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Formal derivation

• Electron 1-loop self-energy as example:

δm2
±(χe) =

αm2

π

∫ ∞
0

du

(1 + u)3

[
5 + 7u+ 5u2

3z
f ′(z)± χezf(z)

]
,

f(z) = π (Gi (z) + iAi (z)) , u =
χγ

χe − χγ
, z =

(
u

χe

)2/3

Ritus, JETP (1970); Ann. Phys. (1972)

• χe → 0: ueff = O(χe)� 1, zeff ' 1 =⇒ δm2
±(χe) = O(χe)→ 0;

• χe � 1: ueff ' 1, zeff = O
(
χ
−2/3
e

)
� 1. Therefore:

f(z) 7→ f(0); f ′(z) 7→ f ′(0); χez = O
(
χ1/3
e

)
� z−1;

δm2
±(χe � 1) ≈ αχ

2/3
e m2

3π
f ′(0)

∫ ∞
0

du

(1 + u)3

5 + 7u+ 5u2

u2/3

≈ 0.843
(

1− i
√

3
)
αχ2/3

e m2 = O
(
αχ2/3

e

)
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Heuristic explanation

{ε,p} {ε,p}

{ε′,p′}

{ω = k′,k′}

E

E

E
E

E

• Ultrarelativistic particle (χ ' eEp‖/m3 & 1):

E(t) =
√
p2
‖ + e2E2t2 +m2 ≈ p‖ +

e2E2t2

2p‖

• Momentum conservation and energy mismatch:

∆E(t) = E′(t)+k′−E(t) ' e3E3t2

m3

χγ
χχ′

, p‖ = p′‖+k
′, χ′ = χ−χγ

• Uncertainty principle ∆E · t ' 1:

=⇒ tloop '
m

eE

(
χχ′

χγ

)1/3

≡ γ

m

(
χ′

χ2χγ

)1/3

'
χγ∼χ

γ

m
χ−2/3

• Mass shift estimation:

δm2

p‖
' e2

tloop
=⇒ δm2(χ) ' e2p‖

tloop
' αχ2/3m2
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Higher-order corrections studied by Ritus group in 1969-1980

Polarization corrections Mass corrections

Diagram Asympotics (χ � 1) Reference Diagram Asympotics (χ � 1) Reference

1 loop O(α)�� ��αχ2/3 Narozhny (1969)
�� ��αχ2/3 Ritus (1970)

2 loops O(α2)

�� ��α2χ2/3 logχ Morozov&Narozhny (1977)
�� ��α2χ logχ Ritus (1972)

α2χ2/3 logχ Morozov&Ritus (1975)

3 loops O(α3)

α3χ2/3 logχ Narozhny (1979) α3χ2/3 log2 χ Narozhny (1979)

α3χ2/3 logχ Narozhny (1979) α3χ4/3 Narozhny (1979)

�� ��α3χ log2 χ Narozhny (1980)
�� ��α3χ5/3 Narozhny (1980)

α3χ log2 χ Narozhny (1980)

Evidence for bubble-chains dominance! For αχ2/3 & 1 resummation needed!
4



The Ritus-Narozhny conjecture

• For a0 & χ1/3 & 1

• QED is nonperturbative w.r.t. external field

• LCFA: arbitrary field 7→ CCF (exceptions: emission of soft γ’s,

motion at small angle with ~S,. . . )

• SFQED = QED resummed over interactions with external field

= + + + . . .

Ritus-Narozhny conjecture:

For αχ2/3 & 1 SFQED becomes

nonperturbative w.r.t. radiative

corrections & further resummation

needed 0 1 α−3/20

1

α−1/2

χ

a0

LCFA NpQED
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Recent proposals for attaining αχ2/3 ∼ 1

• Beam-beam collisions at a

200GeV lepton collider

Yakimenko et al, PRL (2019)

• Collision with secondary attosec-

ond pulses generated from ∼
1023W/cm2 short laser pulses

Baumann et al, Sci. Rep. (2019)

See also:

Blackburn et al., NJP (2019); Baumann & Pukhov, PPCF (2019); Di Piazza et al., PRL (2020)
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Path to resummation: Schwinger-Dyson equations

• Exact (fully dressed) photon propagator:

= + (?)

• Exact (fully dressed) electron propagator:

= + (??)

• Non-closed without an input on a dressed vertex!

• Exact (fully dressed) dressed vertex:

= + + + + . . .
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Bottleneck: vertex corrections

• Dressed vertex at 1-loop: = O
(
αχ2/3

)
Morozov, et al., JETP (1981); Di Piazza & Lopez-Lopez, PRD 102, 076018 (2020)

• But + + = O
(
αχ1/3

)
Di Piazza & Lopez-Lopez, PRD (2020); cf. Gusynin, et al., PRL (1999)

Implies that in a certain gauge vertices remain subdominant?

• If so then the fully dressed vertex can be replaced with the bare one:

= +
((((((((((((((((((((((hhhhhhhhhhhhhhhhhhhhhh

+ + + . . .

making the system of (?) and (??) closed – so that it could be solved

iteratively or even selfconsistently. . .
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Bubble-chain photon propagator

• Resummed bubble-chain photon propagator in a CCF:

≈ + + + . . .

Narozhny, JETP (1969)

D(bc)
µν (l) =

−i
l2 + i0

(
gµν −

2∑
λ=1

Πλ

l2 −Πλ
ε(λ)
µ (l)ε(λ)

ν (l)

)

ε(1)
µ (l) ∝ Fµν lν , ε(2)

µ (l) ∝ F ?µν lν ,

Πλ

(
l2 � m2χ

2/3
l , χl & 1

)
' αχ2/3

l m2

(running coupling neglected).

• Perturbative expansion:

Πλ

l2 −Πλ
=

∞∑
n=1

gn(l2, χl), g(l2, χl) '
Π(l2, χl)

l2 + i0

• Expansion parameter g
(
l2 � m2χ

2/3
l , χl & 1

)
� α
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Bubble-chain contribution to electron MO

• Resummed bubble-type corrections to electron self-energy:

+ + + + . . .

A.A. Mironov, S. Meuren & AMF, PRD 102, 053005 (2020)

• Main result:

M (bc)(χ)−M (0)(χ)︸ ︷︷ ︸
no bubbles

' M (II)(χ) + M (III)(χ)︸ ︷︷ ︸
resummed higher-order corrections

,

M (0)(χ� 1) ' (0.843− 1.46i)αχ2/3m2,

M (II)
(
χ� α−3/2

)
' (−0.995 + 1.72i)α3/2χ2/3m2,

M (III)
(
χ� α−3/2

)
' (−0.103− 1.18i)α2χm2,

M (II)

M (0)
= O

(√
α
)
' 10%,

M (III)

M (II)
= O

(√
αχ2/3

)
,

M (III)

M (0)
= O

(
αχ1/3

)
.

• MEANING & IMPLICATIONS?
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Emergent expansion parameter (perturbative treatment)

• Off-shell photon: l0 =
√
l2‖ + l2 ' l‖ + l2/2l‖

• Energy mismatch in the loop: ∆E= E′ + l0 − E 7→ ∆E+ l2/2l‖
• Effective values of virtuality: l2/l‖ ' ∆E' t−1

loop

=⇒ l2 ' l‖
tloop

' l‖

m
eE

(
χχ′

χγ

)1/3
' m2χ

4/3
γ

(χχ′)1/3

• Emergent all-order expansion parameter:

g(χ) ' Π(l2, χγ)

l2
' Π(0, χγ)

m2χ
4/3
γ

(χχ′)
1/3

max
χγ

Π(0, χγ)

m2χ
4/3
γ

' α
for χγ∼1�χ

�� ��' αχ2/3

100 101 102 103 104

κ

10−4

10−2

100

|R
e
µ

2 i(
κ

)|/
m

2

|Reµ2
‖|/m2

0.18ακ2/3

|Reµ2
⊥|/m2

0.26ακ2/3
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−2

0

2

R
e
µ

2 i
/m

2

×10−3

• Resulting scales in bubble-chain diagrams: χγ ' 1� χ ,

Π(χγ ' 1) ' αm2, l2 ' m2χ−2/3 � m2 =⇒ g ' Π/l2 ' αχ2/3
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Nonperturbative resummation:

• Resummed higher-order corrections:

δM (≥1bubble)(χ) '
∫
dχγdσdl

2e−i(σ
3/3+l2τ(σ,χγ)) . . .

Π(l2, χγ)

l2 −Π(l2, χγ)
. . . ,

where τ(σ, χγ) = σ
m2 (χχ′)1/3/χ

4/3
γ – dressed photon proper time.

• Nonperturbatively, for τ � m−2χ−2/3 the integral over l2 effectively

sits onto the pole:∫
dl2

Π(l2, χγ)e−il
2τ

l2 −Π(l2, χγ)

≈ −2πiΠ(0, χγ) e−iΠ(0,χγ)τ

l2 ' m2χ
4/3
γ

(χχ′)1/3
,

Π(0, χγ � 1) ' αχ2/3
γ m2,

l2 ≈ Π(0, χγ) =⇒ χγ ' (αχ2/3)3/2
100 101 102 103

τm2χ
2/3
l

0.4

0.6

0.8

1.0

2.0

|J
(1

)
1

(τ
,χ

l)
|/χ

2/
3

l

×10−2

χl = 104

χl = 103

χl = 102

χl = 10

−1 0 1 2 3 4

0

1

2
×10−2

• Modified effective loop scale: tloop ' (γ/m)(χ′/χ2χγ)1/3 ' γ/mχ2/3
√
α.

Hence δM ∝ t−1
loop '

√
αM (0) (cf M (II), similar for M (III)). 12



Relation to radiation processes

• Optical theorem:

Re→all = −
∑
cuts

1

p0
Im M

• Initial (naive) guess:

M (II) ' (−0.995 + 1.72i)α3/2χ2/3m2 ←→

M (III) ' (−0.103− 1.18i)α2χm2 ←→

• However, only stable states should be included as the final states!

M. Veltman, Physica (1963)

Im
1

p2 − Σ′ + iΣ′′
7→

Σ′′→0
−πδ

(
p2 − Σ′

)
E. Sozinov, LPHYS’21

• Since a bubble-dressed photon with χγ ' (αχ2/3)3/2 & 1 is highly

unstable, photon emission is excluded
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Spectral signature (under development)

• Modification of the radiation spectrum (χ = 107)

10−2

10−1

100

101

102
−
χ
γ
d

Im
(M

)/
d
χ
γ

[a
.u

.]

e→ eγ
almost stable photon

e→ ee+e−
higly unstable photon???

M1+2(Re&Im Π)

M1+2(Re Π)

M1(Re&Im Π)

M1(Re Π)
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M2(Re Π)
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Π
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γ
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Im Π1
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To be published 14



Radiation (τγ ∼ τe) vs formation (τf) times

• Morever, e.g.

τγ
τf
'
(
Rγ→e+e−

∆E

)−1

'
( |Im Π|/2l0

l2/2l0

)−1

' l2

Π
' 1

g
. 1 for g & 1

probably implies that a relevant observable process should be coherent

production of multiple ‘soft’ (χf ' 1� χ) pairs:

formation region

α3χ2/3 log2 χ

α3χ4/3�� ��α3χ5/3

α3χ log2 χ

• First step: general γ-matrix/tensor structure of a MO in a CCF

Mironov & AMF, arXiv:2109.00634 15



Questions?
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