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1. INTRODUCTION
The standard approach for calculating the S-matrix in quantum field
theory was developed approximately seventy years ago. It is based
on path integrals over field configurations, and can be formulated as
a diagrammatic perturbative method. Despite its success, the computa-
tional effort required to describe several processes under this approach
is non-negligible. Alternative to it, there is the Worldline formalism
based on first-quantized relativistic particle path integrals, and which
brings several advantages over the standard approach. However, a
long-standing problem has been to extend this formalism to amplitudes
involving open fermion lines. It was recently that we develop a suitable
formalism for the case of quantum electrodynamics in vacuum based on
second-order fermions and the symbol map [1, 2].

3. N -PHOTON AMPLITUDES
N -photon scattering amplitudes are generated by expanding A(x) as a
sum of planes waves with fixed polarization,

Aµ(x) =
N∑
i=1

εµi e
iki·x.

Substituting the plane wave expansion into the worldline version of
the fermion propagator, taking only the O(N) multi-linear expression
in polarisation vectors, and going to momentum space, we obtain the
following version of the N -photon untruncated propagator,

Sp
′p
N = (/p

′ +m)KN − e
N∑
i=1

/εiK
p′+ki,p
N−1 ,

where a global momentum conservation factor (2π)DδD(p + p′ +∑N
i=1 ki) has been omitted, and

Kp′p
N = (−ie)Nsymb−1

∫ ∞
0

dTe−m
2T

∫ T

0

dτ1· · ·
∫
θN eExp

∣∣
ε1...εN

,

being

Exp = −p′2T −
N∑
i=1

√
2η · (εi + iθiki) +

1

2

N∑
i,j=1

θiθjσijki · kj

+
N∑
i=1

(iθiεi − τiki) · (p′ − p−
N∑
j=1

σijkj)− i
N∑

i,j=1

σijεi · kjθj

−1

2

N∑
i,j=1

(σij + 2θiθjδij)εi · εj .

(σij = sign(τi − τj), δij = δ(τi − τj)).

5. ON-SHELL MATRIX ELEMENT

The on-shell matrix elementMp′p
Ns′s corresponding to the dressed elec-

tron propagator with fixed spins s, s′, in the worldline formalism, reads
as

Mp′p
Ns′s =

(−ie)N

2m
us′(−p′)Kp

′p
N us(p).

Also, in the on-shell case, we obtain the identities

AN (m2 − p · p′) = 2pµBNµνp
′ν ,

CN (m2 + p · p′) = 2pµB̃Nµνp
′ν , B̃Nµν =

1

2
εµναβBNαβ ,

from which the following spin-averaged cross sections is obtained,

〈|Mp′p
N |

2〉 = e2N
[
|AN |2 + 2BαβN B?Nαβ − |CN |2

]
.

6. SECOND ORDER FERMIONS

The Kernel Kp′p
N , and therefore the matrix element Mp′p

Ns′s, can equiv-
alently be obtained with the aid of the less familiar second order rules
shown below [3].

7. CONCLUSIONS
We have provided a new approach to the worldline path integral
representation of the open Dirac-fermion line dressed with N photons.
This approach presents several computational advantages compared
to the standard first order formalism. One of these advantages is
a compact representation for the spin-averaged cross section. We
have also obtained general formulas for fully polarised amplitudes
at tree level from the worldline version of the matrix elementMp′p

Ns′s [2].
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2. DRESSED FERMION PROPAGATOR
The fermion propagator in the presence of an Abelian background field
A, can be written as,

Sx
′x[A] = 〈x′|

[
m− i /D

]−1 |x〉
=

(
i /D +m

)
Kx′x[A],

where the Kernel function Kx′x[A] is defined as

Kx′x[A] = 〈x′|
[
−D2 +m2 +

ie

2
γµγνFµν

]−1
|x〉.

The worldline formalism uses the Schwinger proper time trick to ex-
ponentiate the inverse of the operator −D2 + m2 + ie

2 γ
µγνFµν . The

resulting expression is a path integral representation of the Kernel

Kx′x[A] =

∫ ∞
0

dTe−m
2T

∫ x(T )=x′

x(0)=x

DxPe−
∫ T
0 dτ( 1

4
ẋ2+iex·A+ i

2
eγµγνFµν),

where P represents the path-ordering operator. It can be shown that

Pe−
∫ T
0 dτ i

2
eγµγνFµν = 2−

D
2 symb−1

∫
A

Dψ e−
∫ T
0

1
2
ψµψ̇

µdτ

×e
∫ T
0 ieFµν(ψ+η)µ(ψ+η)νdτ .

Here the symbol map, symb, is defined by

symb(γα1α2...αn) ≡ (−i
√
2)nηα1ηα2 . . . ηαn ,

where γα1α2...αn denotes the totally antisymmetrised product of gamma
matrices.

4. KERNEL DECOMPOSITION IN D = 4

For D = 4 the the kernel Kp′p
N can be written as

Kp′p
N = (−ie)N

Kp
′p
N

(p′2 +m2)(p2 +m2)
,

Kp
′p
N = AN +BNµνσ

µν − iCNγ5, σµν =
1

2
[γµ, γν ],

AN = Ascalar
N +A

spin
N .


