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Strong Field QED in a CCF

© L= (iy" 8+ en" Ay —m) Y — [FRIFLY + eyt A,
@ A, = a,p — strong constant crossed field (CCF)

¢ = (kx), k*®=(ak)=0

k* =m{1,0,0,1} — wave 4-vector,

a* ={0,E/m,0,0},

F* = kta” — a"k” — field strength tensor,

1
F;:V = ieuukéF)\s

@ Dirac equation in a CCF: [(vp) + e(yA) — m] ¥p(z) =0,

@ Solution: ¥y, () = Ep(T)up,e, (P —m)up,. = 0— stable e™ states in presence of a CCF

E,(z) = e%»@3, (p) — Ritus E,-functions (matrices), orthogonal, full system;

p! — e~ momentum

@ Next: perturbative expansion over a = e* /4w



Elementary processes in a CCF
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@ LO processes:

Nikishov, Ritus 1964
Dominant at xy < 1 (classical radiation), x 2 1 (quantum recoil and pair creation)
At X >1 Wrad,cr X 06X2/3

@ Loop corrections:

e @

Narozhny 1969 Ritus 1970

At x > 1 also scale as !!!

D e—
Morozov 1981, Di Piazza 2020



The Ritus-Narozhny conjecture

See also talks by A. llderton and A.M. Fedotov

Narozhny (1979, 1980) observed the same scaling up to the 3-loop level.

See full classification in A. Fedotov arXiv:1608.02261; AAM, S. Meuren and A. M. Fedotov PRD 102, 053005 (2020)

The conjecture:
@ Main contribution to M ~%°°P) gt y > 1 — from polarization loop insertions

(n+1)
% ~ ax?/® (exceptn =1 or 2)
_ 2/3|__ ; . . e FE
Q |g=ax effective parameter of perturbative expansion, y ~ e
m Eg

@ g > 1 — new nonperturbative regime, the main contributions should be resummed

M, O R i <A

5 —
aX2/3 QQXIOgX OéSXO/'g anX(Qn 1)/3
Ritus 1970 Ritus 1972 Narozhny 1980 conjecture




Current status of the RN conjecture

[AAM, S. Meuren and A. M. Fedotov PRD 102, 053005 (2020)]

For the electron elastic scattering amplitude:

@ Main contribution to M ~1°°P) at > 1 — from polarization loop insertions

M@+D
M(n)

Qo is the effective PT parameter, at least for the bubble-type corrections

© g > 1 the one-loop bubble-type corrections are resummed

MMMSOMQ%;@@MQ

~ ax?/? (except n = 1) for the bubble-type corrections

ax 2/3 a XlOgX 5/3 o X(Qn 1)/3
Ritus 1970 Ritus 1972 Narozhny 1980 conjecture



Consistent resummation: Dyson-Schwinger equations

Not proven, though some evedence presented in Di Piazza & Lopez-Lopez, PRD (2020)

@ RN conjecture = DS equations become closed!
@ In order to proceed, we need to:
(i) Define structures of the exact propagators
(i) Find a proper gauge where the proper vertex I'* — iey*
(iii) Calculate exact mass and polarization operators
(iv) Plug everything to the DS equations and try solving them



The first step towards Dyson-Schwinger equations

Not proven, though some evedence presented in Di Piazza & Lopez-Lopez, PRD (2020)

@ RN conjecture = DS equations become closed!
@ In this work we:
(i) Define structures of the exact propagators [Ritus 1972]
(i) Find a proper gauge where the proper vertex I'* — iey"
(iii) Calculate mass operator in the bubble-chain approximation and find the
dominant contribution at x > 1
(iv) Plug everything to the DS equations and try solving them



The exact photon propagator

DS equations for the photon propagator
[Pg" — 11" —T1" (1%, x1)] Do = —id}

We consider IT*” of general form

2
M (1) = 102, x0) (g = ulo) + 3 TG, x)el2 (e ()
=1

oxa log x; (at 1-loop)

dominant term at x; >1

mmzmmmwwi>%#@+zD7m W 1),

@y — Fuwl” @y - Fl” _ (kD) 2 _ 22, 2
€p (l) - mSXl ) €u (l)_ mSXl ) Xl = m2 5 =—€ea/m
After renormalization [AAM, S. Meuren, AM Fedotov PRD 2020]
) 114 2
Do(1? Dio(%x1) = e
( 7Xl) l2 ¥ ZO 1»2( 7Xl) (12 ¥ ’LO) (12 — H1,2)

We plug this into the electron mass operator in order to see how D¢ affects its structure



Bubble-chain mass operator

e N

—iX(q,p) = A2(D_4)/dD:c' dPz" Eqo(z")(iey") S5 (2", ") (ien” ) Ep (") Dy, (2, 2)

@ E,-representation

@ Dimensional regularization

@ z-representation appears to be more convenient for our calculations
@ S5(z",z") — LO electron propagator

‘ aDos AD o g 2
SE(a” ') =) 2 ) / > exp {fim2s —iZ 422 (Fm)2}
0

(4m)D/2 |, D/ 4s "2
X |m+ % — gez('szx) + %mse(aF) + %e(’yF*x)wﬂ ,

where x = 2"/ — 2/, X = (2’ + 2")/2, ® = (kX), s — proper time

(vyp) +m

E,-representation: S§(p) = AP~* [dPzE,(z")S5(2", 2" ) Ep(2) = z’m



Exact photon propagator in the proper time representation

Fourier-transformto z = 2"/ — z’

DS (x) = (/;W) /leDC (e

By carrying out I”~2-integrals and passing to I? and proper time t = ¢ /2(kl), we arrive at

c _;xD-4 A4 b > dt 132
Dy, (z)=e"272 W/o D2 eXp( 4t){j0(t Xt)Guv

%62 [(FCL‘)I—L(F‘r)V - Qlt(Fz)uu]
Jo(t, x1) Xz) P
e (P @), (P a), —2it(F >W]}

§p
h — =
where ¢ = (kz), xi R

Tn(t,x1) = —i/ di? Dn(l2,xz)e_“2t, n=0,1,2

@ J.(t,x1) smear causal 6(t)-functions: 7, (t < 0,x;) =0
@ Jx(t, x:) contain all information about the pole structure of Dy,



Calculation of (g, p)

The calculation is lengthy but doable, see details in https://arxiv.org/abs/2109.00634

We rely on computer algebra (FeynCalc), scripts are open-access (stay tuned for updates)
https://github.com/ArsenyMironov/SFQED-Loops

Main properties
@ Diagonality in E,-repr: ©(q,p) = AP~4(27)P6P) (¢ — p)S(p, F)

] oo . 2 ~
X x am/ SZ% / tgi? e wherel' = 3 [Jn(u xu)n + (Jn);an] — ~-matrix factor
0 0 n=0
. . . 14w _ _ s(u,0)
o PaSSlng to variables (U, 0'). s = WO’, t= t(u, O') = ”

o u 2/3 1 p2
@ Phase factor: © = —5 - zo, Where z = <§> [1 - = (— - 1)}



https://arxiv.org/abs/2109.00634
https://github.com/ArsenyMironov/SFQED-Loops

Structure of ¥

The final result is spanned by 5 y-matrix structures

& e’ (vF°p)

S F) = Y- [mS. 0 + (o0t 0 + VO 0t
n=0
e(cF e(vEF*p)y°
+ (U )Tn(pzaX)“’%An(p{X)
my m2y

@ All the structures but (yp) are O(m)
@ The factors S, (p?, x) etc are scalars. They define the asymptotic properties at x > 1
@ n = 0: coincides with the one-loop mass operator [Ritus 1970]

@ n = 1, 2: nontrivial bubble-chain contribution



Structure of ¥

The final result is spanned by 5 ~v-matrix structures
2
F
S F) =3 [msn<p2, %) + (VO %, ) + #v@ (¥ %)
n=0

+e(aF)
mx

e F* 5
Tu(p®, x) + MAn(ﬁ x)}
m2x

2

The scalar functions (just to get an impression...), J; = J; (t(u, o), x1), x1 = ux/(1 + u)

ia [ duu do _Zi_w,
512(17 X) = 87T2/ 1+u / —J12e 3
0

*  du * do e
V(l) 2 _ 7&/ 7/ ao 1% —izo
1,2 ®,x) 82 1+ u)? - Ji2e s
; < du > u? 4+ 2u + 2 X\ 2/3
V@ (p? —_@ / / do{2| ———+1 (—)
1,2 (r°,x) 672 ), (I+u)2 )/, o 1+u w oJ1,2
2 wrrud2p? wWH2u+2 - 1) _ied i
+{(1+*—7P \712-5-72\71,2 —re 3
u m?2 u o
©  Ju o] 1 X 1/3 o3
T 2 _ (¢4 d +1 (7) 15 izo
1,2(P75 X) 167r2/0 1+u/0 0<71+u ) " Ji,2e )

2 —7i wdiu - L X 1/3 7'L‘£7'Lzo'
Ai12(p%, x) = 87r2/0 (1+u)2/0 d0(1+u:t1) (u) Ji0e "8 .




Bubble-chain electron propagator
DS equation for an electron in E,-repr:
—iD(p, F)S(p, F) = —i[(yp) —m — E(p, F)] $°(p, ') = 1

Solution in a general form [Ritus 1972]:

S°(p, F) =i |mS — (yp)v —

2 2 * 5 5
e EP) ) _ e(aF)T+ e E" PV 4 Z L+ (yn)y 7
miy? mx m2y 2Dy

+
Dy =m28% — p2vD2 L2 (A2 - 2V“>V(2>) + 2m2 (SA - 2TV(1>)

where n,, = e(F*p),./m3x, and D+ = D4 (p?, x) factorize det D(p, F) = D1 D_, and

2 2 2 2 2
S=-1-Y 8, VW =1->"yP v =Ny 7=-3"T, A=->"A4,.
n=0 n=0 n=0 n=0 n=0

Has infinite number of physical poles D+ (p?,x) =0

The same structures as in ©! Asymptotic properties are defined by S, (p?, x) etc



Bubble-chain scattering amplitude

Ti(p) = —M()/(20°),  M(X) = UpaE (P, F)|p2—m2tp,x
Applying the rules

ﬂp(’Yp)Up =2m, Up e (’YFQP) Up = 2m6X;277 Up e(aF) Up = 45H€F;upy»

we obtain

Su(m?,x) + VD (m?, x) + V2 (m?, )|

<
<5
I
(]
N
3!0

" 2e(sF*p) [

X 2Tn(mQ7 X) + An(mQ7 X)] } .

M = MO 4 §M; + 5 M as in [AAM, S. Meuren, AM Fedotov PRD 2020]

Again, the asymptotic properties are defined by S, (p*> = m?, x) etc



Estimates at y > 1

2(yF2p) e(oF) e(YF*p)y® 1+ (yn)y®
S F) = i |mS — (rpyv® — EOF Py VF*p)y n)y
(p,F)=i|m (p) mAy2 mx T+ m2x A zi: 2D,

Consider n = 1, 2. Let us find the leading contribution at x > 1

@ T, A12 X Xl/:‘, Vl(’ZQ) o x2/3 —|T, AK 1748

o Sizn~ VY

ay  olli2(0,x) i3 /34ior/m2x2/3
‘/172 72/3 d ic° /3+iov/m“x 7 V_p _m

o Atv <« m2x?/3: V(l) ~ oIl 2(0,x)/m**? <« a < VA
o Aty > m* ¥ V) ~allin(0,x) /v, ()Y ~ alli2(0, x)

but one term in Vl( ): V( ) ~ 25 xM1,2(0,1) =

@ V® dominates in the bubble-chain approximation

e(F?p) -2 e*(YF?p)
c (2) ~ 2v7(2)
Z(qu)O( m4X2 |4 ) S (p7F)O( m4 QDj:V M(X) ~2m”V

coincides with [AAM, SM, AMF PRD 2020]



Back to the Ritus-Narozhny conjecture

Suppose we insert 1-loop correction into a vertex connecting two bubble-chain S¢ and x > 1

N

@ Leading contribution = LO term in T'* x LO term in S¢

If this is true, vertex insertion will enhance the total amplitude by g = ax?/?
@ I'*: dominant O(g) contribution is o< (vk)k" [Morozov 1981, Di Piazza PRD 2020]
S¢: dominant contribution is oc (vF2p)V® = —a?(vk)(kp)V
HOWEVER: (vk)k* x (—a?)(vk)(kp)V® « (vk)2 =0

@ Therefore, the LO nonvanishing contribution should be enhanced by a factor weaker than ay

2/3)

This supposition is in favour of the RN conjecture and the bubble-chain approximation (yet to be
confirmed by a full-length calculation)



Summary and outlook

MMV +

_ L

@ To resum radiative corrections in the nonperturbative regime g 2 1 consistently, we need to:
(i) + Define structures of the exact propagators

(i) ? Find a proper gauge where the proper vertex I'* — iey"

(iii) -+ Calculate exact mass and polarization operators

(iv) ? Plug everything to the DS equations and try solving them

@ Next step: plug the bubble-chain electron propagator into > and 11"

@ Technically, the calculations will be the same as presented here (for ¥). The structures will
remain, scalar coefficients will change

@ Scalar coefficients in S and D° will be connected = bubble-chain DS equations

Manuscript with details: https://arxiv.org/abs/2109.00634
Open-access scripts: https://github.com/ArsenyMironov/SFQED-Loops


https://arxiv.org/abs/2109.00634
https://github.com/ArsenyMironov/SFQED-Loops

THANK YOU FOR YOUR ATTENTION!



Volkov solution, (p + eA —m) ¢, =0

@ CCF: A" =atp, o=kz, k*=ka=0

@ Solution: ’ Up.o(2) = Ep(2)tp,o ‘, (P —m)up,oe =0

E,(z) = **¥, - Ritus E,-function

e
Y, =1+—fA —spin factor (matrix 4x4
Sp(x) = —px + clap) » + e’ s — classical action
P TP k)Y T 6(kp) 7

@ Properties of E,-functions:

/ 42 Fy () Ey(z) = (27)16D (p — q),

d* =
| G Be@Bute) = 8w =), By = "Bl

,]f;sEp: ppa #Zﬁ—eA



Approximation for 7-functions

Jn(t,xz):—i/ di? D (1%, x)e ™, n=0,1,2

—o0

2 ) jn y . e l2 —i12
Jl,Z(taXl) = [ ]t = —7,/ dl2 ﬁDl,Q(ZQ,Xl)E "t

m? .
Approximation:
Ji2(t,x1) ~ —2mi0 (Ret — test) [e_ml’z(o”“)t — 1] ,

- 11, 2 (0 i
Jr2(t,xi) ~ —2mi0 (Ret — teog) ME iTl1,2(0,x7)

m2
Valid at (ux = 1)

2.0

— =100 — - =107
—_——— =100 — - xi=10

x10~2




Analytic properties of IT1* (I2, ;) in I?

1 .
Plot: ————in [2-plane
12 =TI (12, xa))| P

@ II, » are whole transcendent
functions of 1

@ Main pole: 12 = —i0

@ Can be shown with an alternative
approach by resummation of PT
series, see [AAM, S. Meuren and
A. M. Fedotov PRD 102, 053005
(2020)]
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Bubble-chain electron propagator in proper time representation

(", a') = AT D/ élw)pDEp( 2")S° (p, F) Ey(a')

4—D oo 2
co 11N _ _i(ax)® —izD—4 A ds Z S
Sz, x") =e e 'z 2 a7 SD/2 &P 14—+zﬁe

“(ro))

(v2) \ ) e (vF’z) | (2) e(oF)
x |mS(s, ) + ?V V(s p) + WV (s, ) + WT(SNP)
+MA(&¢) n WA/(S,@)}

Ep
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