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Applications
Solid state physics Asymp. free/save QCD toy model

from [C N et al., RMP 2009],

see also [H et al., PRB 2009]

from [B et al., PRD 2011] from [T et al., PRD 2003]
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Four-Fermion Theories

L =
Nf∑

a=1
ψa

(
i/∂ − im

)
ψa − 1

4λ

Nf∑
a,b=1

(
ψaM1ψa

) (
ψbM2ψb

)
with

ψ, ψ spinors, a flavour index,
m mass, Nf number of flavours
λ (inverse) coupling, M1,M2 matrices

Gross-Neveu (GN) Thirring (Th) Nambu-Jona-Lasinio (NJL)(
ψ̄ψ

)2 (
ψ̄γµψ

) (
ψ̄γµψ

) (
ψ̄ψ

)2
+

(
ψ̄iγ5ψ

)2
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Chiral Symmetry U(Nf)
Observation
Chirality does not exist in odd space-time dimensions.

But: In reducible representation (4-comp. spinors) we have γ5 to define

ψa 7→
(
eiγ5α

)
ab
ψb, ψ̄a 7→

(
eiγ5α

)
ab
ψ̄b.

Order parameter

Σ =
⟨
ψ̄ψ

⟩
̸= 0
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Absence Of Chiral Symmetry
Breaking
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What to expect?

∞1
2 1 2 3 4 5 6 7 8

⇔ GN
(broken)

Large-Nf
(symmetric)

Is there a critical Nf?

Gomes et al., 91

Itoh et al., 95
Sugiura, 97 Hong, Park, 94Kondo, 95

Janssen, Gies, 12

Del Debbio, Hands, Lucini
96,97,99

Christofi et al., 07analytical
lattice

Hands, 16,17,19

Dabelow, Gies, Knorr, 19

?

Our Result (PRD100 (5) 2019)
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The (Putative) Continuum PD

χSB

chirally
symmetric

second order

Nf

λR
strong coupling

crit. Nf

λR

Σ

PD=Phase Diagram, χSB=Chiral Symmetry Breaking
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The (Putative) La ice PD

LAP

χSB

symmetric

probably
first order

second order

Nf

λ
strong coupling

crit. Nf

Weak coupling (symmetric):

Intermediate (potentially χSB):

Strong coupling (LAP):

PD=Phase Diagram, LAP=Lattice Artifact Phase, χSB=Chiral Symmetry Breaking
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The (Putative) La ice PD

LAP

χSB

symmetric

probably
first order

second order

Nf

λ
strong coupling

crit. Nf

Lattice Filling Factor:

k ≈


1 LAP
0 . . . 1 strongly coupled
0 weakly coupled

λ∗

λR = λ− λ∗

λ

Σ

PD=Phase Diagram, LAP=Lattice Artifact Phase, χSB=Chiral Symmetry Breaking
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Overview (16 × 152)
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The New Transition
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But…

∞1
2 1 2 3 4 5 6 7 8

⇔ GN
(broken)

Large-Nf
(symmetric)

Our Result
(PRD100 (5) 2019)

How to construct
the continuum limit here?
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But…
Continuum limit
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How to construct
the continuum limit here?
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The Answer is…
… a new second order phase transition not related to chiral symmetry.
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Filling Factor k

0.65
0.70

0.75
0.80

0.85
0.90

0.95
1.00

0.25
0.30

0.35
0.40

0.45
0.50

0.55
0.60

0.0

0.2

0.4

0.6

0.8

1.0

N

λ

k

0

0.2

0.4

0.6

0.8

1

-20.0

-15.0

-10.0

-5.0

0.0

0.30 0.35 0.40 0.45 0.50 0.55 0.60

∂λk

λ

N = 0.7

N = 0.8

N = 1.0

A New Phase Transition and Chiral Symmetry in 1+2D Thirring Model
Julian Lenz

February, 2020
10/13



The Resolution
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The New Phase Diagram
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Conclusions and Outlook
Conclusion: There is …

• no chiral symmetry breaking in 1+2D Thirring models (with Nf ∈ N).
• a new phase transition not related to order parameters we know of.

Outlook:

• Detailed FSS analysis
• Nature of the new phase
• Order parameter (?)
• Critical exponents

LAP

χSB

probably
first order

second order

Nf

λ
strong coupling

Nf = 0.8 sec
ond

ord
er

Strong
Coupling

Weak
Coupling

chirally
symmetric

?
Nf = 1.0

A New Phase Transition and Chiral Symmetry in 1+2D Thirring Model
Julian Lenz

February, 2020
13/13



Conclusions and Outlook
Conclusion: There is …

• no chiral symmetry breaking in 1+2D Thirring models (with Nf ∈ N).
• a new phase transition not related to order parameters we know of.

Outlook:

• Detailed FSS analysis
• Nature of the new phase
• Order parameter (?)
• Critical exponents

LAP

χSB

probably
first order

second order

Nf

λ
strong coupling

Nf = 0.8 sec
ond

ord
er

Strong
Coupling

Weak
Coupling

chirally
symmetric

?
Nf = 1.0

A New Phase Transition and Chiral Symmetry in 1+2D Thirring Model
Julian Lenz

February, 2020
13/13



Appendix

A New Phase Transition and Chiral Symmetry in 1+2D Thirring Model
Julian Lenz

February, 2020
0/8



Mass Dependence
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Spectral Density
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Maximal Condensate
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Spectrum
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Susceptibility Scaling
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Dual Formulation
The (Euclidean) Partition Function

Z =
∫

DψDψ e−
∫

L = C
∑
{k}

wλ(k) det D [{k}] =
∫

dΣ e−U(Σ)

• free dynamics
• interaction sites
• Pauli: exclude interaction sites
• one coupling per interaction

The effective potential U(Σ)…

… can be calculated from expectation values measurable on the lattice.
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The Effective Potential (16 × 152)
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Conclusion:
No chiral symmetry breaking in red. 1+2D Thirring models (with Nf ∈ N).
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Continuum Limit
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