanged, bare propagators pick up relativistic contributions. (Identical impurity 
solvers!)

Ab initio relativistics: Application

• DFT
, PBE-4c (solid lines)AgI, PBE-X2C1eAgI

Phys. Rev. B 99, 205103 (2019).

DFT calculations from two 
different Hamiltonians reach 

excellent agreements!

24

Silver Halides  AgX (X = Cl, Br, I)
, PBE-non-relativisticAgI

Yeh et al, In Preparation

dotted lines: PBE-non-relativistic  

• scGW

Density of states (DOS) of  calculated using scGW.AgI
Spin-orbit splitting (eV) of ,  at , , and  point.AgBr AgI Γ X L

Correlation renormalized spin-orbit splitting

Non-relativistic Relativistic x2c1e

Example: self-consistent GW 
simulation of AgI in the x2c1e 
approximation

Parameter free ab-initio spin-
orbit coupling splits bands

C-N Yeh, A. Shee, Q. Sun, E. Gull, D. Zgid, arXiv:2202.02252

No way to see this w/o 
Nevanlinna techniques



A few remarks
• This math is done by non-experts! (i.e. tell us we’re wrong, we won’t be 

offended… …tell us how to do better! We know there’s much more out 
there…)

• Most of the ‘deep’ insights come from 1910-1930; technology has not been 
used in this context at all, most of the theory seems to be forgotten.

• I showed some successes, but there are challenges/questions/problems:

• Can we find a basis for Nevanlinna functions? (…so we can expand in it/
project to it…?)

• Plenty of stability issues (everything done in multi precision arithmetics). 
Is there a way to avoid this?

• Data that is non-causal: would like to find the ‘closest’ Nevanlinna function 
to a given set of input data.

Emanuel Gull, egull@umich.edu Phys. Rev. Lett. 126, 056402 (2021)
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In conclusion

• Analytic Continuation remains difficult. No way to bring information back that 
isn’t in the data. Carful with ‘p-hacking’ analytic continuation

• …but by using the appropriate Math we can obtain much more accurate 
continuations

• Build in causality

• Build in moments

• …New capabilities: continuation of off-diagonal terms that respect the 
analytic structure of the Green’s function

• …New capabilities: continuation of moments and self-energies

• Complex Analysis is very powerful!

Emanuel Gull, egull@umich.edu Phys. Rev. Lett. 126, 056402 (2021)
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Many Thanks to Jiani & Chia-Nan!

Jiani Fei Chia-Nan Yeh
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