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Motivation: Nonlinear Double Compton Scattering

„coherent“ or „one-step“

Intermediate electron off-shell

𝑃𝑜𝑛𝑒−𝑠𝑡𝑒𝑝 ∼ ൗ𝛼2Φ𝐿 Φ𝑓

𝑃𝑜𝑛𝑒−𝑠𝑡𝑒𝑝 ∼ 𝛼

„incoherent“ or „two-step“

Intermediate electron on- and off-shell

𝑃𝑡𝑤𝑜−𝑠𝑡𝑒𝑝 ∼ ൗ𝛼2Φ𝐿
2 Φ𝑓

2

𝑃𝑡𝑤𝑜−𝑠𝑡𝑒𝑝 ∼ 1

If Φ𝐿 ≳ ΤΦ𝑓 𝛼 = 137 Φ𝑓 (long laser pulse length)

➢ 𝑃𝑡𝑤𝑜−𝑠𝑡𝑒𝑝 ≫ 𝑃𝑜𝑛𝑒−𝑠𝑡𝑒𝑝
➢ 𝑃𝑡𝑤𝑜−𝑠𝑡𝑒𝑝 scales like leading order

Φ𝐿

Φ𝑓

units: 𝑐 = ℏ = 𝜖0 = 1 𝜉0 ≫ 1 𝜒0, 𝜅0 ∼ 1

Lötstedt and Jentschura (2009)
Seipt and Kämpfer (2012)
Mackenroth and Di Piazza (2013)
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Nonlinear Compton Scattering in Long Laser Pulses
For long phase duration 𝜙𝐿 of the background field

one finds that 𝑃𝑁𝐶𝑆 > 1
➢ in contradiction to unitarity of S-matrix
➢ perturbation theory not applicable
➢ Aim: compute exact description
➢ Previous investigations: Di Piazza et al. (2010) 

Tamburini and Meuren (2020)

• Intermediate electrons and photons can go on-shell
➢ receive contribution from plane wave
➢ becomes like leading order contribution if 𝜙𝐿 ≳ Τ𝜙𝑓 𝛼 = 137𝜙𝑓
• Vertex correction can be neglected since ~𝛼 and no contribution of phase
• For same reason one can use one-loop mass and polarization operator
• But have to take other higher one-particle reducible diagrams into account
• Resummation of one-particle reducible diagrams
➢ need exact electron and photon states → Schwinger-Dyson equation

+ + + + + …

~𝛼 ~𝜙𝐿/𝜙𝑓 ~𝛼~𝜙𝐿/𝜙𝑓

~𝛼
~𝜙𝐿/𝜙𝑓

~𝛼
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Exact Electron State

= + + +⋯

= + + +⋯

Solve Schwinger-Dyson equation, for electron in-state given by:

𝛾𝜇 𝑖𝜕𝜇 − 𝐴𝜇 𝑥 − 𝑚 Ψ𝑒
𝑖𝑛

𝑥 = ∫ 𝑑4𝑦 𝑀 𝑥, 𝑦 Ψe
𝑖𝑛
(𝑦)

exact solution can be expanded with Volkov-states and –propagators:

Ψe
𝑖𝑛

𝑥 = Ψ𝑒,𝑉
(𝑖𝑛)

𝑥 + ∫ 𝑑4𝑦 𝑑4𝑧 𝐺 𝑥, 𝑦 𝑀 𝑦, 𝑧 Ψ𝑒,𝑉
(𝑖𝑛)

𝑧

+∫ 𝑑4𝑦 𝑑4𝑧 𝑑4𝑟 𝑑4𝑠 𝐺 𝑥, 𝑦 𝑀 𝑦, 𝑧 𝐺 𝑧, 𝑟 𝑀 𝑟, 𝑠 Ψ𝑒,𝑉
(𝑖𝑛)

𝑠 + ⋯

→ Solution contains resummation of all one-particle reducible diagrams

Analog for electron out-state:

𝛾𝜇 𝑖𝜕𝜇 − 𝐴𝜇 𝑥 − 𝑚 Ψ𝑒
𝑜𝑢𝑡

𝑥 = ∫ 𝑑4𝑦 ഥ𝑀 𝑦, 𝑥 Ψe
𝑜𝑢𝑡

(𝑦)
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Exact Electron State

Ψ𝑒,𝑠
𝑖𝑛

𝑝, 𝑥 = 1 +
ො𝑛 መ𝐴(𝜙)

2𝑝−
𝑒
−𝑖 𝑝𝑥 −𝑖 ∫−∞

𝜙
𝑑𝜑

𝑝𝐴 𝜑
𝑝−

−
𝐴2 𝜑
2𝑝−

+
𝑚
𝑝−

𝑀𝑠 𝑝,𝜑
𝑢𝑠(𝑝)

𝑀𝑠 𝑝, 𝜑 =

Normalization: ഥΨ𝑒,𝑠
𝑖𝑛

𝑝, 𝑥 Ψ𝑒,𝑠
𝑖𝑛
(𝑝, 𝑥)

ത𝑢𝑠 𝑝 𝑢𝑠 𝑝
= 𝑒

2𝑚
𝑝−

∫−∞
𝜙

𝑑𝜑 ℑ 𝑀𝑠 𝑝,𝜑

Optical theorem: 𝒫𝑁𝐶𝑆 = −
2𝑚

𝑝−
∫−∞
𝜙
𝑑𝜑 ℑ 𝑀𝑠 𝑝, 𝜑 → Decay of electron state

Ψ𝑒,𝑠
𝑜𝑢𝑡

𝑝, 𝑥 = 1 +
ො𝑛 መ𝐴(𝜙)

2𝑝−
𝑒
−𝑖 𝑝𝑥 +𝑖∫𝜙

∞
𝑑𝜑

𝑝𝐴 𝜑
𝑝−

−
𝐴2 𝜑
2𝑝−

+
𝑚
𝑝−

𝑀𝑠
∗ 𝑝,𝜑

𝑢𝑠(𝑝)

Meuren and Di Piazza (2011)
Podszus and Di Piazza (2021)

Not possible to solve Schwinger-Dyson equation exactly
➢ Use one-loop mass operator in constant crossed field
➢ Work in LCFA
➢ Neglect terms ~𝛼 except those which scale like ~𝛼Φ𝐿

𝛾𝜇 𝑖𝜕𝜇 − 𝐴𝜇 𝑥 − 𝑚 Ψ𝑒
𝑖𝑛

𝑥 = ∫ 𝑑4𝑦 𝑀 𝑥, 𝑦 Ψe
𝑖𝑛
(𝑦)

Electron out-state:
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Exact Photon State

= + + +⋯

Solve Schwinger-Dyson equation, for photon in-state given by:

−𝜕𝜇𝜕
𝜇𝒜𝜈

𝑖𝑛
𝑥 = ∫ 𝑑4𝑦 𝑃𝜈

𝜆 𝑥, 𝑦 𝒜𝜆
𝑖𝑛
(𝑦)

→ Solution contains resummation of all one-particle reducible diagrams

𝒜𝑗,𝜇
(𝑖𝑛)

(𝑞, 𝑥) = 𝑒
−𝑖 𝑞𝑥 −𝑖

𝑚
𝑞−

∫−∞
𝜙

𝑑𝜑 𝑃𝑗 𝑞,𝜑 Λ𝑗,𝜇(𝑞)

𝑃𝑗(𝑞, 𝜙) =

Optical theorem: 𝒫BW~ −
2𝑚

𝑞−
∫−∞
𝜙
𝑑𝜑 ℑ 𝑃𝑗 𝑞, 𝜑 → decay of photon state into 𝑒− 𝑒+

photon out-state: 

𝒜𝑗,𝜇
(𝑜𝑢𝑡)

(𝑞, 𝑥) = 𝑒
−𝑖 𝑞𝑥 +𝑖

𝑚
𝑞−

∫𝜙
∞
𝑑𝜑 𝑃𝑗

∗ 𝑞,𝜑
Λ𝑗,𝜇(𝑞)

Meuren et al. (2015)

Not possible to solve Schwinger-Dyson equation exactly
➢ Use transverse part of one-loop polarization operator in constant crossed field
➢ Work in LCFA
➢ Neglect terms ~𝛼 except those which scale like ~𝛼Φ𝐿

(𝑗 = 1,2)

−𝜕𝜇𝜕
𝜇𝒜𝜈

𝑜𝑢𝑡
𝑥 = ∫ 𝑑4𝑦 𝑃 𝜈

∗𝜆 𝑦, 𝑥 𝒜𝜆
𝑜𝑢𝑡

(𝑦)
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Nonlinear Compton Scattering 

Including Particle States Decay

+ + + +⋯=

𝑃 𝑒−→𝑒−𝛾 = ∫
𝑑3𝑞

16𝜋2
𝛼

𝑝−𝑝−
′ 𝜔

∫ 𝑑𝜙+ 𝑒
2ℑ

𝑚
𝑝−

∫−∞
𝜙+ 𝑑𝜑𝑀𝑠 𝑝,𝜑 +∫𝜙+

∞
𝑑𝜑

𝑚
𝑝−′

𝑀
𝑠′

𝑝′,𝜑 +
𝑚
𝑞−

𝑃𝑗 𝑞,𝜑

× ∫ 𝑑𝜙− 𝑒
𝑖
𝑚2𝑞−
2𝑝−𝑝−′

1+𝝅⊥,𝑒
2 𝜙+ 𝜙−+

ℰ2 𝜙+
𝑚2

𝜙−
3

12
1

4
tr ൜ 1 −

ො𝑛 𝐴 𝜙+ + 𝐴′ 𝜙+ Τ𝜙− 2

2𝑝−′
Λ𝑗 𝑞

1 +
ො𝑛 𝐴 𝜙+ + 𝐴′ 𝜙+ Τ𝜙− 2

2𝑝−
Ƹ𝑝 + 𝑚 1 + 𝑠𝛾5 መ𝜁 1 −

ො𝑛 𝐴 𝜙+ − 𝐴′ 𝜙+ Τ𝜙− 2

2𝑝−

ൠΛ𝑗 𝑞 1 +
ො𝑛 𝐴 𝜙+ − 𝐴′ 𝜙+ Τ𝜙− 2

2𝑝−
′ Ƹ𝑝′ +𝑚 1 + 𝑠′𝛾5 መ𝜁′

• New: damping term due to particles states decay
• Damping depends on:

• the phase Tamburini and Meuren (2020)
• momentum and spin/polarization of particles

• Decay becomes important if 𝛼𝜉0Φ𝐿 ≳ 1 for 𝜒0, 𝜅0~1

Podszus and Di Piazza (2021)
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Nonlinear Compton Scattering 

Including Particle States Decay

𝑃 𝑒−→𝑒−𝛾 = −
𝛼𝑚2

4𝑝−
2 න

0

𝑝−

𝑑𝑞− ∫ 𝑑𝜙+ 𝑒
2ℑ

𝑚
𝑝−

∫−∞
𝜙+ 𝑑𝜑𝑀𝑠 𝑝,𝜑 +∫𝜙+

∞
𝑑𝜑

𝑚
𝑝−′

𝑀
𝑠′

𝑝′,𝜑 +
𝑚
𝑞−

𝑃𝑗 𝑞,𝜑
𝑇𝑗,𝑠,𝑠′

• Probability is Gauge invariant
• Without damping it reduces to result in Seipt and King (2020)
• Question: Is the result the same for different spin/polarization basis 

after summing over indices?
Note: With our choice Mass- and Polarization operator are diagonal

ExHILP 202116 September 2021

𝑇1,𝑠,𝑠′ = 1 + 𝑠𝑠′ 1 −
𝑞−
2

2𝑝− 𝑝− − 𝑞−
Ai1 𝑧 + (𝑠 + 𝑠′) 2

𝑞−
𝑝−

+
𝑞−
2

𝑝− 𝑝− − 𝑞−

Ai(𝑧)

𝑧
sgn 𝜓′(𝜙+)

+ 3 +
𝑞−
2

𝑝− 𝑝− − 𝑞−
+ 𝑠𝑠′ 3 +

𝑞−
2

2𝑝− 𝑝− − 𝑞−

Ai′(𝑧)

𝑧

𝑇2,𝑠,𝑠′ = 1 + 𝑠𝑠′ 1 +
𝑞−
2

2𝑝− 𝑝− − 𝑞−
Ai1 𝑧 + (𝑠′ − 𝑠)

𝑞−
2

𝑝− 𝑝− − 𝑞−

Ai(𝑧)

𝑧
sgn 𝜓′(𝜙+)

+ 1 +
𝑞−
2

𝑝− 𝑝− − 𝑞−
+ 𝑠𝑠′ 1 −

𝑞−
2

2𝑝− 𝑝− − 𝑞−

Ai′(𝑧)

𝑧

𝑧 =
𝑝−
𝑞−

− 1 𝜒𝑝 𝜙+

−
2
3
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Nonlinear Compton Scattering 

Including Particle States Decay

Thanks to Victor Dinu for the numerical computations! 
Cooperative paper in preparation.
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𝜉0 = 10, 𝜒0 = 1, 𝜁 =
𝑘𝑞

𝑘𝑝

Gaussian pulse: ~ sin(𝑘𝑥) exp −
𝑘𝑥

𝜙0

2
,

dashed lines: without damping,
solid lines: with damping,  

red: 𝜙0 = 5 → 𝛼𝜉0𝜙𝐹𝑊𝐻𝑀 ≈ 0.6,
green: 𝜙0 = 40 → 𝛼𝜉0𝜙𝐹𝑊𝐻𝑀 ≈ 5,      

blue: 𝜙0 = 160 → 𝛼𝜉0𝜙𝐹𝑊𝐻𝑀 ≈ 19

Total probability with damping < 1
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Nonlinear Breit-Wheeler Pair Production

Including Particle States Decay

𝑃 𝛾→𝑒−𝑒+ = ∫
𝑑3𝑝

16𝜋2
𝛼

𝑞−𝑝−
′ 𝜀

∫ 𝑑𝜙+ 𝑒
2ℑ

𝑚
𝑞−

∫−∞
𝜙+ 𝑑𝜑𝑃𝑗 𝑞,𝜑 +∫𝜙+

∞
𝑑𝜑

𝑚
𝑝−′

𝑀
𝑠′

𝑝′,𝜑 +
𝑚
𝑝−

𝑀𝑠 −𝑝,𝜑

× ∫ 𝑑𝜙− 𝑒
𝑖
𝑚2𝑞−
2𝑝−𝑝−′

1+𝝅⊥,𝑝
2 𝜙+ 𝜙−+

𝓔2 𝜙+
𝑚2

𝜙−
3

12
1

4
tr ൜ 1 −

ො𝑛 𝐴 𝜙+ + 𝐴′ 𝜙+ Τ𝜙− 2

2𝑝−′
Λ𝑗 𝑞

1 −
ො𝑛 𝐴 𝜙+ + 𝐴′ 𝜙+ Τ𝜙− 2

2𝑝−
Ƹ𝑝 − 𝑚 1 + 𝑠𝛾5 መ𝜁 1 +

ො𝑛 𝐴 𝜙+ − 𝐴′ 𝜙+ Τ𝜙− 2

2𝑝−

ൠΛ𝑗 𝑞 1 +
ො𝑛 𝐴 𝜙+ − 𝐴′ 𝜙+ Τ𝜙− 2

2𝑝−′
Ƹ𝑝′ +𝑚 1 + 𝑠′𝛾5 መ𝜁′

+ + + +⋯=

Podszus and Di Piazza (2021)
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Conclusion

• Electrons/positrons and photons decay in plane wave field

• Damping is cumulative effect scaling with laser pulse duration

• It leads to exponential damping factor in probability 

of nonlinear Compton scattering and nonlinear Breit-Wheeler pair production

• Damping depends on momentum and spin/polarization

• Particle states decay becomes significant for long laser pulse length 

such that 𝛼𝜉0Φ𝐿 ≳ 1 for 𝜒0, 𝜅0~1

Detailed calculations in:

T. Podszus and A. Di Piazza, “First-order strong-field QED processes including the 

damping of particle states”, Phys. Rev. D 104, 016014 (2021)
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