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Extreme Field Limits: Nonlinear QED Vacuum

Towards studying of nonlinear QED effects with high power lasers. 

Radiation dominated & QED regimes 

in the high intensity electromagnetic wave interaction 

with charged particles & vacuum.

 

Schwinger (Sauter, Bohr,…) field

QED parameters:
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• Basic sources of modifications of high intensity e.m. waves behavior

• Main effects:

• Phase shift (speed down)

• Birefringence

• High order harmonic generation

• Nonlinear EM waves in the QED vacuum

• Solitons

• Nonlinear EM waves in a dispersive vacuum

• Synergic Cherenkov radiation-Compton scattering

• Reaching high laser intensity by a radiating electron

• Connections with experiments



In the QED, photon-photon scattering occurs via interaction with the sea of virtual electron-positron pairs:

Dependence of the photon-photon scattering cross section on the photon frequency (assume that                         )

Photon–Photon Scattering

R. Karplus and M. Neuman, Phys. Rev. 83, 776 (1951)
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Experiment:

ATLAS Collaboration, Nature Physics 13, 852 (2017)
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Heisenberg-Euler Lagrangian

In the long wavelength and low frequency approximation (|𝜕𝜇𝐴𝜈|/|𝐴𝜇| << ƛ𝐶
−1)

the Lagrangian describing the electromagnetic field in vacuum is
ℒ = ℒ0 + ℒ′

where ℒ0 = −
1

16𝜋
𝐹𝜇𝜈𝐹𝜇𝜈 with 𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 gives the Maxwell equations.

The Heisenberg−Euler term

ℛe ℒ′ = −
𝑚𝑒

4

8𝜋2
p.v.න

0

∞
exp( − 𝜂)

𝜂3
1 −

𝜂2

3
𝔞2 − 𝔟2 − 𝜂𝔞 cot 𝜂𝔞 𝜂𝔟 coth 𝜂𝔟 𝑑𝜂

ℐm{ℒ} =
𝑚𝑒

4

4𝜋3
𝔞2 exp −

𝜋

𝔞
The invariant fields 𝔞 and 𝔟 can be expressed in terms the Poincare invariants 𝔉 = 𝐹𝜇𝜈𝐹𝜇𝜈 and 𝔊 = 𝐹𝜇𝜈 ෨𝐹𝜇𝜈
(dual tensor equals ෨𝐹𝜇𝜈 = 𝜀𝜇𝜈𝜌𝜎𝐹𝜌𝜎) as

𝔞 = 𝔉2 +𝔊2 + 𝔉 and 𝔟 = 𝔉2 + 𝔊2 − 𝔉

Here we use the units 𝑐 = ℏ = 1, and the e.m. field is normalized on the QED critical field 𝐸𝑆.
Heisenberg W and Euler H Z, Folgerungen aus der 

Diracschen Theorie des Positrons Z. Phys. 98 714 (1936)

Weisskopf V Uber die Elektrodynamik des Vakuums auf Grund

der Quantentheorie des Elektrons Kongelige Danske 

Videnskabernes Selskab, Mathematisk Pysiske Meddelelser

24 3 (1936)

Sakharov A D Spectral density of eigenvalues of the wave 

equation and vacuum polarization Sov.Phys.Usp. 34 395 

(1991)



Radiation Corrections

At the focus of 10 PW laser the field intensity can reach 1024W/cm2, i.e. 𝑎0 = 103

Vacuum polarization changes the refraction index: radiation correction to the "photon mass" results
in the dispersion equation for the e.m. wave frequency and wave vector

𝜔2 − 𝑘2𝑐2 − 𝜇||,⊥
2 𝑐4

ℏ2
= 0

where

𝜇||,⊥
2 = −𝛼𝑚𝑒

2

11 ± 3

90𝜋
𝜒𝛾
2 + 𝑖

3

2

3 ± 1

16
𝜒𝛾 exp −

8

3𝜒𝛾
for 𝜒𝛾 ≪ 1

5 ± 1

28𝜋2
3Γ4

2

3
(1 − 𝑖 3) 3 𝜒𝛾

2/3
for 𝜒𝛾 ≫ 1

with 𝛼 = 𝑒2/ℏ𝑐 ≈ 1/137. When 𝛼𝜒𝛾
2/3

→ 1 the "photon mass" tends to 𝑚𝑒 .

In the limit 𝜒𝛾<<1 the difference between the vacuum refraction index and unity is

Δ𝑛∥,⊥ = 𝛼
11 ± 3

45𝜋

𝐸

𝐸𝑆

2

i. e. the normalized phase velocity of the e.m. wave equals 𝛽||,⊥ = 1 − 𝜀||,⊥ 𝐸/𝐸𝑆
2 with 𝜀||,⊥ = 𝛼(11 ± 3)/45𝜋 ≈ 10−4.

N. B. Narozhny, Sov. Phys. JETP 28, 371 (1969); V. I. Ritus, Sov. Phys. JETP, 30, 1181 (1970)



Heuristic View of Perturbative Lagrangian

𝑐 = ℏ = 𝑚𝑒 = 1 𝐹𝜇𝜈 →
𝐹𝜇𝜈

𝐸𝑠

𝛼ℒ = 𝐹2 + α𝐹4 + 𝛼𝐹6 + ⋯

+ 𝛼𝑘2𝐹2 + 𝛼𝑘2𝐹4 + 𝛼𝑘2𝐹6 + ⋯

+ 𝛼2𝐹4 + 𝛼2𝐹6 + ⋯

(HE Lagrangian)

(finite  corrections)

+ ⋯

(two-loop corrections)

Symbolic form of the expansion ( 𝐹𝜇𝜈 ≪ 1;      𝜒𝛾 ≪ 1;    𝛼 ≪ 1): 

H. Gies and F. Karbstein, J. High Energ. Phys. 2017, 108 (2017).
V. I. Ritus, Sov. Phys.-JETP 42, 774 (1975)

T. D. Lee and G. C. Wick, Phys. Rev. D 2, 1033 (1970)
N. B. Narozhny, Sov. Phys. JETP 28, 371 (1969).
V. I. Ritus, Sov. Phys. JETP 30, 1181 (1970).
S. G. Mamaev, V. M. Mostapenko and M. I. Eides, Sov. J. Nucl. Phys. 33, 569 (1981)



Vacuum birefringence 

laser
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Vacuum polarization 
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Probing the QED Vacuum

Counter-propagating 

laser and XFEL pulses  

Laser pulse envelope  

Lin. Polarized

laser pulse 

Lin. Polarized

XFEL pulse 

Ell. Polarized

XFEL pulse 
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High Order Harmonic Generation

H-E Lagrangian in the Dirac Light Cone coordinates
Rosanov N N 1993 Four-wave interactions of intense radiation

in a vacuum JETP 76 991
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second-harmonic generation in magnetized vacuum 
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Paredes A, Novoa D and Tommasini D 2014 Self-induced

mode mixing of ultraintense lasers in vacuum 

Phys. Rev. A 90 063803

Fedotov A M and Narozhny N B 2007 Generation of harmonics

by a focused laser beam in the vacuum Phys. Lett. A 362 1

Bohl P, King B and Ruhl H 2015 Vacuum high-harmonic

generation in the shock regime Phys. Rev. A 92 032115

Sasorov P V, Esirkepov T, Pegoraro F, Bulanov S V 2021, 

Generation of High Order Harmonics  

in Heisenberg-Euler Electrod

NJP submitted
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High Order Harmonics and Mixing in QED Vacuum

We use Dirac′s light-cone coordinates

𝑥+ =
𝑥 + 𝑡

2
, 𝑥− =

𝑥 − 𝑡

2
, 𝑢 = −

𝐸𝑧 − 𝐵𝑦

2
, 𝑤 = −

𝐸𝑧 + 𝐵𝑦

2
, 𝜕± =

𝜕

𝜕𝑥±

Lagrangian variation yields system of nonlinear equations for EM wave

𝜕+
𝜕ℒ

𝜕𝑢
+ 𝜕−

𝜕ℒ

𝜕𝑤
= 0 and        𝜕+𝑤 − 𝜕−𝑢 = 0

ℒ = 𝑢𝑤 + 𝛼𝑄 𝑢𝑤 ,         where 𝑄 𝜁 = σ𝑚>1𝑏𝑚 𝜁𝑚

Perturbation theory yields 

𝑢𝑜𝑢𝑡 = 𝑢𝑖𝑛 −
𝛼

2
න

−∞

+∞

𝑤𝑖𝑛 2
𝑄′′ 𝑢𝑖𝑛𝑤𝑖𝑛 𝑑𝑥+ 𝜕−𝑢

𝑖𝑛 𝑤𝑜𝑢𝑡 = 𝑤𝑖𝑛 +
𝛼

2
න

−∞

+∞

𝑢𝑖𝑛 2
𝑄′′ 𝑢𝑖𝑛𝑤𝑖𝑛 𝑑𝑥− 𝜕+𝑤

𝑖𝑛



Nonlinear EM waves in the QED vacuum
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Riemann wave solution describes the nonlinear EM wave steepening and breaking

leading to the shock wave
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n: 

     

the nonlinearity and dissipation make the s .hock wave

rarefaction shock wave

2 3

2 3 0(1 2 ) (4 3 ) ( )SW I IIv c n W u u  = − − + +Shock wave front velocity equals  

IuIIu

H. Kadlecova, G. Korn, S. V. Bulanov, Electromagnetic shocks in the quantum vacuum, Phys. Rev. D 99, 036002 (2019)

F. Pegoraro and S. V. Bulanov, Hodograph solutions of the wave equation of nonlinear electrodynamics in the quantum vacuum, Phys. Rev. D 100, 036004 (2019)

F. Pegoraro and S. V. Bulanov, Nonlinear, nondispersive wave equations: Lagrangian and Hamiltonian functions in the Hodograph transformation, Phys. Lett.A 384,126064 (2020)

TM Jeong, SV Bulanov, PV Sasorov, G Korn, J Koga, SS Bulanov, Photon scattering by a 4pi-spherically-focused ultrastrong electromagnetic wave, Phys.Rev.A102,023504 (2020)

F. Pegoraro and S. V. Bulanov, Nonlinear electrodynamics at cylindrical “cumulation” fronts, Rendiconti Lincei. Scienze Fisiche e Naturali 31, 303 (2020)

F. Pegoraro and S. V. Bulanov, Nonlinear waves in a dispersive vacuum described with a high order derivative electromagnetic Lagrangian , Phys. Rev. D 103, 096012 (2021)



Electromagnetic Solitons in QED Vacuum 

The nonlinearity and dispersion make the soliton

single soliton
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 Typical KP solitons :

 double soliton

ROGUE WAVE

lump soliton

S. V. Bulanov, P. V. Sasorov, H. Kadlecova, S. S. Bulanov, G. Korn, Electromagnetic solitons in quantum vacuum, Phys. Rev. D 101, 016016 (2020)

D. J. Korteweg and G. de Vries, Philos. Mag. 39, 422 (1885); B. B. Kadomstev and V. I. Petviashvili, Sov. Phys. Dokl. 15, 539 (1970);

G. Biondini and D. E. Pelinovsky, Kadomtsev-Petviashvili equation, Scholarpedia 3, 6539 (2018) 



Nonlinear EM waves in a dispersive vacuum
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al interpretation of higher order derivative Lagrangians presents some difficulties 

as these Lagrangians lead to "ghost  degrees of freedom and to instabilities. 

In 1850 Ostrograds

OSTROGRADSKY THEOREM

( , , )q q q

M. Ostrogradsky, Mem. Ac. St. Petersburg 6, 385 (1850)ky [ ] proved in 

the context of classical mechanics that a Lagrangian of the form , 

which requires four initial conditions and thus invo

L

lves four canonical variables, 

leads to a Hamiltonian that is not bounded from below with respect to a "ghost" degree of freedom.

F. Pegoraro and S. V. Bulanov, Nonlinear waves in a dispersive vacuum described with a high order derivative electromagnetic Lagrangian , Phys. Rev. D 103 (9), 096012 (2021)



CONSTANT CROSS FIELD: KdV SOLITON
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Assuming dependence on the phase variable: , 

i. e. the wave velocity is , we find the soliton solution
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The soliton amplitude and width are  and 

The soliton propagation velocity depends on the soliton amplitude as 2

2 0 2 0 0W W u−  

F. Pegoraro and S. V. Bulanov, Nonlinear waves in a dispersive vacuum described with a high order derivative electromagnetic Lagrangian , Phys. Rev. D 103 (9), 096012 (2021)
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for the electron energy above 10 GeV.

The Cherenkov cone with the angle in the focus of 10 PW laser is  2 10 

The photon invariant mass
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At the high photon energy end, when 𝜒𝛾 =
𝐸0

𝐸𝑆

ℏ(𝜔 + 𝑘𝑥𝑐)

𝑚𝑒𝑐
2

> 1, the vacuum polarization effects
and the Cherenkov radiation weaken.
As a result, the photons with the energy above ℏ𝜔𝛾 = 𝑚𝑒𝑐

2𝐸𝑆/𝐸0 are not present

in the radiation. For 10 PW laser parameters this energy is 100 MeV.

Synergic Cherenkov Radiation-Compton Scattering

I.M. Dremin, Cherenkov radiation and pair production by particles traversing laser beams, JETP Lett. 76, 151 (2002); 

A. J. Macleod, A. Noble, and D. A. Jaroszynski, Cherenkov Radiation from the Quantum Vacuum, Phys. Rev. Lett. 122, 161601 (2019); 

S. V. Bulanov, P. V. Sasorov, S. S. Bulanov, G. Korn, Synergic Cherenkov-Compton radiation, Phys. Rev. D 100, 016012 (2019)

I I Artemenko, E N Nerush, and I Yu Kostyukov, Quasiclassical approach to synergic synchrotron–Cherenkov radiation in polarized 

vacuum, New J. Phys. 22 093072 (2020)



Reaching high laser intensity by a radiating electron

J. Magnusson, A. Gonoskov, M. Marklund, T. Zh. Esirkepov, J. K. Koga, K. Kondo, M. Kando, S. V. Bulanov, G. Korn, and S. S. Bulanov, Laser-particle collider 

for multi-GeV photon production, Phys. Rev. Lett. 25, 254801 (2019)

S. V. Bulanov, Electron Dynamics in the Field of Strong Plasma and Electromagnetic Waves: A Review, Physics of Wave Phenomena, 29, 1 (2021)
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where  is the pulse wavelength and is d the interaction length, plays a central role in discussion of experimental verification of …the 

QED vacuum birefringence. 

10 PW laser the intensity can reach 1024 W/cm2 for which the EM field is (E/Es)2 = 10-5. For d/ = 104 we have 𝛿𝜓 = 10−4. 

 

High-Order-Harmonics: Colliding two optical pulses of intensities 51026 W/cm2 and of 30 fs durations inside the focus spot size of 1 

m, we obtain several quanta of the 3rd harmonics. Using of an x-ray pulse instead of one of the optical ones may diminish the 

required intensities by orders of magnitude, depending on details of the geometry. 

 

Cherenkov-Compton: 10 -100 GeV LWFA electrons accelerated by 10 PW pulse laser collide with the 1024 W/cm2 e.m. field. Threshold 

electron energy is of 10 GeV. Traversing the laser focus the electron emits 0.2 photons. The Cherenkov formation length is 𝑙𝑓 =

5 × 10−5 cm, whereas the non-linear Compton formation length is much less. Hence, Compton and Cherenkov emissions interfere 

with each other, forming Synergic Compton-Cherenkov effect. The angular distribution of radiation differs by about 2-5% from the 

pure Compton process for scattered -quanta (with 𝜒𝛾~1    100 MeV). Interaction of the Compton scattered photons with the 

laser field will result in the Breit-Wheeler electron-positron pair plasma generation. 
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CONCLUSION

•

•

 The QED vacuum in the long-wavelength limit shows properties of continuous medium with the optical 

   properties determined by the refraction index dependent on the electromagnetic wave amplitude.

 

•

 In the high photon energy range the QED vacuum is a medium possessing dispersion and dissipation.

  The vacuum can be considered as a "plasma" of virtual electron-positron pairs. The electron-positro

1SE E → 

•

n pairs 

    may become real when the electric field approaches the Schwinger limit:  ( ).

  We extend the field of applications of the methods of Nonlinear Wave Theory to the QED vacuum.

      Thank you for listening to me!


